KOHN DECOMPOSITION FOR FORMS ON COVERINGS OF
COMPLEX MANIFOLDS CONSTRAINED ALONG FIBRES

A. BRUDNYI AND D. KINZEBULATOV

ABSTRACT. The classical result of J.J. Kohn asserts that over a relatively compact sub-
domain D with C* boundary of a Hermitian manifold whose Levi form has at least
n — q positive eigenvalues or at least ¢ + 1 negative eigenvalues at each boundary point,
there are natural isomorphisms between the (p, ¢) Dolbeault cohomology groups defined
by means of C'°° up to the boundary differential forms on D and the (finite-dimensional)
spaces of harmonic (p, ¢)-forms on D determined by the corresponding complex Laplace
operator. In the present paper, using Kohn’s technique, we give a similar description
of the (p,q) Dolbeault cohomology groups of spaces of differential forms taking values
in certain (possibly infinite-dimensional) holomorphic Banach vector bundles on D. We
apply this result to compute the (p,q) Dolbeault cohomology groups of some regular
coverings of D defined by means of C*° forms constrained along fibres of the coverings.

1. INTRODUCTION

Let X be a connected Hermitian manifold of complex dimension n. A relatively compact
subdomain D = {z € X : p(z) <0} € X, p € C®°(X), with C* boundary 9D is said to
have Z(q)-property, if the Levi form of p has at least n — ¢ positive eigenvalues or at least
q + 1 negative eigenvalues at each boundary point of D (e.g., a strongly pseudoconvex
subdomain of X has Z(q)-property for all ¢ > 0).

Let AP4(D) be the space of C™ (p,q)-forms on D that admit C°° extension in some
open neighbourhood of the closure D of D in X. Using the Hermitian metric on X, in
a standard way one defines the Laplace operator (0 on AP4(D), see, e.g., [K] for details.
The forms in Ker [0 =: HP4(D) are called harmonic.

The following result is the major consequence of the theory developed by J.J. Kohn,
see [KN], [K] or [FK].

Theorem 1.1. Suppose D has Z(q)-property. Then dimcHP4(D) < oo and each O-closed
form w € AP4(D) is uniquely presented as

(1.1) w=0¢+x, where &€ APITYHD), x € HPY(D).
It follows that the map
HPUD) 3w [w] € HP(D) := {w € APY(D) : dw = 0} /AP YD),

where [w] stands for the cohomology class of w, is an isomorphism.
As a corollary, one obtains the characterization of the Dirichlet cohomology groups

Hg*(D) := 2¢°(D)/By*(D),
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where
Zp°(D) == {w e AJ*(D) : dw = 0}, By*(D) := d{w € Ay* (D) : dw € Ay*(D)}

and
Ay*(D) :=={w e A™*(D) : w|gpp = 0}.

Namely, one has the following result:

Theorem 1.2 ([FK]). If D has Z(q)-property, then there is a natural isomorphism
H 1" (D) = (HP(D))*

induced by the map associating to each & € ngp’nfq(]__)) the linear functional
ZP9(D) > 0 — / OANE.
D

Since Theorems 1.1 and 1.2 are independent of p, they can be viewed as assertions
about spaces of C* (0, g)-forms on D with values in the (finite-dimensional) holomorphic
vector bundle of (p,0)-forms on X. This manifests a more general fact: Kohn’s arguments
can be transferred without significant changes to spaces of C™ (p, q)-forms on D taking
values in a finite-dimensional Hermitian holomorphic vector bundle on X (see, e.g., [FK,
Ch.IV]).

The goal of the present paper is to extend Theorems 1.1 and 1.2 to spaces of C* (p, q)-
forms on D with values in an infinite-dimensional holomorphic Banach vector bundle E on
X. (Note that if F is not Hilbertian, Kohn’s arguments are not applicable.) We apply these
results to differential forms on (possibly unbounded!) subdomains D’ = r~%(D) Cc X',
where r : X’ — X is a regular covering of a complex manifold X, satisfying additional
constraints along fibres of the covering (see Section 3). Such forms appear within theories
of algebras of bounded holomorphic functions on regular coverings of X. Another, sheaf-
theoretic, approach to the study of such algebras was proposed in [BrK]. It is based
on analogues of Cartan theorems A and B for coherent-type sheaves on certain fibrewise
complactifications of the covering (a topological space having some properties of a complex
manifold).

2. MAIN RESULTS

Let m : E — X be a holomorphic Banach vector bundle with fibre B. For an open
U C X by AP(U, E) we denote the space of C*° E-valued (p,q)-forms on U, i.e., C™
sections of the holomorphic Banach vector bundle Ef ® (/\pT X ) A (/\‘IW) over U (here
T*X is the holomorphic cotangent bundle on X). Also, we denote by O(X, F) the space
of holomorphic sections of E equipped with (Hausdorff) topology of uniform convergence
on compact subsets of X (defined in local trivializations on E by the norm of B). For a
compact subset S C X by C(S, E) we denote the space of continuous sections of E on
S equipped with topology of uniform convergence. (The former space admits the natural
structure of a Fréchet space and the latter one of a complex Banach space).

Let AP4(D, E) := AP(X, E)|p be the space of restrictions to D of C* E-valued forms
on X. In a standard way, using local trivializations on E, we equip AP(D, E) with the
Fréchet topology determined by a sequence of C*-like norms {]|- || k.D.E} o (See subsection
4.1). Then the standard operator

d:AP9(D,E) — APY(D, E)
2
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is continuous. Consider the corresponding subspaces of 0-closed and 0-exact forms
ZPA(D,E):={w e AP(D,E): 0w =0} and BPYD,E):= A" (D,E)

equipped with topology induced from AP4(D, E).
Our results concern the structure of the cohomology group

HPY(D,E) := 2P4(D,E)/B"(D, E)

and its dual, for bundles from the class ¥ (X) consisting of direct summands of holomor-
phically trivial bundles, that is, E € ¥o(X) if there exists a holomorphic Banach vector
bundle £’ on X such that the Whitney sum of bundles £ & E’ is holomorphically trivial.

Example 2.1. Each holomorphic Banach vector bundle on a Stein manifold Y is in
Yo(Y) (see, e.g., [ZKKP, Th. 3.9]). Thus if f : X — Y is a holomorphic map, then
E := f*E' € Xy(X) for every holomorphic Banach vector bundle E' on Y. The class of
such bundles E will be denoted by X§(X).

In what follows, by Z™ we denote the m-fold direct sum of a vector space Z, and we
ignore all objects related to m = 0.

Theorem 2.2. Suppose E € ¥o(X) and D € X has Z(q)-property. Fiz a basis {x;}/~; C
HP4(D).

