FELLER GENERATORS AND STOCHASTIC DIFFERENTIAL EQUATIONS
WITH SINGULAR (FORM-BOUNDED) DRIFT

D.KINZEBULATOV AND YU. A. SEMENOV

ABSTRACT. We consider the problem of constructing weak solutions to the It6 and to the Stratonovich
stochastic differential equations having critical-order singularities in the drift and critical-order dis-
continuities in the dispersion matrix.

1. INTRODUCTION

The present paper is concerned with the problem of existence of a (unique) weak solution to the
stochastic differential equation (SDE)

t t

X(t)=xz— / b(X(s))ds + \/5/ o(X(s)dW(s), zeR? (SDEy)
0 0

W (t) is a d-dimensional Brownian motion, d > 3,

with drift b : R? — R? that is in general locally unbounded, and dispersion matrix o € L®(R%,R¢ ®
R%) that can be discontinuous.

The search for the largest class(es) of admissible b and o is of fundamental importance and has
long history. The first principal result is due to N.I. Portenko [27]: If |b| € LP = LP(R?) for a p > d,
and a = oo is Holder continuous, then there exists a unique in law weak solution to (SDEy);
the weak solution can be constructed using either an analytic approach or the Girsanov transform.
The result in [27] was extended (in the case a = I) by R.Bass-Z.-Q. Chen [2] to b in the standard
Kato class KSH, see definition and more detailed discussion below. Since Kg+1 contains, for every
e > 0, vector fields b such that |b| ¢ Lllota, the use of Girsanov transform to construct a weak
solution becomes problematic. In recent papers [18, 19], N. V. Krylov established weak existence and
uniqueness in law for a general measurable uniformly elliptic ¢ and b € LY(R% R?) (both ¢ and b
can be time-dependent); it is easily seen that L4(R% RY) — K& +£ &,

(With regard to the existence and pathwise uniqueness of strong solutions to (SDET), the corre-
sponding result for o = I, |b| € LP, p > d is due to N. V. Krylov-M. Rockner [21], and for |Vo| € LP,
|b| € LP, p > d, due to X.Zhang [31]; both these results allow time-dependent coefficients. Let us
also note that imposing additional assumption on the structure of b (integrability condition on the
negative part of div b) allows to prove weak existence and uniqueness for (SDE}) with o = I, |b| € LP
for some p < d, see X. Zhang-G. Zhao [32].) See Section 3 below for further discussion.
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In this paper we establish existence and uniqueness (in appropriate sense) of weak solution to
(SDEY), not assuming additional structure of the drift b such as radial symmetry or differentiability,
under the following assumptions on b and o:

Condition (C1) The vector field b is form-bounded, i.e.|b] € L? _ and there exist constants § > 0
and A = Ay > 0 such that

1BI(A — A) "2 [lamye < V3

(write b € F5). Here and below, | - |lp—q := || - ||zr—1s. Equivalently, condition b € Fs can be stated
as the quadratic form inequality

lbell3 < 81Vel3 + esllells, ¢ € W2,

for a constant ¢s (= Ad). The constant ¢ is called the form-bound of b.
Clearly,

b1€F51,bz€F52 = b+ by € Fy, \/5::\/E+\/£.

Examples. Let us list some sub-classes of Fs defined in elementary terms.

1. The class Fs contains vector fields b (= by +bg) in LP(R?, RY) 4+ L (R, RY), p > d (by Hélder’s
inequality) and in L4(R?, R?) + L>°(R?, RY) (by Sobolev’s inequality) with form-bound ¢ that can be
chosen arbitrarily small.

2. The class F also contains vector fields having critical-order singularities, such as

b(x) :\/gd_2

x|~

(by the Hardy-Rellich inequality |||z| o[ < (525)2 V|3, ¢ € W2). More generally, the class Fs
contains vector fields b with [b| in L»> (the weak L% space) 2 L?. Recall that a measurable function
h:RY — Ris in L% if ||hllgee = supsags/{z € R : |h(z)] > s}|'/? < co. By the Strichartz
inequality with sharp constants [16, Prop. 2.5, 2.6, Cor. 2.9], if |b| in L%, then
. _1
beFs,  with \/d1 = ||[b](A — A) 72|20
_1 1
< Iblla,00€y Il M = A) 72|22
I‘(@)

4

r(z2

1 9
= |1blla.00fy d .
Ibllaoe S * 7

_1
< bl 127"

~—

where Qg4 = TF%F(% + 1) is the volume of the unit ball in R

3. Furthermore, F5 contains vector fields in the Campanato-Morrey class and the Chang-Wilson-
Wolff class with ¢ depending on the respective norm of the vector field in these classes, see [6].
The class Fj contains b with [b?> in the Kato class of potentials {V € L{ | [[(A = A) V][l <
V6 for some X\ = \; > 0} (by interpolation).

We note that for every € > 0 one can find b € Fs such that o] ¢ L:F¢(RY, R?), e.g. consider

1 — 1501
’b|2( ) —C B(0,14+«) B(0,1 ) B

— , 1, O0<a<l.
||z = 1|7 (~In ||z — 1])8

Another example is: if h € L?(R), T : RY — R is a linear map, then the vector field b(z) = h(Tz)e,
d,00
loc )

where e € R?, is in Fs with appropriate 6 (but |b| may not be in L
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We refer to [12, sect. 4] for a more detailed discussion on class F.

Condition (Cz) The diffusion matrix a := ooT satisfies a > vI, v > 0 and (write V; = 0y,)
(V"“aif)?zl € F’Yrev 1<rt<d,

for some ~,, > 0.
For example, a matrix a with entries in W1 ¢ satisfies (Cs) with ~,, that can be chosen arbitrarily
small. The model example of a matrix a satisfying (Cz) and having a critical discontinuity is
TR

a(x) =1+ CW, the constant ¢ > —1
x

(in fact, Vya = clT:il‘a% + clrzgg—ré + cxixg%, SO |(Vraig)§l:1\ < 2lcl|z|7t = (Vraig)le €F,,,
Yre = (4¢)?/(d — 2)? by the Hardy-Rellich inequality). Another example is

a(z) = I + c(sinlog(|z|))?e®@e, e€ R |e|=1

(indeed, V,a; = 2c(sinlog |z|)(coslog |z|)|z| =2z, e;es; now, use example 2 above). More generally,
we can consider an infinite sum of these two matrices with their points of discontinuity constituting
e.g. a dense subset of RY.

We note that the class (Cz) contains matrices a ¢ VMO class, see details below.

Intuitively, the form-bounds 7, can be viewed as measures of discontinuity of (differentiable)
matrix a. (To illustrate this, we note that if a;; € WP p > d, then v, can be chosen arbitrarily
small, while a;; are Holder continuous by the Sobolev Embedding Theorem. On the other hand, in
the previous example of a discontinuous a, form-bounds ~,, > 0 are determined by c.)

Denote Cy, := {g € C(R?) | limy—y00 g(z) = 0} (with the sup-norm). The central analytic object
in this paper is positivity preserving contraction Cy semigroup e *¢e(@b) on C (Feller semigroup)
whose generator —Ac,_(a,b) is an operator realization in Cy of the formal operator

d d
(V-a-V=b-V)f@) = > Vi(ay(@) Vif(@) = Y bj(@)V,f ().
ij=1 j=1

“thco (ab) : . 1 _ad_
Coo\®%) yunder assumptions (Cj), (Cz). The construction, based on a W d-2

We construct e
estimate on solutions to the corresponding elliptic equation in LY and a L™ — L iteration procedure,
is the main analytic result of this paper.

We note that the condition b € Fg, § < 1 is known in the literature first of all as the condition
ensuring that the sesquilinear form t[u, v] := (Vu-a-Vv) + (b- Vu, v) with a general uniformly elliptic

a, on u,v € W2, where
() = [ W)z, (o) = (ha),

is m-sectorial; then t[u,v] = (Aa(a,b)u,v), u € D(Ay) C W'2 v € W2 where operator —Ay(a,b)
(a realization of the formal operator V-a-V —b-V in L?) is the generator of a quasi contraction Cj
semigroup on L? [10, Ch.VI] (“form-method” of constructing Cy semigroups). Below we construct
Cp semigroup in Co, a space having (locally) stronger topology than L?, under the same assumption
b € Fy, for § < c¢q with appropriate constant 0 < ¢g < 1, at expense of requiring that a satisfies (Cs)
with v, < ¢}, ¢, = c,;(6) > 0.
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The operator behind (SDEY) is the non-divergence form operator

d d
—a-V24b-V=— Z a;j(x)V;V; + ij(x)vj-
i,j=1 Jj=1
We re-write it as

where the vector field Va is defined by (Va)y := Zle(viaik). By (Cz2), Va is in Fy, with d, <
Zigzl Yr¢, and so Va + b is an admissible drift. Thus, under appropriate assumptions on the values
of form-bounds 4, 4, V¢, the Feller generator —Ac._ (a, Va + b) is well defined (Theorem 1(i)). In
Theorem 1(i7), (4ii), we show that the probability measures on the space of continuous trajectories
determined by the Feller semigroup e tAceo(@Vatb) admit description as weak solutions to (SDEy).