(1) There exist a closed complemented subspace A C O(X,E)™ and a finite subset
S C D such that

(a) Als is a closed subspace of the Banach space C(S,E)™ and the restriction to S
induces an isomorphism of the Fréchet spaces A= Alg;
(b) The linear map L : B>4(D,E)® A — 2P4(D, E),

L(777 (flavfm)) :77+Zfl|DX’L: ne BP,Q(D’E), (fla"'afm) S A7

i=1
s an isomorphism of Fréchet spaces.

(2) If the group GL(B) of invertible bounded linear operators on the fibre B of E
is contractible, and E € %§(X), then the restriction map v, : A — 7 ()™ = B™,
(fis- oy fm) = (fi(x),..., fm(2)), is a Banach space isomorphism for each x € X.

Remark 2.3. (1) It follows that BP9(D, E) is a closed subspace of the Fréchet space
ZP4(D, E) and so the quotient space HP(D, E) is Fréchet. It is trivial if m = 0, for
otherwise, it is isomorphic (in the category of Fréchet spaces) to the complex Banach
space A|g C C(S, E)™ = B"™; here r is the cardinality of S.

(2) If X is a Stein manifold, then it admits a Kahler metric. Working with this metric,
one obtains that the corresponding harmonic forms y; in Theorem 2.2 are also d-closed
(see, e.g. [GH, Ch.0, Sect.7]).

(3) The class of complex Banach spaces B with contractible group GL(B) include
infinite-dimensional Hilbert spaces, spaces ¥ and LP[0,1], 1 < p < oo, ¢p and C]0,1],
spaces L,(2, 1), 1 < p < 0o, of p-integrable measurable functions on an arbitrary measure
space €, some classes of reflexive symmetric function spaces and spaces C'(G) for G being
infinite dimensional compact topological groups (see, e.g., [M] for details).
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Next, we formulate an analogue of Theorem 1.2. We will need the following notation.
Let V' — X be a holomorphic Banach vector bundle. Set

AGHD, V) := {w € A"Y(D, V) : wlgp = 0}
and define the V-valued Dirichlet cohomology groups of D by the formula
H®(D,V) := Z°(D,V)/By*(D, V),

where ~ ~ ~

Zy°(D,V) :={w e Aj°(D,V) : 0w = 0} and

By*(D,V):=d{w e Ay* (D, V) : dw € A*(D,V)}.
We endow spaces By*(D, V) C Zy*(D,V) C Ay*(D, V) with the topology induced by that
of A™*(D, V). One can easily check that Z;*(D, V) and Ay*(D, V) are Fréchet spaces with
respect to this topology.

We retain notation of Theorem 2.2. In the following result HP4(D, E), E € ¥o(X), is

equipped with the Fréchet space structure given by Theorem 2.2. By E* we denote the

bundle dual to E. Also, for m > 0, {x;}™, is a fixed basis of #P4(D) and A C O(X, E)™
is the corresponding subspace of Theorem 2.2.

Theorem 2.4. Suppose E € ¥(X) and D € X has Z(q)-property. Fiz forms {v;}"y C
Zy P UD) such that [, xi Nv; = 6ij - the Kronecker delta. (Their existence follows
from Theorem 1.2.)

(1) By P"4(D, E*) is a closed subspace of the Fréchet space Z) " (D, E*); more-
over, the quotient (Fréchet) space H) """ %(D,E*) is naturally isomorphic to the dual
space (Hp’q(D,E))*.

(2) There exist a closed subspace B C O(X, E*)™ isomorphic to the dual of A and a
finite subset S* C D such that

(a) The restriction to S* induces an isomorphism of the Fréchet spaces B = B
(b) The linear map M : B — H) P""Y(D, E*)

S* 5

M(hy, ... hy) = [Zhib-%] , (h1,...,hm) € B,
=1

is an isomorphism of Fréchet spaces; here [n] stands for the cohomology class of 1.

The isomorphism in (1) is induced by the map associating to each £ € Z5~ """ (D, E*)
a linear functional
ZPU(D,E) 20w~ Jg(0,8),
where
Jg : APYD,E) x A" P"" 9D, E*) - C
is a certain continuous bilinear form, see Section 5 below. (In particular, if £ := X x C,

Jp(0,€) := [0 AE)

Remark 2.5. It is not clear yet to what extent assertions of Theorems 2.2 and 2.4 are
valid for holomorphic Banach vector bundles on X not in ¥y(X). In particular, is it true
that in this general setting spaces HP4(D, E) are Hausdorff (in the corresponding quotient
topologies), and what can be said about the Serre-type duality between HP(D, E) and
Hy P YD,E*)?
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3. APPLICATIONS

As it was mentioned in the Introduction, forms taking values in holomorphic Banach
vector bundles arise as an equivalent presentation of forms defined on subdomains of
coverings of complex manifolds and satisfying additional constraints along the fibres of
the coverings. In what follows, we outline the main features of this construction (see [Br],
[BrK] for details).

Let r : X’ — X be a regular covering with a deck transformation group G of a connected
complex manifold X. Assume that X’ is equipped with a path metric d’ determined by
the pullback to X’ of a smooth hermitian metric on X.

DEFINITION 3.1. By Cp(X') = Cp(X’, X,r) we denote the space of complex continuous
functions f : X’ — C uniformly continuous with respect to metric d’ on subsets r~1(U),
U € X, and such that for each € X’ functions G 3 g — f(g - «) belong to a complex
Banach space B of functions u : G — C such that

weB, geG = RyueB, where Ry(u)(h):=u(hg) (hecG),
and each R, is an invertible bounded linear operator on B.
Here are some examples of such spaces B.

Example 3.2. Uniform algebras. As space B one can take a closed unital subalgebra
of the algebra £+ (G) of bounded complex functions on G (with pointwise multiplication
and sup-norm) invariant with respect to the action of G on ¢ (G) by right translations
Ry, g € G, e.g., algebra (,(G) itself, algebra c¢(G) of bounded complex functions on G
that admit continuous extensions to the one-point compactification of group G, algebra
AP(G) of the von Neumann almost periodic functions on group G (i.e. uniform limits on
G of linear combinations of matrix elements of irreducible unitary representations of G),
etc. If group G is finitely generated, then in addition to ¢(G) one can take subalgebras
ce(G) C lx(G) of functions having limits at ‘co’ along each ‘path’ (see [BrK] for details).
Orlicz spaces. Let p be a o-finite regular Borel measure on G such that for each g € G there
exists a constant ¢, > 0 so that u(h - g) < cg-pu(h) for all h € G. Let @ : [0,00) — [0, 00)
be a convex function such that

lim M = and lim o(z)

T—00 I r—0t T

=0.

As space B one can take the space f¢ of complex p-measurable functions on G such that
Jo @(|f)du < oo endowed with norm

1£le ::inf{c ) [0 (g’) d < 1}.

If () :=tP, 1 < p < oo, then one obtains classical spaces (P(G, p).