If we could only handle drifts in LP(R% R%), p > d, and thus in order to use (1) would have to
require V,.a., € LP(R? R%), p > d, then by the Sobolev Embedding Theorem a would have to be
Holder continuous. It is the fact that we can handle critical-order singularities in the drift that allows
us to consider diffusion matrices a with critical discontinuities.

We emphasize that there are b € Fs so singular that they destroy the Gaussian upper (and lower)
bound on the heat kernel of —V -a-V +b-V, —a-V?+b-V (eg.for a = I, b(z) = 452V5|z| 2,
see [22, 23], see also [24]).

The following example shows that the existence of a weak solution to (SDE) must depend on the
value of the form-bound of b.

t

Example 1. Consider the SDE (d > 3)
— [ b(X(s))ds +V2W(t), t>0,

X =- |

where

-2
b(z) := V54 5 |z| %2 € F.

If Vo < 1A ﬁ, then by Theorem 1 below this equation has a weak solution.
If V6 > d%dQ, then an elementary argument (see e.g.[15, Example 1] ) shows that the SDE does
not have a weak solution. In this sense, the singularity of b is of critical order.

In Section 4 we consider the Stratonovich SDE
t t
X(t)=xz— / b(X (s))ds + \@/ o(X(s))odW(s), =eR% (SDEs)
0 0

assuming that (Vraij)glzl € Fs,, for some §,; > 0. We put (SDEg) in It6 form without losing the
class of singularities of the drift or the class of discontinuities of the dispersion matrix (although
imposing somewhat more restrictive assumptions on the values of form-bounds ¢ and ;). From the
analytic point of view, imposing conditions on V,o;; seems to be pertinent to the subject matter
since it provides an operator behind (SDFEg).

We prove that the weak solution to (SDE;) or (SDEg) is unique among all weak solutions that
can be constructed using reasonable approximations of a, b, i.e.the ones that keep the values of
form-bounds intact, see remark 2 below.
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Since in our construction the weak solutions to (SDEy), (SDEg) are determined from the very
beginning by a Feller semigroup, we do not need the uniqueness in law in order to prove that the
associated process is strong Markov. Concerning a possible proof of the uniqueness in law we note
that, under the assumptions (Cy), (Cz), in general |Vu| &€ L™, u = (u+ Ay(a, Va + b)) "L f, even if
feC*and a=1.

Let us also note that v(t,-) = e *ha(@Vaetd) £(1) is a unique weak solution to Cauchy problem for
the corresponding parabolic equation in L4, cf.remark 4 below.

The results of this paper are new even if b =0 or ¢ = I.

Notation. We denote by B(X,Y) the space of bounded linear operators between Banach spaces
X — Y, endowed with the operator norm ||-||xy. Set B(X) := B(X, X). We write T" = s-X-1lim,, T},
for T, T, € B(X) it Tf =1lim,, T, f in X for every f € X.

R? := R?U {o0} is the one-point compactification of R

Qp := D(]0, o[, R?) the set of all right-continuous functions X : [0, co[— R? having the left limits
(cadlag functions), such that X (t) = oo, t > s, whenever X (s) = 0o or X (s—) = o0.

Fi=0{X(5)|0<s<t X €Qp} the minimal o-algebra containing all cylindrical sets {X € Qp |
(X(Sl), R ,X(Sn)) S A,A C (Rd)n is Open}ogslg...gsngt. Set Foo = O'{X(S) | 0<s<o00,X € QD}

Q := C([0, c0[, R?) denotes the set of all continuous functions X : [0, co[— R

G =0{X(s)|0<s<t,X €O}, G :=0{X(5) |0< s <0, X € Q}.

CY = C%(R?) is the space of Hélder continuous functions with exponent 0 < a < 1.

The results of the present paper were announced in [13] and [14].

Acknowledgements. We would like to thank the anonymous referee for a number of valuable
comments that helped to improve the presentation.

2. ITO DIFFUSION

Without loss of generality, we assume from now on that a > I.
We fix the following smooth approximation of the matrix a and the vector field b:

ap =1+ eenA(nn(a - I)), en 10,
where n,(z) = 1if |z| <n, nu(x) =n+1—|z|ifn <|z| <n+1, nu(z) =0if || >n+1, and
bp i= €A (1,b), e, 10,

where 1,, is the indicator of {x € R? | |z| < n, |b(x)| < n}.
By a standard result, given a Feller semigroup 7" on C, there exist probability measures {P; },cga
on Fa such that (Qp, Fy, Foo, P;) is a Markov process and

B, [f(X(t)] =T'f(z), X €Qp, f€Cx, weR’

(see e.g.[3, Ch.I.9]). In the next theorem we prove that these probability measures are, in fact,
concentrated on finite continuous trajectories (€2, Goo).

Theorem 1 (Main result). Let d > 3. Assume that conditions (Cy1), (C2) are satisfied, i.e. the
vector fields b € Fs, Va € Fs,, (Vyai)l, € F.,,, with the form-bounds 0, 0q, Yre satisfying, for
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someq>d—2ifd>4orq>21ifd=3,

1= 47+ lla = I||osV/d + da) > 0, wheze Y= e e (2)
(0= D)1= 57) — (VIF BV, + 0+ 6% — (g = DG — fla - I 255 > 0

The following is true:

(i) The limit

§-Cloo - lim e 7t Co0 (9n:Van+bn) (Joc uniformly in t > 0), (%)

where Ao (an, Va, + by) == —ay - V2 + b, -V, D(Ac(an, Va, + b,)) := (1 — A)"1Cx, exists

—thooe (aVath) It generator

and thus determines a Feller semigroup on Cs, which we denote by e
—Ac._(a,Va+b) is an appropriate operator realization of the formal operator a-V? —b-V on Cue.
(We explain the choice of notation Ac__(a, Va + b) below.)

We have

(e 0T [ INCL) I €BINCn) 130,

Also, there exists a constant py = po(d,q,9,94,7) > 0 such that u = (u + Ac_(a,Va + b))_lf,

> o, f € LIN Cu, is in CO, possibly after change on a measure zero set, with the Hélder
d—2
e

Let P, be determined by Tt := e tAcoo (@:Vatd)
Then for every x € R%:

continuity exponent a =1 —

(ii) The trajectories of the process are P, a.s. finite and continuous on 0 < t < oco.
We denote P, | (2,Goo) again by P,.

(i) Ep, fg |b(X (s))|ds < 00, X € Q, and, for any selection of f € C°, f(y) = vi, or f(y) := yiy;,
1 <4,75 <d, the process

M) = FX(0) = @)+ [ (=0 T2+ V(X (s)ds. t>0,

is a continuous martingale relative to (2, G, Py ); the latter thus determines a weak solution to (SDET)
on an extension of (2, G, P,).

Remark 1. Clearly, condition (2) is trivially satisfied if § and v (> d,) are sufficiently small; for
example, if a;; € W4 and |b| € L%, then ¢ and v can be made arbitrarily small, see examples above.
If a = I, then this condition reduces to § < 1 A (;%5)%.

Since our assumptions on ¢, d,, ¥,¢ involve only strict inequalities, we may and will assume that
€n,En 4 0 in the definition of a,, b, are chosen so that

(Vilan)ie)iey € Fs,, (1<r0<d), Va,€F;, by eFy

with form-bounds 0, 84, 4r¢ (with A # A(n)) satisfying (2). Below, without loss of generality, § = 0,

N

0q = ba, Are = Yre-

Remark 2. The solution to the martingale problem of (éii) is unique in the following sense. In
addition to the hypothesis of Theorem 1, assume that |la — I|lcc +d < 1. If {Qu},cpae is another
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solution to the martingale problem such that

Qy = w-lim P, (ay,, l;n) for every z € R,

for some smooth d,, b, whose form-bounds 8, &, 3¢ (provided that A\ # A(n)) satisfy (2), then
{Qz}rerd = {Ps}ycra- See Appendix B for the proof.