As measure i one can take, e.g., the counting measure ji. on G, in which case all ¢, = 1.
If group G is finitely generated, one can take pu := e“u., where v : G — R is a uniformly
continuous function with respect to the G-invariant metric on G induced by the natural
metric on the Cayley graph of G defined by a fixed family of generators of G.

It is easily seen that the definition of space Cp(X’) does not depend on the choice
of the hermitian metric on X. If we fix a cover & of X by simply connected relatively

compact coordinate charts and for a given chart U € U endow the ‘cylinder’ U’ := r~1(U)
5
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with local coordinates pulled back from U (so that in these coordinates U’ is naturally
identified with U x G), then every function f in Cp(X'), restricted to U’, can be viewed
as a continuous function on U taking values in space B.

We equip Cp(X') with the Fréchet topology defined by the family of seminorms || - ||i,
U e X,

[ fllo :=sup || fellB, [fe€Cr(X'),
xeU

where f;(g) :== f(g-x), g € G, and || - || g is the norm of B.
By Op(X’) := Cp(X') N O(X’) we denote the subspace of holomorphic functions in
Cp(X").

Example 3.3 (Bohr’s almost periodic functions, see, e.g., [BrK] for details). A tube
domain 77 = R" +iQ) C C", where Q0 C R" is open and convex, can be viewed as a regular
covering 7 : T" — T (:= r(T") C C") with deck transformation group Z", where

r(z) = ("', ...,e""), z=(21,...,2) €T".

Let B = AP(Z"™) be the complex Banach algebra of the von Neumann almost periodic
functions on group Z" endowed with sup-norm. Then Op(T") (=: Oap(T")) coincides with
the algebra of holomorphic almost periodic functions on 7", i.e. uniform limits on tube
subdomains 7" = R"™ +iQ)" of T/, Q" € Q, of exponential polynomials

m
zZ chei<z’)"">, 2€T, ¢, €C, M\ €R",
k=1

where (-, ) is the Hermitian inner product on C", and C(T") (=: Cap(T")) coincides with
the algebra of continuous uniformly almost periodic functions on 7".

The theory of almost periodic functions was created in the 1920s by H. Bohr and nowa-
days is widely used in various areas of mathematics including number theory, harmonic
analysis, differential equations (e.g., KdV equation), etc. We are interested, in particu-
lar, in studying cohomology groups of spaces of differential forms with almost periodic
coefficients. Such forms arise as the special case of the following

DEFINITION 3.4. By ARY(X') = ABY(X', X, r) we denote the subspace of C* (p, ¢)-forms
w on X' such that in each ‘cylinder’ U’ = r~}(U) (2 U x G), U € U, in local coordinates
pulled back from U,

wlo(z,2,9)= Y fap(z 7 9)dza A dzg,
la|=p, |Bl=q
where U 3 z — f, (%, %, ) are Fréchet C* B-valued functions (cf. subsection 4.1).
For a subdomain D € X we set D' :=r~1(D) and ABLY(D’) := ABL1(X")| 5.
Comparing definitions of spaces A%4(D’) and AP4(D, Ex.), where m : Exr — X is the
holomorphic Banach vector bundle with fibre B associated to regular covering r : X’ — X

(viewed as a principal bundle on X with fibre G, see e.g., [BrK]), and likewise endowing
A’gq(D’ ) with a sequence of C*-like seminorms, we obtain isomorphisms of Fréchet spaces

(3.2) ABA(D") =2 AP9(D, Ex/)
6
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commuting with the corresponding 0 operators. These induce (algebraic) isomorphisms
of the corresponding cohomology groups:

(33) ng(D,) = H]LQ(D’EX/)’
where

HY(D) i= 2D/ B (D)

ZRID) = {w e ABI(D') : dw=0},  BYUD'):= N (D).

Now, suppose that D € X has Z(q)-property. Let f : X — Y be a holomorphic map
into a connected Stein manifold Y. Then f induces a homomorphism of fundamental
groups fi : m(X) — m(Y). Without loss of generality, we may and will assume that f,
is an epimorphism. (Indeed, if H := f,(m (X)) is a proper subgroup of m(Y), then by
the covering homotopy theorem, there exist an unbranched covering p: Y’ — Y such that
m(Y’) = H, and a holomorphic map f’: X — Y’ such that f = po f’. Moreover, Y is
Stein. Thus, we may replace f by f’.)

Next, let 7 : X’ — X be a regular covering with a deck transformation group G
isomorphic to a quotient group of 7 (Y). If 7 : Y’ — Y is the regular covering of Y with
the deck transformation group G, then by the covering homotopy theorem there exists a
holomorphic map f': X’ — Y’ such that for = 7o f’. This implies that Ex: = f*Ey
(here Eys — Y is the holomorphic Banach vector bundle with fibre B defined similarly to
Ex: above). In particular, Exs € 3§(X), see Example 2.1, and hence Theorem 2.2 can be
applied to describe cohomology groups H gq(D’ ). Under the above assumptions we obtain
(as before, we ignore all objects related to m = 0):

Theorem 3.5. Let {x}}™, be the pullback to D' of a basis in HP4(D).
(1) There exist a closed complemented subspace A C Og(X')™ and a finite subset S C D
such that
(a) Algr, S :=7r71(S), is a closed subspace of the Banach space (Cp(X')|s/)™ = B™,
c:=card S, and the restriction A — A|g: is an isomorphism of Fréchet spaces;
(b) BEA(D) is a closed subspace of the Fréchet space ZB%(D) and the linear map
L:BEY D)o A— ZBYD),

L (froeee o)) =0+ S Bl - Xe 1€ BEUD), (fiv--e fin) € A,

i=1
s an isomorphism of Fréchet spaces.

(2) If the group GL(B) of invertible bounded linear operators on B is contractible, then
the restriction map A — .,4|7r71(x) =~ B™ is a Banach space isomorphism for each x € X.

Remark 3.6. (1) The result shows that H5Y(D) is a Fréchet space, trivial if m = 0 and
isomorphic to a closed subspace of the Banach space B“™ otherwise.

(2) As follows from the assumptions, Theorem 3.5 is applicable to nontrivial coverings
r: X’ — X provided that X admits a holomorphic map into a Stein manifold that induces
a nontrivial homomorphism of the corresponding fundamental groups. In particular, if X
is Stein, the theorem is valid for any regular covering r : X’ — X. If, in addition, D is
homotopically equivalent to X, then H%Y(D) =0 for p+ ¢ > n := dim X. Indeed, in this
case, due to Remark 2.3 (2), HP4(D) has a basis consisting of d-closed forms. Since X,



Trans. Amer. Math. Soc., 369 (2017), p. 167-186

being Stein, is homotopically equivalent to an n-dimensional CW-complex, these forms
must be d-exact for p + ¢ > n and, hence, equal to zero (because they are harmonic with
respect to the Laplacian defined by d). This implies the required statement.

(3) In view of Remark 2.3 (3), group GL(B) is contractible for spaces of Example 3.2 B =
P(G,p), 1 < p<oo,c(G)or AP(G)! in case G is infinite and maximally almost periodic
(i.e. finite-dimensional unitary representations separate points of G, see, e.g., [BrK] for
examples of such groups). In all these cases, under assumptions of Theorem 3.5, we

obtain that H%?(D) = B™. In particular, H%EI,(Z")(D) ~ AP(Z™)™, where D € T and
r : T — T is the covering of Example 3.3 (T' C C™ is Stein because it is a relatively

complete Reinhardt domain, see, e.g., [9]).

(4) Similarly, one can reformulate Theorem 2.4 to deal with forms in A%?(X’) vanishing
on OD' := r~1(AD) in case the dual space B* of B is a function space on G satisfying
conditions of Definition 3.1. This holds, for instance, if B is a reflexive Orlicz space {¢
satisfying assumptions of Example 3.2 or ¢(G) and ¢!(G, 1) spaces of this example. On
the other hand, for space AP(G) with G as above the dual AP(G)* is the space of regular
complex Borel measures on bG (the Riesz representation theorem) and therefore to obtain
a version of Theorem 2.4 in this case one works with forms in Ag’t(D, E%,). We leave the
corresponding details to the reader.

4. PROOF OF THEOREM 2.2

4.1. Banach-valued differential forms. Let U € C" be a bounded open subset and B
a complex Banach space with norm || - || 5. We fix holomorphic coordinates z = (21, ..., 2y)
on C". For tuples o = (av1,...,ap) € NP and 8 = (B1,...,5,) € N9, each consisting of
increasing sequences of numbers not exceeding n, we set

laf :==p, [Bl:=q and dzq AdzZg:=dza, N---Ndza, NdZg N--- NdZg,.

As usual, in real coordinates x1,..., %2, 2j 1= T + iTp4j, 1 < j < n, on R?" partial

(Fréchet) derivatives DV, v = (v1,...,72n) € Z*", of order ord(7y) := v + -+ + Yo, are
given by the formulas

D’Y 871 8'7277,

[ S S e S —

) 71 Yon *
Ox{ 0xq

Further, for a C* B-valued (p, ¢)-form 1 on U,

7](275) = Z fa,ﬁ(zaz)d'za/\dzﬁv
|o‘|:p7‘6|:q

and a subset W C U we define

Wlws = 3 (supnmfa,ﬁ(z,z)nB) and

ord(v)<k,|a|=p,|8]=q “*€
(4.4)

Inlliw.ps == sup > (SUP |9(D7 fa,5(2, 2)) }>

B* <1 zeW
987 lglls-=1 | ord(y)<hfal=p.I8l=q

IRecall that AP(G) = C(bG), where bG is a compact topological group called the Bohr compactification
of G.
8
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One easily shows that

(4.5)

p.qk,n
where ¢p g 1, is the cardinality of the set of indices of sums in (4.4).

By f\p’q(W, B) we denote the space of C*° B-valued (p,q)-forms n on U such that
Inlle,w,p < oo for all k& > 0. In a standard way one proves that space AP9(U, B) is
complete in the Fréchet topology determined by norms {|| - ||x,v,B}rez, (cf. [R, Th.7.17]).

Now, let us fix a finite family of coordinate charts (Uj, ¢;) on X such that i = (Uj) forms
a finite open cover of an open neighbourhood of D and each ¢ maps a neighbourhood of U i
biholomorphically onto a bounded domain of C". Let 7 : E' — X be a holomorphic Banach
vector bundle with fibre B. Using fixed trivializations ¢; : E — U; x B of E over U; and
the holomorphic coordinates on U; pulled back by ¢; from C", we define spaces Ap7q(W E),
W C U;ND, of C* E-valued (p, q)-forms on U;ND as pullbacks of spaces Ap*q(goj(W), B).
Seminorms on AP(W, E) obtained by pullbacks of seminorms || - || kyo;(W),B are denoted by
| - ||,w,e- Finally, we equip the space AP4(D, E) := AP4(X, E)|p of C> E-valued forms
on D with topology 7,4 = 7p,4(E) defined by the sequence of norms || - || p g, k > 0,

k.5, = Y _ Inlv;npllkv;np.e, 1€ APY(D, E).
i

Using, e.g., the Hestens extension theorem [Hel, one checks easily that (AP’Q(D, E), Tp7q)
is a Fréchet space and that topology 7, 4 is independent of the choice of coordinate charts
(Uj, ;) and trivializations 1; as above.

If in the above construction we will take pullbacks of norms || - ||} o, (U;nD), B> denoted
¥ J )
by || - [I% v,np, > then due to (4.5) the sequence of norms || - I pr k>0,

”77”2;75715 = Z H77|UjﬂDH;@,UjﬁD,Ev ne AP(D, E),
J
will produce the same topology on AP4(D, E).
By our definitions, the standard operator
0+ (AP(D, E), 1yq) = (APTH(D, E), 7p,g41)
is continuous. Hence, ZP4(D, E) C AP4(D, E) is a closed subspace.

4.2. Proof of Theorem 2.2.

A. First we prove part (1) of the theorem for the trivial bundle £ = X x B, where B is
a complex Banach space. As the required subspace A C O(X, E)™ we will take the space
of constant maps X — B™ (naturally identified with B") and as the set S a point of D.
Then statement (a) of the theorem is obvious.

Let us show that there exist continuous linear maps

Gp: AP(D, E) — AP (D, E),

quDE {Zfz Xi : ( flw--afm)e'A’D}CZIMI(D?E)

such that

(4.6) w=0Gp(w)+ Hp(w) forall we ZPYD,E).
9
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Then
OGp® Hp : Zp’q(l_), E) — Bp’q(l_), E)® (B®c Hp’q(D))
=Alp

is an isomorphism of the corresponding Fréchet spaces. By the definition its inverse
coincides with the operator L which completes the proof of the theorem in this case.

Indeed, for B = C existence of the operators G¢ and Hc is proved in [FK, Ch. III.1] (in
the terminology of [FK], G¢ := 9*N, where N is the “O-Neumann operator” and Hc is
the “orthogonal projection” onto HP4(D)). Their continuity in the corresponding Fréchet
topologies follows from [FK, Th. 3.1.14] and the Sobolev embedding theorem.