3. COMMENTS

1. The Feller semigroup in (7) is the principal analytic object; the other assertions (i), (i) of the
theorem follow from the regularity properties of the resolvent (,u +Ac_(a,Va+ b))_l, cf. Lemmas 7
and 8 below.

2. Even if a = I, C° ¢ D(Ac (I,b)) (already for b € L>®°(R? R?) — Cy(RY,RY)). An attempt to
find a complete description of D(Ac_ (I,b)) in elementary terms for a general b € Fy is doomed.

3. To prove Theorem 1(i), we first construct a Feller semigroup e ¢ (@:b) associated to the

divergence form operator —V -a -V 4+ b -V by showing that if the form-bounds ¢, §,, 7, satisfy, for
some g >d—2ifd>4orqg>2ifd=3

{ 1= (A + lla = I]|V3) > 0,
(¢-1)(1-%7) - (Vova + 0% — (¢ - 203 —lla— T % >0

(the role of ¢ will be explained below), then the limit

(3)

7tACOO (anybn)

5-Cso-lime (loc. uniformly in ¢ > 0), (%x)

where Ac,_ (an,bn) = —V-a,-V+b,-V, D(Ac_, (an, b)) = (1—A)71Cy, exists and thus determines

_tACoo (a,b)

a Feller semigroup, e . Then, since

V24 by V==V a,-V+(Van,+by)V,

and Va+b € Fs, 15, Va, + by, € Fs_ s with A # A(n), we obtain (%) from (%) upon replacing b by
Va +b. (In particular, (2) is (3) with ¢ replaced by 6, + 9.)

4. The proof of existence of the limit (xx) goes as follows.

By Theorem A.1 below, there exists a positivity preserving L°° contraction quasi contraction Cy
2
2-s

semigroup e A (@b) in L7 r >

e*t/\r (a,b)

= s-L"-lim et (@bn)  (loc. uniformly in ¢t > 0), (4)

where Ay(an,by) == =V - ay -V + by -V, D(Ay(an,by,)) = W2". Note that L" has a (locally) weaker
topology than C, so it is easier to prove convergence there.

At the next step, we prove a priori bound on uy, := (u+ Ag(an, by)) "1 f, 1> po, f € LY, for ¢ > 2
satisfying (3):

||Vun||d% < C|fllg, (% * %)
(Lemma 1). This bound for ¢ > d —2if d > 4 or ¢ > 2 for d = 3, allows us to run an iteration
procedure L™ — L*° that yields for a ro > 2%\/3

Hun_um”oo SBHun—UmHZO, n7m2 17
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where constants v > 0, B do not depend on n, m (Section 5.2). Thus, since u, converge in L™ by
(4), it follows that w, converge in Cy. The latter allows us to apply the Trotter Approximation
Theorem, which yields existence of the limit (%x).

5. Let us comment more on the existing literature on stochastic differential equations with singular
drifts.
In [2], the authors prove existence and uniqueness in law of weak solution to the SDE

X(t)=2z— /Ot b(X(s))ds +V2W(t), z€R% (5)

for b in Ki™ := Nz oK™, where the Kato class K¢ = {|b| € LL_ | (A — A)_%\b]Hoo <
V6 for some X\ = \s} (in fact, [2] allow b to be a measure). We note that

Ki"-F;#£2, Fs-Ki"#0

(already LY(RY,RY) ¢ K{H).

In [17], the authors construct a Feller semigroup on Cy, associated to the operator —A + b -V,
b € Fs. The a priori bound (x x *) and the L” — L iteration procedure developed in the present
paper extend the corresponding results in [17] (see also [12, sect. 4]).

In [15, Theorem 1], we proved an analogue of Theorem 1(ii),(4ii) for SDE (5) with b in the class
of weakly form-bounded vector fields

FY2 = {|b] € LL, | I[b|2(A — A) " 7[|laa < V3 for some A = As}

that contains both the Kato class Kgﬂ and Fgs» as its proper subclasses (as thus the sums of
vector fields in these two classes). The corresponding Feller semigroup was constructed in [11], see
also [12, sect. 5], but using a different technique that depends crucially on the pointwise estimate
V(p—A)"Ha,y)| < e(kp— A)fé(a}, y). This estimate holds for —A replaced by —V -a -V but only
for Holder continuous a. In the present paper, we include matrices a having critical discontinuities
at expense of restricting the class of admissible drifts b from F(ls/ >to Fy.

We note that Theorem 1 in the case a = I is not a special case of [15, Theorem 1] since it admits
larger values of the form bound of b.

6. The last assertion of Theorem 1(4), i.e. that u € C%% a = 1— %, follows easily from the a priori
bound (* x %) via the Sobolev Embedding Theorem. This result captures quantitative dependence
of the Holder continuity of w on the values of form-bounds 6, d, and ... (Let us note that we can
appropriately normalize the coefficients of =V -a -V +b-V, —a-V? +b-V so that 6, 6, and 7,¢
become constant multiplies of the corresponding coefficients).

7. The proof of Theorem 1 does not use W?2P bounds on u,. In fact, even if a = I, such bounds
do not exist for large p for a general b € Fy.

For less singular drifts, there is an extensive literature on WP bounds on solutions to the cor-
responding non-divergence form elliptic and parabolic equations. In particular, such estimates exist
for matrices a with entries in the VMO class (which includes a;; € W4 considered in [25]), see
[9], see also [8] where the VMO class appeared for the first time in the context of W%? bounds
for non-divergence form equations. Moreover, WP and W?? bounds exist for both divergence and
non-divergence form equations for a locally small in the BMO norm, see [4, 5]. Note that already our
model example a(z) = I +c%2%, ¢ > —1, is not in the VMO class. Although this a is in BMO, we do

‘$|2 )
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not require in Theorem 1 local smallness of its BMO norm (= smallness of ¢, i.e.smallness of v,/).
For other admissible classes of a, however requiring control over geometry of the set of discontinuities,
see [7, 20] and references therein. See also [31] where W?P estimates are obtained assuming |Va|,
bl € LP, p > d (in fact, a, b can be time-dependent).

We note that the operator —a - V2 with Vja;; € L% has been studied in L? in [1].

8. For the divergence form operator, the iteration procedure depends on the a priori bound (* * ),

more precisely, on

2 2
2_7\/3v(d—2),%[. (6)

Other than that, the iteration procedure works for an arbitrary uniformly elliptic matrix a:

sup HVUnH%qid <00, Up:= (M""Aq(anabn))ilfy VS L' NL*, qe¢ ]
n a—2

a=a":R?* > RI@R? is measurable,

H,
ol <a(z) <&l for ae.z € RY for some 0 < 0 < € < oo, (He)

see Section 5.2 for details. In this regard, we note another instance where a priori bound (6) is valid.
Let a € (H,). Without loss of generality, o = 1. Let oI < a,, < &I be a smooth approximation of a
as defined above. Set A := —V - a,, - V. Then for p > 2, by the N. Meyers Embedding Theorem [26],

(n+A)~1eBW LW, >0, (7)

IV (i 4+ A) " (i = A)3[lposp < Cpr - Cp # Cylp), (8)

provided that

—1.2 §
HV(M_A) 2||p—>p§ &-_0_7

see also [12, Theorem G.1]. Thus, assuming that £ and o are sufficiently close to each other, we can
select p = qj, where q €]d — 2, 00[, to obtain a priori bound (6) for u, := (u + A)~'f. The latter
allows us to run the iteration procedure, which then yields associated to —V - a -V Feller semigroup.
(The convergence of u,, in L™, ro > 2, follows e.g. from Theorem A.1.)

Let b = b/ +b" € L4YR?Y, RY)+L>°(R% R?), in which case b € F5 with § that can be chosen arbitrarily
small. We can further perturb A by b-V arguing as in [12, sect. 4]. Namely, let T := b, - V(u+ A)~L.
Then (p = dd—_qq, fecC.)

_ 1 1
ITfllg < N0 1allV (4 A) 7 (= A)2 [l (e = A) 72 1l
. 1 1
{10 oo 1V (i A)7H (= D)2 lgsgll (1 = 2) 2 fllg
(we use (8))
_1
< (I0'1aCsCp + 172 Callt" 1o ) 1 £ 1lq

for all ¢ €]2,2 + ¢], where 0 < £ < d — 2 depends on ¢ and 0. Without loss of generality, we may
assume that ||b/||g is sufficiently small (at expense of increasing [|b”||~) Thus, for p > 0 sufficiently
large so that ||T'||q—¢ < 1, we have

(W4 A+b,- V) = (u+ A 1+T)"
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and thus
IV (n+A+b,- V)l
< V(a4 AT = A)2 ol (1= A)72(1+T) 7 f
(we apply (7) and the Sobolev Embedding Theorem)
<CIA+T) "l < Cill -
Above we can replace p = dd—Eq by ¢ <p < qudq. Take p = %. If £ and o are close to each other, we

can select g €]2V (d — 2), d[, thus arriving at a priori bound

sup ”vun||;2) < 0, Up = (:U’ + A + bn : V)_lf, f € Ll N Looa
n

needed to run the iteration procedure. (The convergence of u,, in L™, ry > 2, follows from Theorem
A.1.) The latter allows to prove: Let d >3, a € (H,), b € LYR% R?) + L2 (R4 RY). If ¢ and o are

sufficiently close to each other, then the limit

$-Clag - lim e~ Coo (@n,0n) (loc. uniformly in t > 0),

where Ao (an,bn) == =V - an -V + b, -V, D(Ac,, (an, b)) := (1 — A)"1Cw, exists and determines
a Feller semigroup on Cs. We note that this result can not be achieved on the basis of the De
Giorgi-Nash theory.

9. The method of proof of the a priori bound (x % ) is rather general.
We could have considered matrices a of the form

a=I+cf®f, ¢>-1 (orasum of such matrices),
assuming that
fe LXRER) NWERERY, oo =1,

loc

d
Vif €Fyp, &' >0, i=1,2,...,d, & :=)» &,
=1

in which case Va = c[(divf)f 4 f - Vf] € F5, with §, < lc[2(vVd + 1)26.
Then the condition (3) is replaced with: § < 1 A (ﬁf7 and, for some ¢ >d—2ifd >4 or q> 2
if d =3,

[(g - 1) + COEROE 4 (g )Gh) ™ i 1- 22 >0

16 4 T4 =
O<c<(g—1-Q){ (L8 4 (q—2)Lh y o _1)~! if 0<1— i < avd
[(a—1)(av/d 1) + %] if 120 <0,

WhereQ::qT‘/g[q—Z—i— (\/(Z—l—\/g)%], or
~1

~(¢-1-Q) (q—l)(1+q\/§)+q\2/g <e<O.
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4. STRATONOVICH DIFFUSION

We replace condition (Cs) of the introduction by
(C,) a>vI,v>0and, for each 1 <rj <d,

(Vy0i)i) € Fs,

for some 4,; > 0.

Then we can re-write (SDEg) as

Xt) == —/0 b(X(s))ds—i—/O c(X (s))ds + \/i/o o(X(s)dW(s), xecR? (SDEY)

where
: . 1 &
€= (Cz)i‘i:p ¢t = ﬁrgl(vrﬁij)grj'
By (Cj),
1 d
ceFs, b slol Y 4
rj=1
(here ||o||oo = ||(Zf7j:1 0‘727-)%“00). We note that (C5) yields (Cs):
d ) -
(Vraie)iy € Fopyy o0 < [llonelloc(Y 8r)7 + llollocd]™
j=1

We fix the following approximation of ¢ by smooth matrices: o, = I + GE"A(’I’]n(O' -1 )) (1, were
defined earlier). Then we may assume that a,, b, and ¢, satisfy

(Vr(an)ig)gzl eF,, (1<r¢<d), Va,€Fs5,, c,€Fs5, Va,—cp+b,€Fs, 1515

with A # A(n).
The next result is an immediate consequence of Theorem 1.

Theorem 2. Let d > 3. Assume that conditions (Cy), (C)) are satisfied, with §, dq, 0c, v satisfying
(3) for some q > 2V (d — 2) with ¢ replaced by 6 + 64 + dc. Then:
(i) The limit

e o (@Vatb=c) . ¢ O Nim e Ao (@ Vantba=cn) (1oc yniformly in t > 0),

where Ao (an, Van+by—cn) = —an-V2+(by—cn)-V, D(Ac (an, Van+by—cp)) :i= (1—-A)"1C,
exists and determines a Feller semigroup.

Let (QUp, Fi, Foo,Pz) be the Feller process determined by e thooo (@ Vatb—c) —Tpe following is true
for every x € R%:

(i1) The trajectories of the process are P, a.s. finite and continuous on 0 <t < co.

We denote Py | (2, Go) again by P,.
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(iii) Ep, f(f 1b(X(s))|ds < 00, X € Q, and for any selection of f € C, f(y) = vi, or f(y) == vy,
1 <4,75 <d, the process

t
M (t) = F(X (1)) - f(x) + /0 (—a-V2f+(b—c)- V(X (s)ds, >0,

is a continuous martingale relative to (2, G, Py); the latter thus determines a weak solution to
(SDEY) on an extension of (2, Gy, Py).

Remark 2 also applies to Theorem 2, provided that ||a — I||oc + 0 + d. < 1.

5. PROOF OF THEOREM 1(7): CONSTRUCTION OF FELLER SEMIGROUP

—tAco (a,b)

As we explained in the introduction, it suffices to construct the Feller semigroup e cor-

responding to the divergence form operator —V -a -V +b-V:
Proposition 1. Assume that b € Fy, (Vraig)?zl € F,, and Va € Fs_, with ¢, 0, 0, satisfy, for
someq>d—2ifd>4orq>2ifd=23,
L= 47+ lla = 1lleV8) > 0, where 5 := > it Yt )
(6= 1)1 = 27) = (VOB + )% — (4= 2% — Jla — Il 2° > 0.
Then the limit

§-Coo-lim et (@nbn)  (Toc uniformly in t > 0),

where Ao (an,bp) := =V - ay -V + by -V, D(Ac,(an, b)) := (1 — A)"LCx exists, and determines

a contraction Cy semigroup, e Moo (@:b)

We have

(e_tACOO (a.6) [ LN COO)CLIQO:COO € B(qu COO)’ t>0.

Also, u = (u—i—Acoo(a,b))*lf, w>po, fELINCy isin CO, a=1— %.

The two key ingredients of the proof of Proposition 1 are the a priori bounds and the iteration
procedure.

5.1. A priori bounds.

Lemma 1. Let d > 3. Assume that q > 2, v, 9, 84 are such that (x) is satisfied. Then there exist
constants py = po(d, q,0,04,7) >0 and K; = Ki(d,q,9,d4,7), | = 1,2, such that the bounds

_1
IVunllq < Ki(p = po) =2 [1hllg;

1_1 ,
[Vunllgy < Ka(p—po)a 2Bl 5= 7%,
hold for uy := (1 + Ag(an,by)) " th, > po, h € L9, n > 1.

()

Proof. Since ay, b, are C'°° smooth, we have for all p > 2(;‘751)

(1 + Ac,, (an, bn))_l [ Coo N LT = (p+ Ag(an, bn))_l [ Cx N LY,
by Theorem A.1 (to apply the theorem, we note that, by our assumptions, b, € Fs where § < 1).
Thus, it suffices to prove (xx) for (1 + Ag(an,b,)) th, 0 < h € CL.
Set Ay := —V -a, -V, D(A}) = W24,
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Put
0 < up = (+ Ag(an,bn)) "',

where Ag(an,bn) = Ay + bn -V, D(Ag(an,bn)) = W24 n > 1. Clearly, since a,, b, € C*, we have
Uy € W34,

For brevity, we omit index n everywhere below, and write u = up, a = an, b = by, A5 = Aj.

Set

d
w:=Vu, I,:= Z((er)2|w\q_2), Jg = (V]w])?|w]7~3),
r=1

d

If =) ((Vew-a-Vew)wl®?),  Jf = ((V|w|-a- V]w|)w]?),

r=1

where, recall,
() = [ hla)dn, (h.g) = (ha)

Set [F,G] := FG — GF.
We multiply the equation pu + Ag(a,b)u = h by the test function

d

¢ ==V - (ww|"?) = = V(w|w|"?)

r=1

and integrate:

pulwl?) + (Agw, wlw]*™?) +([V, Aglu, wlw|"™?) = (=b- Vu,¢) + (h, ¢),

p{lw|?) + Ig + (g = 2)J¢ + {[V, Aglu, wlw|?™?) = (=b- Vu,¢) + (h, §).
Since by our assumption a > I, we have I > I, Jg > J;. We thus obtain the principal inequality
p{|w|?) + I + (g — 2)Jg < —([V, Agu, wlw|??) + (=b- Vu,¢) + (h, ¢) — R;. (o)

We will estimate the RHS of (e) in terms of I, and J,.
First, we estimate

d
(V. Aglu, wlw] ) := Y (Ve Aglu, welw]73).

r=1

Set v =), ;Yr¢. From now on, we omit the summation sign in repeated indices.