In the case of the general bundle £ = X x B, first we define the required operators on
the (algebraic) symmetric tensor product B ®c AP4(D) C AP4(D, E) by the formulas

Gp :=1dg ® G¢, Hp :=1dp ® Hc,

where Idg : B — B is the identity operator. If w € B&AP4(D), then due to the continuity
of the scalar operators G¢ and H¢ we have, for all £ > 0 and the corresponding norms,

1GB() 55 = sup  [[(9 @ Idppapy) (GB(W)) k5, xxc
g€B*, |9l B+ <1

= sup HG(C ((9 ® IdAP,Q(D)) (w))

g€B*, |lgllpx<1 sz,D,ch

<M- sup H(g ® IdAM(D))(W)Hk+n+1,D,Xx(C =M- HWH;C-F’VZ-FLD,E
g€B*, llgllp=<1

and, similarly,
I1Hp (k5.5 <N - llwly 5.5

where M and N are some constants independent of w (but depending on k,n, D and the
data in definitions of the above norms).

Remark 4.1. The shift of index in norms of inequalities for Gp(w) results from the
fact that in [FK, Th. 3.1.14] one considers G¢ as a continuous operator between the
corresponding Sobolev spaces W* and therefore to switch to the case of our norms we
must apply the Sobolev embedding theorem. On the other hand, the operator Hc is
defined by the inner product with elements of a basis of HP4(D) and so its norm as an
operator acting in C* spaces can be estimated directly without involving the Sobolev
norms.

The above norm estimates show that linear operators Gp : (B ®c AP4(D),74) —
(B@c AP4(D), 7pg-1) and Hp : (B@c AP4(D), 7p4) — (B®c HP(D), 7p4) are uniformly
continuous. Since B ® AP%(D) is dense in (AP4(D, E),7) (this can be easily seen using,
e.g., approximation of local coefficients of forms in AP4(D, E) by their Taylor polynomials
and then patching these approximations together by suitable partitions of unity), the latter
implies that G and Hp can be extended to continuous operators on (APY(D, E), 7,4)
with ranges in AP9~1(D, E) and B ®c HP?(D), respectively. We retain the same symbols
for the extended operators.

Let us show that so defined operators satisfy identity (4.6).

In fact, for each g € B* the linear map g ® Idp.qpy : B @c AP4(D) — AP4(D) is

uniformly continuous in the corresponding Fréchet topologies and therefore is extended to
10
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a linear continuous map
(4.7) Ip,q - APY(D, E) — APY(D).
Clearly,
Gpg00=000pq-1, Opg-1°Gp=Gcogp, and gpg0Hp= Hco g

In particular, for w € ZP4(D, E) we have g, 4(w) € ZP4(D); hence, due to the previous
identities and since (4.6) is valid for B = C,

Gp,q (5GB(W) + HB(W)) = 5G<C(§p,q(w)) + HC(@p,q(w)) = gp,q(w) for all g€ B*.

It is easily seen that the family of linear maps {gp4 : g € B*} separates the points of
AP4(D, E). Therefore the latter implies that 0Gp(w) + Hp(w) = w for all w € ZP4(D, E),
as required.

B. Now, we consider the case of an arbitrary holomorphic Banach vector bundle FE €
Y0(X). By the definition, there exists a holomorphic Banach vector bundle E; — X such
that s := E & FE; is holomorphically trivial Banach vector bundle with a fibre By. By i :
F — FEyandr: Ey — E, roi :=1dg, we denote the corresponding bundle homomorphisms.
In a natural way, they induce continuous linear maps of the corresponding Fréchet spaces:

P4 (Ap’q(DaE)an,q(E)) - (Ap’q(D,E2)va,q(E2))v
P (APU(D, By), 7pg(E2)) = (AP4(D, E), 7pq(E))
such that 779 0P = Idpp.a(p,)- Moreover, 4 and 779 commute with the corresponding

d operators and therefore 1”4 embeds ZP4(D, E) as a closed subspace into ZP4(D, Es)
and 774 maps ZP4(D, E5) surjectively onto ZP4(D, E).
Next, we define continuous linear operators
Gp =7 oGp, 0 : API(D,E) - AP (D, E),

Hg := 90 Hp, 0?1 : APY(D,E) — 279D, E),
where Gp, and Hp, are operators constructed in part A for the trivial bundle Ey :=
X X Bs. Due to identity (4.6) for these operators we have
(4.8) w=0Gg(w)+ Hg(w) forall we 2ZPYD, E).
This implies (since Hp, maps d-exact forms to 0)

Hp(w) = Hi(w) forall we ZPY(D,E).

Thus Hg(ZP4(D, E)) is a closed complemented subspace of ZP4(D, E) and (4.8) shows
that ZP4(D,E) = B*(D,E) ® Hg(ZP4(D, E)).

Further, since each n € By ®¢ AP4(D) is uniquely presented as n = > 1", ¢;(n) - x; for
some ¢;(n) € Ba, by the open mapping theorem the correspondence 1 +— (c1(n),...,cm(n))
determines an isomorphism of the Fréchet spaces ¢ : (By @c AP4(D), 74(E2)) — By'. In
what follows we regard By as the subset of O(X, Fs) consisting of constant sections. Also,
we equip the space O(X, E)™ of holomorphic sections of @™ E with topology of uniform

convergence on compact subsets of X.
We have the following sequence of continuous linear maps

_ Hpg., 0iPd _ "
(4.9  O(X,E)™ -5 APY(D,E) 25 By@c AP(D) - BY -5 O(X, B)™,

where ¢(f1,..., fm) = 3% filp - xiy (f1,-- ., fm) € O(X, E)™, and 7 := @™ (777
11
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Let us define the required space A C O(X, E)™ of the theorem as the image of
2P4(D, E) under the map P :=#oco Hp, 0P,

By our definition, t o P = Hg on ZP¥4(D, E), and since Hg is the identity map on
Hg(2P49(D, E)) and zero on BP4(D, E), the subspace A C O(X, E)™ is closed and P :
Hg(2P4(D, E)) — A is an isomorphism with inverse t| 4. Therefore, Pot: O(X, E)™ —
O(X, E)™ is a projection onto A, that is, A C O(X, E)™ is a complemented subspace.
Also, the map L := Idgp.e(p gy St|a B(D,E)® A — ZP4(D, E) is an isomorphism of the
Fréchet spaces. Note that Ker (P ot) consists of all (fi,..., fm) € O(X, E)™ such that
t(fi,..., fm) € BPY(D, E).

Now, to define the required set S C D of the theorem and to prove statement (a) let us
prove, first, the following result.

Lemma 4.2. The restriction map Rp : O(X, E)™ — C(D,E)™ to D maps A isomor-
phically onto a closed subspace of the space A(D,E)™, where A(D, E) is the closure in
C(D, E) of the trace space O(X, E)|p.

Proof. Indeed, map t in (4.9) can be factorized as t = £ o Rp for a continuous linear map
m
g:A(DaE)m_)Apﬂ](D?E)? 5(9177gm) :Zg’LXZy (917---79m)€A(D7E)m7
i=1

where AP4(D, E) is the completion of the normed space (AP4(D, E), |- |lo.p.r)-
Also, by our construction, see part A above, map

H32 : (Ap’q(D,E2)7 ” : HO,D,EQ) — (BQ ®c /Hp’q(D% H ’ HO,D,E2)
is continuous and, hence, admits a continuous extension
Hp, : AP9(D, E) — (Ba @c HP(D), | - llo,p,z,);

here AP4(D, E) is the completion of the space (AP4(D, Es), || - lo.5.1,)-

Then the composite map co Hp, o Plof: A(D, B)y™ — B3 is continuous with respect
to the corresponding norms | - [l p, gm and || - [[o p, g o0 A(D, E)™ and B*. (Here for a
Banach vector bundle V' — X we set V™ := @™V.) Note that topologies defined by these
norms coincide with topology of uniform convergence for A(D, E)™ and topology defined
by the Banach norm for BJ*. Therefore, if {Fj}ren C Alp is a Cauchy sequence, then
the sequence {by, := (co Hp, 01”9 0 t)(F})}ren converges in By, and, hence, {(#(by) }ren
converges in O(X, E)™ (in topology of uniform convergence on compact subsets of X).
Since Fj, = (Rp o 7)(by) for all k and A C O(X, E)™ is closed, {Fj}reny converges in
A(D,E)™ to an element of A|p, as required. Thus, by the open mapping theorem, R :
A — A|p is an isomorphism of the corresponding Fréchet spaces. O

Let D' > D be a relatively compact subdomain of X. We equip the space C(D’, E) with
anorm || - |l pr  defined similarly to || - |lo 5  (see subsection 4.1). Topology defined by
this norm is topology of uniform convergence on D', and (C(D', E), ||- HO?D*,’E) is a Banach
space. We define A(D’, E) to be the closure in C(D’, E) of the trace space O(X, E)|p,. We
have the following sequence of continuous linear maps (induced by subsequent restrictions
X to D' and D' to D)

R _ D
O(X,E)™ 2 A(D', E)™ -2 A(D, E)™
12
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such that Rp = Rg' oRp.
As a straightforward corollary of Lemma 4.2 we obtain

Lemma 4.3. A|p, is a closed subspace of A(D', E)™ and Rg/ maps A|p, isomorphically
onto Alp.

In particular, this lemma implies that there exists a constant C' > 0 such that

(4.10) IRE (v)

|O,D,Em Z C||U||O,B’,Em fOI' all NS A|ﬁ/

Let us fix a complete (smooth) Hermitian metric on X and with its help define the path
metric d : X x X — R,. For a fixed ¢ > 0 by S. C D we denote an e-net in D with
respect to the metric d.

Proposition 4.4. For a sufficiently small e the restriction map Rs, : A(D, E) — C(Se, E)™
to Se maps A|p isomorphically onto a closed subspace of C(Se, E)™.

Proof. If v € A(D', E)™ (= A(D’, E™), then according to the Cauchy estimates for deriva-
tives of bounded holomorphic functions we have for a constant C’ > 0 depending on D,
D’ and definitions of the corresponding norms

0]l 5. gm < C'lJvllo,5r pm-

This, the definition of the metric d and the intermediate-value inequality imply that there
exist a constant C” > 0 (independent of v) such that for all ¢ > 0 and 1, z2 € D satisfying
d(w1,2) <€,

(4.11)

ma [[0(z1) — 0(@2) o ey < -2 [0l -

Let us choose € so that

c
0<E§ﬁ’

where C' is defined in (4.10). If v € A is such that [[v|p|o 5 g = 1, then according to
(4.10), |lv|pillo.pr g < &, and (4.11) implies that [|v|s.[|o,s.,zm > 3. Hence, we have
1
(4.12) 15 ()]lo,s.,6m 2 Sllvllo,p,pm  forall ve Alp.
This shows that Rg. maps A|p isomorphically onto a closed subspace of C(S., E)™. O

Taking S := S; in statement (a) of the theorem with ¢ as in Proposition 4.4 we obtain
the required result; this completes the proof of part (1) of the theorem.

(2) Suppose E = f*E’, where f : X — Y is a holomorphic map into a Stein manifold
Y and E’ is a holomorphic Banach vector bundle on Y with fibre B such that the group
GL(B) is contractible. The latter implies that E’ is isomorphic to the trivial bundle
Y x B in the category of topological Banach vector bundles. In turn, since Y is Stein,
the Oka principle for holomorphic Banach vector bundles, see [Bun], implies that E’ is
holomorphically isomorphic to Y x B as well, and so E is holomorphically isomorphic to
X x B. Thus, the required result follows from part (1) of the theorem applied to the trivial
bundle X x B.

The proof of the theorem is complete.
13
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5. PROOF OF THEOREM 2.4
The isomorphism in (1) is induced by the map associating to each & € Z) 7"~ 4D, E*)
a linear functional
Zp’q(D,E) 50— Jp(b,§),
where
Jg : APY(D, E) x A" P 9D, E*) - C

is a continuous bilinear form with respect to the product topology 7 4(E) X Tn—pn—q(E*)
on AP4(D, E) x A"P"=4(D, E*), see subsection 4.1, defined as follows.

Let V' — X be a holomorphic Banach vector bundle. Consider a continuous bundle
homomorphism

Trg(V): EQE*QV -V

sending a vector e, ® e} ® vy in the fibre of E® E* @V over z € X to the vector e (ez) - vy
in the fibre of V over z (here e,, e’ and v, are vectors in fibres of E, E* and V over x)
and then extended by linearity.

To define Jg we take

Vigrs = <(APT*) A (/\qT*)> ® ((N‘T*) A (/\ST*))

By definition, forms in AP4(D, E) are C* sections over D of bundle E® (APT*) A (AT,
forms in A™*(D, E*) are C™ sections over D of bundle E* ® (A"T*) A (AST™). Therefore,
if § € AP9(D, E) and £ € A™*(D, E*), then 0 ® £ is a C section over D of bundle

<E ® (APT*) A (AqT*)) ® (E ® (N'T*) A (/\ST)*> ~*EQE*®V.

In turn, Trg(Vpgrs)(0 ® £) is a C* section over D of bundle Vp.grs- Let Ay g s be the
canonical quotient homomorphism of bundles V' — (/\f"”T*) A (/\‘HST*) (obtaining by
replacing ® by A in the definition of V). Assuming that r =n — p, s = n — q, we set

(5.13) Je(0,§) = /D Apgn—pn—q (TYE(%7q7n—pm—q)(0 ® f))

(by definition, the integrand is in A™"(D), and so the integral is well defined). The
construction of Jg and the definition of norms ||-||o 5 g and |||y p g+ given in subsection 4.1
imply immediately

Lemma 5.1. There is a constant C > 0 such that
|JE0,6)] < C-0lo.p.5 - Illop - forall 6eAP(D,E), & € A" P"YD,E").

In particular, Jg : (AP4(D, E) x A" P"=9(D, E*), 7 ¢(E) X Tn—pn—q(E*)) = C is a con-
tinuous bilinear form.