Claim 1.
[y Aglu, wpw|972)| < Myl + NiJy + Cijw|9),

where constants

_ 1 o ¢ 1 _
My=,  Ni=ayp+(@-2) [574+45 , Cri=(a+(@-2)B)\  a,f>0



14 D.KINZEBULATOV AND YU. A. SEMENOV

Proof of Claim 1. Note that [V,, AjJu = —V - V,a - Vu. Thus,
{[Vir, Aglu, welw]T72) = ((Vraie)we, (Viwy)|w]7?)
+ (g = 2)((Vrai)we, welw| T Vifwl).
By quadratic inequalities,

_ 1
[V, Aglu, wr|w|?™2)| < a|Vrael*lw|?) + 1o la

0= [(TraPlul®) + 4]

By (C3), Vyay € F

Yre» 1-€

(9rarPlal) (= S TradlaP)) < o(VaF) + 2allgP). g W2
r.l
so that
2 s
(19l < L J, + M {jul )
The proof of Claim 1 is completed. O

We estimate the term (—b-w, ¢) in () as follows.

Claim 2. There exist constants Ca, Cy such that
(=b-w, @) < Mol + NaJy + Collwl§ + Collwll§™* [R5,

where constants

1 q2 q\[ 2
My i=lla=Ilooge Noi= (VOV0u+0) + (=25 +|la —Illss01d- o> 0.

Proof of Claim 2. We have ¢ = (—Au)|w|?"2 — |w|? 3w - V]w]|, so
(=b-w,¢) = (~Au, [w]T™*(=b- w)) — (¢ = 2){w - V]wl, [w|T>(=b - w))
=: 1+ Fs.
Set

= ([bl*|w]?).
We have
11
Fy <(¢q—2)BjJj.
Next, we bound Fy. We represent —Au =V -(a—1I)-w—pu—>b-w+h, and evaluate: V-(a—1)-w =
Va-w+ (a—1)iViwg, so
Fi=(V-(a—1) w,|w(=b-w)) + {(~pu—b-w+ h), |w[T™*(=b - w))
= (Va-w, [w|T?(=b- w))
+{(a = DiViwe, [w]T2(=b - w))
+ (== b w + h), [w] T (=b - w)).
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Set P, := (|Va|?|w|?). We bound F; from above by applying consecutively the following estimates:
11
1) (Va - w, |w|i=2(=b-w)) < P?BZ.
11
m<w—fvammw*ehw»<uw—mmﬂBz<w—1m«n&+qa@)

AW
2(q—-1)"

tudood, (s (b < 3 ol 2l and, by Theorem A1, ully < () il 0> s
4) (b-w,|w|?7%b - w) < By.

5) (h, [w|2(=b - w))| <f32HuJ|!c12 Hth

3) (pu, w12 - w) < uwurmmmnmu>wq—

In 3) and 5) we estimate 32 Hqu2 |hllqg < e0Bg+ 4€0HwH HhHg (g0 > 0).

The above estimates yield:
<_bw7¢> :F1+F2

11 11 11
< B¢ B +lla—Tlleoli Bi + By + (¢ —2)Bi J¢

H / —211p12
oo L 1) By + Chlen) g 210,

Selecting €9 > 0 sufficiently small, using that the assumption on §, §, are strict inequalities, we can
and will ignore below the terms multiplied by &g.
Finally, we use in the last estimate: By b € Fy,

2
B, < anJq + A8 (Jwl9)
(cf. (9)), and by Va € Fs,,

2
q
P, < Z(San + Adalwl|E.
This yields Claim 2. O
We estimate the term (h, ¢) in (o) as follows.
Claim 3. For each g9 > 0 there exists a constant C = C(eg) < 0o such that
(h,¢) < colq + Cllwl|g2 Rl
Proof of Claim 3. We have:
(h,d) = (—Au, |w]|T2R) — (¢ — 2){|w|" 3w - V|w|,h) =: Fy + F».
Due to |Auf? < d|V,w|? and (Jw|?=2h%) < wl|§~*||h]2,
1 a=2 1 a=2
Fy < Vdig |wlg® [bllg Fo < (g=2)I¢ [wllg® [Ih]lg-
Now the standard quadratic estimates yield Claim 3. U

We now apply Claims 1, 2 and 3 in (e). Since the assumption on v, d, d, in the theorem are strict
inequalities, select 9 > 0 sufficiently small so that we can ignore the term e¢l, from Claim 3. We
arrive at: There exists pp > 0 such that for all u > g

(1= po)lwllg + (1 = My = Ma) Iy + (¢ — 2 = N1 = Na)Jy < CJ|hlfg,



16 D.KINZEBULATOV AND YU. A. SEMENOV

We select o = 8 := ﬁ,

1—-M; —My=1-— %(ﬁ—i— la — I|jV/8) is positive,

ap = ﬁ. By the assumptions of the theorem, the coefficient of I,

so, by Iy > Jg,
2
/A q qVs qf
(1= po)llwl|d + (g —1)(1 - T\F) — (V6\/b, + 5)1 —(q— 2)7 la = Illec=——1]Jq
< C|hllE.

By the assumptions of the theorem the coefficient of J, is positive. Thus, we have
(1= po)llwllg + cJy < ClAlE, e > 0.

In particular, (p — po)|lw|| < C||h||%, which yields immediately the first estimate in (x*). Applying
the Sobolev Embedding Theorem in J, = ;%((V]Vu\%)2>, we obtain the second estimate in ().
The proof of Lemma 1 is completed. O

5.2. Iteration procedure. The iteration procedure works for an arbitrary uniformly elliptic matrix
a € (Hy).

Define t[u,v] := (Vu - a - V), D(t) = WhH2. There is a unique self-adjoint operator A = Ay > 0
on L? associated with the form t: D(A) C D(t), (Au,v) = t[u,v], u € D(A), v € D(t). —A is the
generator of a positivity preserving L> contraction Cy semigroup T4 = et ¢t >0, on L?. Then
Tt = [T* | L" N L?|pr 1+ determines Cy semigroup on L” for all 7 €]1,00[. The generator —A, of
T! (= e*47) is the desired operator realization of V- a -V in L", 7 €]1,00[. (One can furthermore
show that T" extends to a contraction Cy semigroup on L'.)

Definition 1. A vector field b : RY — R? belongs to Fs, (A), ; > 0, the class of vector fields form-
bounded with respect to A = Ag, if b2 :=b-a"'-b € L] and there exists a constant A = A\(d1) > 0
such that

lba(A + A) %[22 < /61
Remark 3. It is easily seen that if a > I (as in Theorem 1), then b € Fs = Fs5(—A) = b € Fs,(A)
with 01 = 0.
Consider
{an}psy CC'RERT@RY) N (H,)  with o # o(n), & # €(n),
and

{bupZy CC'RLRY) N () Foy(A™), 61 <1, A™=A(am), with A # A(n,m).

m>1

(It is easily seen that a,, b, in Theorem 1 satisfy these assumptions.)
By Theorem A.1 below, —Ay(an,by) :=V -ay -V = by, -V, D(Ap(an,b,)) = W, is the generator
of a positivity preserving L contraction quasi contraction Cp semigroup on L", r €]—=~ o \[, oo[, with

the resolvent set of —A,(ay, b,) containing p > 2(7,_1) for all n > 1.
Set up == (u+ Ap(an, bp)) "1 f, f € LY N L™ and

g = Up — Un-
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Lemma 2 (The iteration inequality). There are positive constants C' = C(d), k = k(01) such that

lglley < (Co (@31 + 260~ )1+ 28) [VulZ) 7 (724 T lgll sy,

whereqé]z NGl VvV (d—2), \/»[ 25 =qj, j = 7%, ' == 21 and §'(r —2) > 2—3/&’ > A
Proof. Write b, € Fs, (A™) equivalently as
(b - 4" by [91?) <61V am - V@) + 201{|0l?), e W2
Let ¢ = glg|""2,v = g\g\ 3. We multiply the equation
(e + Ag(an,bp))g =F, where F:=V - (am — apn) - Vi, + (by, — byy) - Vi,

by ¢ and integrate to obtain

plols +— <VU an, - Vv)

- —§<v,bn V) + (V- (= @) - Vi, o]0 2) + (b — b) - Ve, o]0 2).
We estimate the terms in the RHS as follows. By the quadratic inequality, using b,, € Fs, (A™),

(0,0, - VU)| < £(bn - @yt b, [0]%) + (46) (Vv - ay, - V)
< (e61 4 (4)"H(Vv - ay, - Vo) + eXdy||v]|3

= VoV -ay - Vo) + (2V6) T Adloll (e = (2v/61) !