We are in position to prove the theorem.

I. First, we prove the result for the case of the trivial bundle £ = X x B, where B is a

complex Banach space. Let us prove (1).

Lemma 5.2. Jg =0 on (ZP4(D, E)x B, """4(D, E*)) J(BP4(D, E)x Z) """9(D, E¥)).
14
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Proof. For E = X x C (the scalar case) the required result is proved in [FK, Ch.V.1].
The proof in the general case repeats word-for-word the previous one and is based on the
following identities, the first one valid for all ¢ € AP9(D, E),» € A™*(D, E*), and the
second one for all ¢ € AP4(D, E), € A" P*(D, E*) with ¢ +s=n— 1:

éAp,qms <TTE(V}0,q,7“,S)(¢ ® @Z’)) = Ap,q+1,r,s, (TTE(Vp,qH,r,s)(éﬁb ® 7/’))

(1P A g (TrEWp,q,r,sH)w ® am) |

/ 5Ap,q,nfp,s <T1"E(V}),q,np,s)(¢ ® 7/’)) = / Ap,q,nfp,s (TYE(Vp,q,nP,S)(Cb @ ¢)> .
D oD

(The first identity is easily verified in local coordinates. The second one is the Stokes
theorem.) n

Lemmas 5.2 and 5.1 and the fact that BP4(D,E) C 2ZP4(D,E) is a closed subspace
imply that Jg descends to a bilinear form

(5.14) Jg « HP(D, E) x H}P"~9(D, E*) — C

such that Sg(ho) := Jg(-, ho) € (HP(D, E))* for each hg € Hy """ 4(D, E*).
Let us prove that the linear map

(5.15) Sp: H' P""9(D, E*) — (H™(D, E))*

is injective and surjective. Along the lines of the proof, we will show that By """ %(D, E*)
is a closed subspace of Z) P""%(D, E*), which will prove assertion (1) in this case.

Thus, we must prove:

a) (surjectivity) given an element F € (HP4(D, E))*, there exists £ € Z5 """ 4(D, E*)
such that Jg(0,€) = F([6)]) for all § € ZP4(D, E); here [] € HP(D, E) denotes the
cohomology class of 6.

b) (injectivity) if Jg(0,£) = 0 for all § € ZP4(D, E), then £ € By """ (D, E*).

First, let us prove a). Recall that we fix forms {v;}7, C Z) ?"79(D) such that
Jp Xi Avj = b5 - the Kronecker delta; here {x;}/, is the basis of HP(D).

Due to (4.6) of subsection 4.2, each form § € ZP¥(D,E) can be uniquely presented
as 0 = 0Gp(0) + Hp(f), where Hp(f) = >oitibi - xi and all b; € B. Therefore the
correspondence [0] — (b;)™; determines an isomorphism of Fréchet spaces HP4(D, F) &
B™. Under this isomorphism, (HP4(D, E))* = (B*)™ and so each F' € HP4(D, E))* has
a form F = (b7), € (B*)™ for some b € B*, and F([0]) := > %, bi(bi).

i=1"
Now, we set £ :=Y1", bf -v; € Z) "7 9(D, E*). Then, by the definition of Jg we have
Jp(0,¢8) = Ji (Z bi Xi» b '%’) = > bi(by) /DXi A=Y bi(bi) = F([6)),
=1 =1 1,7=1 i=1

as required.

Next, let us prove b). We construct a continuous linear operator

(5.16) Qp : AVPPTUD, E¥) — AP (D, EY)
15
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such that if £ € ZJ """ YD, E*) and Jg(-,€) = 0, then £ = d(Qg§). Clearly, existence
of such an operator would imply b) and, hence, show that B; *""4(D, E*) is a closed
subspace of Z) """ (D, E*).

In case £ = X X C the required operator was constructed in [FK, Ch.V.1]:

Qxxc v = p(—da +0);

here p is the defining function of D and o € A" P"=4=2(D E*), § € A" P9 1(D, E*)
are uniquely determined by the formula

*ON (%)) =: Op A a+ pf (= d(pa) + p(—=d(pa) + 0)).

Here # is the Hodge star operator and N is the “O-Neumann operator” in the terminology
of [FK, Ch.V.1]; the continuity of Qxxc in the Fréchet topology on A"~P"~4(D) follows
from [FK, Th. 3.1.14] and the Sobolev embedding theorem.

In the general case, we define Qg using Q x «xc similarly to how it was done for operators
Gp, Hp in part A of the proof of Theorem 2.2, cf. subsection 4.2: first, we define
Qg :=Id ® Qxxc on the tensor product B* ® A""P""~4(D). Then, using the facts that
B* @ A""P"4(D) is dense in A""P"~9(D, E*) and that in virtue of continuity of Qxxc
operator g is bounded with respect to Fréchet seminorms || - ||;€’D7E* on A"P"4(D, E*),
we extend Qg by continuity to A""P"~9(D, E*). Now, we prove that the constructed
operator (Qg possesses the required properties.

Indeed, by definition, inclusion Qr¢ € Ay P m=4=Y(D E*) is equivalent to identity
(QES)|lap = 0. It is verified by applying to Qg “scalarization operators” Gn—pn—q :
APRU(D E*) — AP(D) (cf. (4.7) with g viewed as an element of B**), and
using that gn—pn—q(QEE) = QxxC Gn—pn—q(&§) and the latter vanishes on dD. Identity
€ = 0(QE¢) for ¢ satisfying Jg(-,€) = 0 is also verified by this method. This completes
the proof of b).

To finish the proof of assertion (1) it remains to show that Sp and its inverse are
continuous (see (5.15)). Indeed, continuity of Sg follows from Lemma 5.1 and the fact
that By 7" (D, E*) is a closed subspace of Z; " %(D, E*). Continuity of the map
inverse to Sg follows from the open mapping theorem for linear continuous maps between
Fréchet spaces.

Let us prove part (2) of the theorem in the case of trivial bundles. According to part
A of the proof of Theorem 2.2, A = B™, i.e., consists of constant sections in O(X, E)™.
Hence, B := (B*)™ consists of constant sections in O(X, E*)™. As the required set S* we
take a point in D; then the statement B = B|g« is obvious. The fact that the linear map
M :B— HY P"9(D, E*),

M(hi,... hy) = [Zhib'%'] . (h1,... hm) €B,
=1

is an isomorphism of Fréchet spaces (i.e., statement (2) (b)) follows from the arguments
presented in the proof of a) and b) above.
This completes the proof of the theorem for trivial bundles.

II. Now we consider the case of an arbitrary holomorphic Banach vector bundle E €
Y0(X). Recall that by the definition of class ¥o(X) there exists a holomorphic Banach

vector bundle E; on X such that the Whitney sum Fy := E @ F; is holomorphically
16
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trivial, i.e. Fy = X X By for a complex Banach space Bs. We have the corresponding
embedding and quotient homomorphisms of bundles

i:FE—Fy and 7r:FEy— FE suchthat roi=1I1dg.
In turn, B = E* @ ET and we have the adjoint homomorphisms
i*: B3 — E* and r*:E* — E5 suchthat i*or* =Idg-«.

The above homomorphisms induce continuous linear maps between the corresponding
Fréchet spaces of forms

15t ASY(D, E) — A®Y(D, Es), (%)%t - ASY(D, E3) — ASY(D, E*),
5t ASY(D, By) — ASY(D, E), (r)*t . ASY(D, E*) — ASY(D, E3).
Also, these maps act between the corresponding spaces Ag’t of forms vanishing on 0D.
First, we prove assertion (1) of the theorem. To prove that By """ 9(D, E*) is closed
in Z)"P"7(D, E*), it suffices to construct a continuous linear map
Qp: By P"TIUD,E*) - AgP"TTH(D, EY),
such that
(517) aQE — Ing—p,n—q(D7E*).
We define
Qp = (%*)nfp,nqul o QEQ o (f,*)nfp,nfq’
where continuous map Qg, : A" P"U(D, E3) — Al"P"" 71D, E3) for the trivial bundle
E5 was constructed in part I of the proof, see (5.16). Then, since operator  commutes with
maps (i*)""P"=4=1 and (#*)"~P"~4 property (5.17) follows from the analogous one for
Qp, (see above) and in view of the identity (i*)*Pm—9~ 1o (#*)P—Pn—0 = Idpn—pn—a(p,E+)-
Hence, the quotient space H, 7"~ (D, E*) is Fréchet.
Further, identity r o4 = Idg and the definition of (continuous) bilinear form Jg clearly
imply for all § € ZP9(D, E), £ € Z) """ (D, E*),
(5.18) Tp(0,€) = Jp, (P9(0), (7)"P"7I(€)).

In particular, by Lemma 5.2 for Jg, and the fact that d commutes with (:*)" P91 and
(A*)"=Pn=9 we have Jg(0,€) =0 if € BP(D,E) or £ € By P" YD, E*). Therefore, Jg

descends to a continuous bilinear form
Jg : HP(D, E) x H'P"9(D, E*) — C.
As before, J determines a continuous linear map Sg : Hy """ %(D, E*) — (HP(D, E))*,

(5.19) SE(ho) = jE(, h()), ho € Hgip’niq(D,E*).

Note that since maps ¢>f, (%)%t and 75!, (#*)%t commute with operator 9, they descend

to maps between the corresponding cohomology groups (denoted by %!, (i*)%! and 7,
(7*)%1, respectively, and similarly but with the lower index o in case of maps between Hy
cohomology groups).
It follows from (5.18), (5.19) and (5.15) that
Sp = (") 0 Sg, o (F")g 7"
17
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Now, consider the second summand in the decomposition Fs = E @ E;. Then we have
the corresponding embedding and quotient homomorphisms of bundles
11 E1 — E2 and Tt E2 — E1 such that 71 0 il = IdEl

Repeating the above arguments with (E, 4, 7) replaced by (FE1,i1,71) we arrive to a similar
identity for continuous linear maps between the corresponding cohomology groups

Sp, = (i79)" 0 Sp, 0 (71)g 7" 7.
Note that the map
(@), (@§9)*) 0 Sp, o B((F)g P %, (7)g ") +

Hy™P" 4D, E*) & Hy™""~*(D, BY) — (HP(D, E))* & (H™I(D, Fy))",

(5.20)

where X(u,v) = u+v (u,v € Hy """ %D, E})), is an isomorphism.
Indeed, by the result of part I map Sg, : Hy """ 4(D, E}) — (HP%(D, E2))* is an iso-
morphism. Also, decomposition E ® E; = E, implies that maps ((#%)*, (i{"?)*) and
S((F)g P (7)g 7" ?) are isomorphisms between the corresponding spaces.

Next, by the definition of bilinear form Jg, we have

(7)o Sp, o ()P = (P9)" 0 Sp, 0 (F])g "1 = 0.

Therefore, isomorphism (5.20) coincides with Sg @ Sg,. This implies, in particular, that
Sg is an isomorphism and completes the proof of part (1) of the theorem.

Let us prove (2)(b). Let M := Mg, be the map of part (2) (b) of the theorem for the
trivial bundle F5. We set
Ng, = Mg}« HyP"~9(D, E5) — (Bj)"
and define a continuous linear map
Ng: Hy " P""YD,E*) — O(X,E*)"
by the formula
Ng :=i* o Ng, o (F*)g 7",

where 7* = @m((i*)070| B;) (here Bj is identified with the space of constant sections in
O(X, E3)). Since Ng, is continuous, map Ng is continuous as well.
Let us show that Ng is injective. We argue as above. Namely, map

(5.21) (1*,45) o Np, o Z((7)g P9, (7)g 77" 79) -

Hy P"YD,E*)® Hy """ (D, Ef) - O(X,E" )™ & O(X, Ef)"
is injective. Indeed, Npg, is an isomorphism by the corresponding result of part I, and
the injectivity of maps (¢*,}), S((F*)g 7" "%, (7*)g 7" ") follow from the decomposition
E ) El = E2. Since

gTONEz (7“ )g P q_Z ONEQ (7’1)3 Pt =0

(because 71 07 = r 043 = 0), injective map (5.21) coincides with Ng & Ng,, and so map
Ng must be injective as well.
Now, we define
B:= Ng(Hy, """%D,E*)) C O(X,E*)"
18
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(Space B C O(X, E*)™ is endowed with the Fréchet topology of uniform convergence on
compact subsets of X.) Let us show that B is a closed subspace of O(X, E*)™. To this
end, we define a continuous linear map

M = Mg := (i) """ %o Mg, o#* : B— Hy """ (D, E*), # =a™(#*)",
where

Mg, (h1, ... hm) == D hilp 7| (h1,-.. ) € O(X, E5)™.
=1

By definition, Mg, = M, By |(Bg)ym- Also, one can easily check that

(g*)g—nn—q o MEQ of*o %*|(B§)m — (Z*)g—p,n—q o MEQ‘
From here, using that Mg,oNg, = Ing_p,n_q(DE;), we obtain MpoNg = Ing_p,n_q([—),E*).
Since Mp is continuous, the latter identity implies that space B is complete and hence is
closed in O(X, E*)™.

The fact that B is isomorphic to the dual of A is now immediate, since by what we have
proved above B = (HP4(D, E))*, while by Theorem 2.2(1), A = HP4(D, E). The proof
of assertion (2)(b) is complete.

The proof of assertion (2)(a) is analogous to the proof of part (1)(a) of Theorem 2.2.

The proof of the theorem is complete.
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