2
<V ' (am o an) ' Vum?fU|U|1_%> - (2 B r) <(am - an) -V, ‘U|1_%VU>

2 2
< (z - ) EBIVOI3 + Bl VunllZ) (8> 0)

< 26(Bo (Vv - ay - V) + B Y0177 [Vt [|3).-

_2 _2 n
(b, — bim) - vumale ) <o + [bm])|v], ’”’1 [ Vum|) (bns by € Fg,(A™))
< B61(V0 - an - Vo) + BAS1[V]13 + B |[o] [V |13

Thus, we obtain

[u - <71*\/1§ +5> ml} vl + (i R NCET I 250‘1)> (Vo ay - V)

_ _2
< (1+26) 87 [[o]'77 [V I3

Since r > 27% —+/01 > 0, we can fix k > 1 sufficiently large so that =7 —2/01 = %(%—\/E) >
2r=F. Fix 8 by 5(51 + 250_1) =4 —2/5 —r=% (>r7%). Thus

[u - (i\/lé» + 5) )\51] [0]2 + 7 F (Vo - ap - Vo)

< (61 4 260 ) (1 + 29[| F [V |[3-
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The choice of u (> /\) ensures that the expression in the square brackets is strictly positive. Indeed,
1 1 4 2 1

(V- @ - Vo) < (81 + 260 1) (1 + 2607V [3, 0] 2

25’ 1—2)’
and so
IVoll3 < o7 (61 + 260 1) (1 + 26)r%* || Vu[3, |0 H - z)
By the Sobolev Embedding Theorem, cqllv3; < [[Vo|3.
The proof of Lemma 2 is completed. O

Lemma 3. In the notation of Lemma 2, assume that sup,, HVumng < 00, > po. Then for any
rog > 7= \/—

19llsc < Bllglly: 1 =1+ poV Ady,
! ’ /N —1
where'y:(l—%)(l—%-i-%) >0, and B = B(d, ) < 0.

Proof. Let D := Co=1(6; + 2607 1) (1 + 2¢) sup,, HVumH < oo. We iterate the inequality of Lemma
2,

lglles < D*(r) ¥ lgl ey, (%)

as follows. Successively setting s'(r; — 2) = ro, §'(ro —2) = jr1, §'(rs —2) = jra,... so that
rn=(t—1)71(t"(D +2) —t" ' — 2), where t = £ > 1, we get from (%)

191l < D Tallgll3g,

where

ot —2r Yy et (-2t (-2 pt
T n n— 2 1
|:7“n" Tn 1 n—2 oW T

Since ay, = t" — 1 (t — 1) and v, = rot" " 1(s'ry) 7L,

and
. s’ s 28 _
1nf7n>7:(1——,)(1——,—|——) 1>O, sup v, < 1.
n J J To n

Note that [|g||;, — 0 as n,m — oo (Theorem A.1), and so ||g|l7 < ||g]7%, for all large enough n, m.
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Finally, since

1 1 -1 ,2 -1 n—1,—1
trt # t
LRE =gy e, 8oy and bt" <r, <at",

where a = ri(t —1)™!, b =rit~!, we have

TFF < (at™)®) 7 (o) DT (a0

at”—t—"(t—l)—ltzy_lit—i] b < |:a(t—1)_1bt(t—1)2:|

o=

The proof of Lemma 3 is completed. 0
Remark. That « is strictly greater than 0 is the main concern of the iteration procedure.

5.3. Proof of Proposition 1. Let a be as in the assumptions of the theorem. By Theorem A.1,
Up = (1 + Ay (an, b)) "L f, £ € LY N L™, are well defined for all p > 0 (we use that b € F5 =
b e Fs (A) with 61 = § since a > I).

The second inequality in (x) verifies the assumptions of Lemma 3, which in turn yields

2(7‘

|tn — tumlloo < Blltn —um|},, 7r0>2, ~v>0.

Since by Theorem A.1 the sequence {u,} is fundamental in L', we obtain that {u,} is fundamental
in C
We will also need

Lemma 4. Let U, := (,u+Am(an,bn))_1F pw> A\ Fi=(=V-(a,—1)-V+b,-V)(u—A)"Lf, feCL
There are constants 0 < 4 <1, B and B independent of n such that

1Unlloo < BIIUII,

HNUnHoo < BHNUHH?O

2
whenever ro > SRy

Proof. Arguing exactly as in the proof of Lemma 2, we obtain the inequalities

1
s

_ 1 1-2
1Unllrj < (COLIV (1= D) 157 )7 Ul oy

1
|6Unllrs < (COUVFIZ)T ()7 (|0l || ()’

their iteration provides the required result. O

Lemma 5. In the notation of Lemma 4, we have

ol < (3(2-va))

1

Ao 2
(k=32) 191,

(NI

2
2-V6o1"

whenever r >
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Proof. Arguing again as in the proof of Lemma 2, we obtain the inequality (5 > 0)

11 4 2 2
= (G 8) ol + (o5 = 25 - 600 ) IVl < 48) ol £,

r—2
where v := Uy, |U|,> and f, := V(i — A)~!f. Putting here 361 = %, — 2,/5; and noticing that

51[#- (i\/laJrB))\él] _u—)\<r4rl—\/§> > =\,
we have
(2 - VE) = Wl < aols P14
It remains to note that || f,|l» < p= |V f|. O

Lemma 6. s-Coo-lim oo u(pt + A (an, by)) ™ = 1 uniformly in n.
Proof. Clearly it suffices to show that

lim sup [l + Ar(an,ba)) ™" = (= 2) 7] flloo =0 forall f € C.
Since

- [(H + Ay (an, bn))_l —(p— A)_l]f
= (j1+ A (@, 00)) =V - (@ = ) -V 4 by - V) (= A)Lf = Up,

we obtain by Lemma 4 and Lemma 5 that

l1Unlloe < BlluUnll7, < Blp = N2V I}

~ ro?

which yields the required. O

We are in position to complete the proof of Proposition 1.
The fact that {u,} is fundamental in Cy,, and Lemma 6, verify conditions of the Trotter Approx-
imation Theorem [10, Ch.IX] sect.2]: the limit

_tACoo (an»bn)

5-Coo-lime (loc. uniformly in ¢ > 0)

_tACoo (a,b)

exists and determines a contraction Cy semigroup on C, € . The latter is positivity pre-

serving since e tACoo (an:0n) are. Thus, e e (@:0) ig a Feller semigroup.

—tAco (a,b)

By the construction of e , we have the following consistency property:

(1 A (0,5) 71 = (e Ayl D) T 1IN Co) e s 1> o (10)

The last assertion of Proposition 1 now follows (10), (%) and the Sobolev Embedding Theorem.
The proof of Proposition 1 is completed.
The proof of assertion (i) of Theorem 1 is completed.
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6. PROOF OF THEOREM 1(4),(4ii): THE MARTINGALE PROBLEM

—tAc, (a,Va+bd)

The Feller semigroup e and the next two estimates will allow us to use the approach

of [15] where we considered the case a = I.

Lemma 7. In the assumptions of Theorem 1, there exist constants g > 0 and C; = Ci(0,04,7, q, ),
i = 1,2, such that, for all h € C. and p > ug, we have:

(2 + Ace (@, Va4 5) " bmlBl| . < Cal bl Blg: (11)

2
1+ A (@ Fa+ 5) b — balllse < o[ lbm — bl ] . (12)

We will also need a weighted variant of Lemma 7 . Define the weight
— 2\—v d d
) = puly) = (L), v> oo 41, 1> 0, y €RE

Clearly,
Vol < vVip, |Ap| <202v+d+2)ip. (13)

Lemma 8. In the assumptions of Theorem 1, there exist constants py > 0 and K1 = K1(9,7, 64, q)
and Ky = K5(6,7,0a,q, 1) such that, for all h € C.(R?), u > po and sufficiently small | =
1(6,7,d4,q) > 0, we have:

[o(k+ Acw (an, Van +ba)) 7 h|| < Killphllq, (E1)

2
HP(N + Ac., (an, Van + bn))_lybm‘hum < Kal||bm| "Pth- (E2)

We need the weight p in order to control the behaviour of the semigroups e oo (@n,Vantbn) a¢
infinity in absence of a uniform (in n) Gaussian upper bound on their integral kernels.
We prove Lemma 7 and Lemma 8 in the next section.

We return to the proof of assertions (ii) and (%) of Theorem 1. By construction,
e Hon (@Vath) — o O lim e Ao (nVantbn) (1o¢ uniformly in t > 0), (14)

where Ac_(an, Vay, +by) := —an - V2 + b, -V, D(Ac (an, Va, +by)) :== (1 — A)"1C0x.
Let P! be the probability measures associated with e thooo(an,Vantbn) 'y — 1 2
Set E, := Ep,, and E} := Epn.

Lemma 9. For every x € R? and t > 0, P,[X(t) = 0o] = 0.

The proof repeats the proof of [15, Lemma 2], where we use crucially estimate (F;) of Lemma 8.
Lemma 9 yields Theorem 1(iz).

Set Qp := D([0,00[,RY), the subspace of Qp (:= D([0,00[,R?)) consisting of the trajectories
X(t) #00,0<t<o0. Let F/:=0(X(s) |0<s<t,X €Qp), Fie :i=0(X(s) |0< s <00, X €
Qp). By Lemma 9, (p, F..) has full P,-measure in (Qp, Fs). We denote the restriction of P, from
(Qp, Fo) to (2p, FL,) again by P,.
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Lemma 10. For every x € R? and g € C°(RY),

¢
o(X(0) = gla) + [ (=a- T+ b- Vo) (X ()i,
is a martingale relative to (Qp, F{,Ps).

The proof follows the proof of [15, Lemma 3] where we apply estimates (11) and (12) of Lemma 7.

Armed with Lemma 10, we show, repeating the proof of [15, Lemma 4], that for each z € RY, Q
has full P,-measure in Qp. We denote the restriction of P, from (Qp, F.) to (2, G) again by P,.
In view of Lemma 10, we obtain

Lemma 11. For every x € R? and g € C°(RY),
t
JXW) ~ g(o)+ [ (-a-TPg+b- Vo)X (s, X e
0
is a continuous martingale relative to (2, Gy, Py).

Using Lemma 11 and estimate (F3) of Lemma 8, we follow the proof of [15, Lemma 5] to obtain

Lemma 12. For every z € R? and t > 0, E, fot 1b(X (s))|ds < oo, and, for f(y) =y or f(y) = viy;,
1<4,5 <d,

t
FOX®) = f@)+ [ (a2 b V(X (5)ds. X €9
0
is a continuous martingale relative to (2, Gy, Py).

Lemma 12 yields Theorem 1(ii).
The proof of Theorem 1(4i) (i) is completed.

7. PROOFS OF LEMMAS 7 AND 8

The proof of Lemma 7 is obtained via a simple modification of the proof of Lemma 8. We will
attend to it in the end of this section.

Proof of Lemma 8 . We follow the proof of Lemma 1. Since ay, b, are C*° smooth, we have, in view

of Theorem A.1, for all u > 2(;‘751)

(1 + Ao (an, Van, +0,)) 71 [ Coo NLT = (p+ Ay(an, Van +bp)) " [ Coo N LY,
(note that, by our assumptions, Va,, + b, € Fs, 15 with 6, +0 < 1).

Thus, it suffices to prove estimates (E1), (E2) in Lemma 8 for (u + Ag(an, Va, + by)) 7t
Set Ay := =V -a, -V, D(Ap) = W24, To shorten the proof, we introduce notation

~

bp :=Va, +b, € Fs,, 0do:=0q+0.
Put

0 < tp = (4 Ag(an,bp))"th, 0<heCl

where Ag(an,bn) = A7 + b, -V (= —ay - V2 + b, - V), D(Ag(an,by)) = W29, n > 1. Clearly, since
an, by € C*®, we have u,, € W34,

For brevity, we omit index n everywhere below, and write u = uy, a = ay,, b = by, Ay

~ ~

A

n
q-
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Set
d
ne=pl wi= Z (Vw2 lwlt=2n), Ty = (V]w])|w]),
d
I =Y (Vew-a- Vyw)wl"n), Jf = {(Vwl o Viwl)w"n).
r=1
By (13),
Vil < erVin,  |An| < caln. (15)

Recall [F,G] := FG — GF.
Proof of (E;). We multiply the equation pu + Ay(a, b)u = h by the test function

d
¢ ==V (quwlw]’?) = =YV, (jw|w]?)

r=1

and integrate:

pinlw|?) + (Aqw, mwlw] =) + ([V, Aglu, nwlw|?~?) = (<b- Vu,¢) + (h, ¢),

p(nfw|?) + I8 + (g — 2)J¢ + RL + [V, Aglu, nqw|w|1=2) = (~b- Vu, ¢) + (h, ),

where R; = (Vn-a-V|w|,|w/?1).

We will get rid of the terms containing V7, which we denote by R’;, towards the end of the proof,
by selecting the constant [ in the definition of n = p? to be sufficiently small, and then appealing to
the estimates (15).

By our assumption a > I, and so I > I, J§ > J,. We obtain the principal inequality

pnlw]?) + I, + (g = 2)Jy < —([V, Aglu, nw|w|??) + (=b- Vu,¢) + (h,¢) — R}. (oe)
We estimate ([V, A,]u, nw|w|?=2) = Zlequ, Aglu, mw,|w|972) first. Below we omit the summation
sign in repeated indices.

Claim 4.

2
_ q 1 1
[V, Aglu, nwy|w|? %)) < v Jq + 7404[(1 + (¢ —2) [,B’y + 45} v = TZZ’YM

+ R+ (a+ (¢ —2)B) RS+ (o + (g — 2)B) My(nw]|?), (o, B> 0)

2
where R2 := ((Vyaie)we, wolw]92Vin), RS := §(V]wl, jw]2~ V) + L (|w|s T2

The proof repeats the proof of Claim 1.

Claim 5. There exist constants C; (i = 0,1,2) such that

(b, ) < [(mfwo) 2>W2‘70]Jq

1 1 1 oy 1
+|la — I [(1150 Jq + ]+Co||nqw||g—|—01H77qw\g 2H17‘1h|]3+02R2+R3,
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where R := —(Vn, w|w|?2(=b - w))), and a; > 0.
Proof. The proof repeats the proof of Claim 2, with 3) replaced by

3°) {pu, pw] 972 - w) <

< o u BZ’anqu2 anth for some py > 0, for all g > puy.

Indeed, (pu, nw(t=2(=b - w)) < uBE [nswlly? [nvully and il < (1= 1) ehllg, > pa, for
appropriate 1 > 0. To prove the last estimate, we multiply (1 + Ag(a,b))u = h by nu?~! to obtain

p{u, nut™ty — (V- a - w,qut™) = (—b - w, nut ™) + (hyqut ),
4(q—1)
q2

ulinuly+ (1Vul -~ Vud) + R = (<b-w, ™) + (hgut ™),

where R5 2<a Vus, (Vn)u%>. In the RHS we apply the quadratic inequality to <—I; -V, nui—1t)
to obtaln

1 4(g — 1
,u||77¢11qu + (qq2)<nVug -a- Vu%> + RZ
2 1
R ((Vud)?) + g ) + (™) (> 0),
1 —1
ullt + XY o8 o vty 1 RS
q
2 q 1
< w o n(Tud)%) + g () + gl !

Since a > I, we can replace in the LHS (nVu? - a - Vuz) by (n(Vu2)?). By b € Fs,, (nb*ud) <
So(n(Vu2)2) + 2(Vu2, Vn) + ((Vn)2u?) + Ado(nud), and thus we arrive at

4g-1) 2 1

(1 — ) moufd + — 5o | (n(VuB)2) < —R2+ RS + |puh|qnaullt
B 1)1 U] g q2 q 2Hq077 u = q q n qlimullgy

where p11 1= Ao, R6 (2 (Vu, Vn)+ +((Vn)?u?)). We select £ := @. Since by the assumptions
of the lemma g > — \ﬁ’ the coefficient of (n(Vu?)?2) is positive. In turn, by (15),

2riq

~R}) < epVlalloo(IVud | nut) < 2V alloo((n(Tud)?) + (ut)).

1 1
We estimate RS similarly. The required estimate (u—p1)|[naully < ||nh|lq now follows upon selecting
[ in the definition of n (= p?) sufficiently small at expense of increasing j slightly. This completes
the proof of 3°). O

Claim 6. For each gy > 0 there exists a constant C = C(gg) < 0o such that
Lo g—2y. L2 7
(h,¢) < eoly + Cllnawl|g™"[Inahlly + Ry,
where RY := —(Vn - w|w|?"2,h).

The proof repeats the proof of Claim 3.
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Claims 4, 5 and 6 applied in (e) yield (assuming ¢o > 0 is chosen sufficiently small): There exists
o > pq such that

1 2 2
(1= po)mewlld +Ig+ (g — 2)Jg — ey G Jg — =1, — (g —2) [ﬁv‘i + 41/3] Jq
2 2
- (wma L) 4 (g 2)%‘%)@ = Il (auso‘an n 41)

< Cllnhl|d — R+ R2 + CR} + RA + R, =—

Q. _1 .
a—ﬁ.—qﬂ, ap = e

By the assumptions of the theorem, the coefficient of I, 1 — (/7 + |la — I||s0v/30) — €0 is positive,
so by I, > J, we have

1 2
(= mllgrulg + (@ = D0 - 20 - (VavE + % - -2 T ~ o - T

1
< Cllpah||é — Ry + R + CR] + R, + Ry,

qV/ 8o q\g% ] J,

By the assumptions of the theorem the coefficient of J, is positive. Selecting ! in the definition of 7
sufficiently small, we eliminate the terms R]; (k=1,2,3,4,7) using the estimates (15) as in the proof
of 3°), at expense of increasing jp and decreasing the coefficient of J, slightly, arriving at

1 1
(= po)llnrwlig + eJg < Clln=hllg, > 0.

In J, = %(n(V|VU|%)2>, we commute 1 and V using (15), arriving at

1 q 2 / 1 q
(VIV(naw)[2)") < C'|Inanllg.
Applying the Sobolev Embedding Theorem twice, we obtain (E}).

Proof of (FE;). We modify the proof of Lemma 1 by including the weight 7 in the same way as in
the proof of (E;) above, and replacing h by |by,|h. Now u = (14 Ag(a, b))~ bm|h, where 0 < h € C..

We obtain an obvious analogue of Claim 2 as follows:
We replace 3) in its proof with
N L1 92 2
3) (b w, whelt =) < () B [ wly? s ol 4
where we have used ||[n7uy|q < C(1)||n7|bm|7h|lq. The proof of the last estimate follows the proof of
the analogous estimate in 3°), but now we estimate (h, pud~!) by Young’s inequality:

1 _a q=2
o7 T (b1 u) + T (nlbm[2h7) (o > 0)

—q
q
—1 4 —q
<1 p o1 (1 + |by|2)u?) + ”7<n|bm|2hq>.

(b, mua=ty < 42

It remains to apply by, € Fj in order to estimate (p(1 4 |by|?)u?) in terms of (n(Vu3)?), Hn%qu
and the terms containing V7 which can be discarded at expense on increasing pg. Selecting o > 0
sufficiently small, we obtain the required estimate.

Next, we replace 5) by
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R 1 1
5') (|bm|h, n|w|?2(=b - w))| < BZ (n(|bm|h)?|w|?"2)2, where, in turn,

q—2

(0 (b |7)?|w]~2) <

(use by, € Fy)

€7 (b 0] + jei<nrbm\2hq>

—9 4 a2 2 _2
qq eiz qZ(SJq+RZ’+A6<\w!qn> T  (nlbm B0 (16)

<

where € > 0 is to be chosen sufficiently small.

We obtain an analogue of Claim 3 by replacing the estimate (Jw|?972h?) < Hw|lg_2HhHg in its proof
by (16). The analogue of RY is —(Vn - w|w|?2, |by,|h), which we eliminate as follows. By (15),

11
—(Vn - wlw|T72, b |h) < GUN(|bm|h)?|w]972) 2 [[naw]|Z,

so applying (16) to the first multiple in the RHS we estimate in the LHS in terms of the quantities
that we can control, by multiplied by the constant [ that we can choose arbitrarily small.
The rest of the proof repeats the proof of (Ej). O

Proof of Lemma 7 . The proof of (11) repeats the proof of (E2) with 7 taken to be = 1 (and so all
terms R’; disappear). The proof of (12) also repeats the proof of (E2) with n = 1, where we take
into account that b,, — b, € Fy. O

APPENDIX A

We use notation introduced in the beginning of Section 5.2.

Theorem A.1 ([12, Theorem 4.6]). Let a,a, € (H,), b,b, : R — R? A = A(a), A" = A(ay),
n=12,... Assume that

beFs5 (A), by e Fs, (A"), 61 <1, with X\ # \(n), (i)
an — a strongly in L2 (REL,RTQRY), b, — b strongly in L2 (R, RY). (74)

Then:
(4) The limit

2
—tAr(ab) . o 7. —tAr(anbn)  (1oc. uni lyint>0 €|l —F—=
e s lim e (loc. uniformly in t > 0), r }2_ 731,00[»
where Ap(an,by) == =V - ay -V + by -V, D(Ar(an,bn)) = W2T, exists and determines a quasi

contraction Coy semigroup on L".

(97) The resolvent set of —A,(a,b), —Ay(an,by) contains {¢ € C | Re¢ > 2)(‘;/7%)}.

Remark 4. We note that v(t, ) = e *Ar(@b) £(.) f € L", is a unique weak solution in L" to Cauchy
problem for parabolic equation (0 — V -a-V +b-V)u(t,-) =0, v(0+,-) = f(-). See [29, Theorem
1.1] for details.
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APPENDIX B

The solution to the martingale problem of Theorem 1(ii%) is unique in the following sense. In the
assumptions of Theorem 1, let ||a — I||oc + ¢ < 1. If {Q4},cra is another solution to the martingale
problem (4v) such that

Q, = w-lim P, (ay,, lN)n) for every = € Rd,
n

where smooth by, @, satisfy (Cp), (Cz) with form-bounds &, 4, 5, (provided that A # A(n))
satisfying (2), then {Qz},cre = {Ps}pepra-

Proof. The ideas in the following argument are rather standard, cf.[28, Ch.3, sect. 2].
For f € C%, x € R?, denote

R f(z) := Epn /000 e M f(X(s))ds (: (u+ Ac (an, Va, + Bn))_lf(x)>,

Rﬁ?f(x) = Eq, /0 e " f(X(s))ds, p>0.

Let us show that (u+ Ac,(a, Va + b)) 1 f(z) = Rﬁ?f(x) for all u > 0 sufficiently large; this would
lmply that {Qx}$ERd = {Pm}xERd'

We have:

1) R f(z) — R,?f(x) (the assumption).

2) R 1l < (5= w2) M/ ll2s 1> wn,

Indeed, R} f = (p + Aa(an, Van + ba))"Lf, f € C. Since e~ th2(@nVan+bn) ig a quasi contraction
on L2, (w4 Aa(an, Va, + bn))_lHQ_)Q < (pu— WQ)_l, > wo, 0 < wy # wa(n). Thus, ||szH2 <
(1 — wa) Y| f]|2 for all n. Now 2) follows from 1) by a weak compactness argument in L?.

By 2), Rff admits extension by continuity to L?, which we denote by RS,?‘

3) I(=(a=1)-V2+b-V)(u—A) 2o < |la — I|oo + 6 (we use b € Fg).

4) (p+A2(a,Va+b) 1 f=(p—A) 1+ (—(a=1)-V24+b-V)(p— A1) f.

Indeed, by our assumptions ||a — I]|s + ¢ < 1, so in view of 3) the RHS is well defined. Clearly,
4) holds for a = a,, b = b,. We pass to the limit n — oo using Theorem A.1.

5 (n+Ac(a,Va+b))"1f = Rf}gf a.e. on R,

Indeed, since {Q,} is a weak solution of (SDET), we have by It6’s formula

1

(h—A)""h=R(1+(=(a—1)-V>+b-V)(u—A)"")h], heCx.
Since [|[(14 (—=(a—1)-V2+b-V)(u— A)")]lam2 < 0o (by 3)), we have, in view of 2),
(t—A)lg=RI[(1+(~(a—1)-V2+b-V)(u—A)"Y)g), gelL®

Take g = (l—i—(—(a—I)-V2+b-V)(u—A)*1)71f, f € C°. Then by 4) (u+Az(a, Va+b)) "1 f = R;?Qf'
By the consistency property (u+ Ac.(a, Va+ b))~ ! |coonr2 = (1 + Az(a, Va+ b))*l\cgom;z, and the
result follows.
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6) Fix a ¢ > 2V (d — 2) satisfying the assumptions of Theorem 1. Since R} f = (1 + Ag(an, Var, +
bn)) "L f, we obtain by (% %) that for all p > pg

HVRZJCqu < K| fllgy J > po-

_d
Cd—2

By a weak compactness argument in L%, in view of 1), we have |VR§ fl € L%, and there is a
subsequence of { R} f} (without loss of generality, it is { ], f} itself) such that

n w : j d d
VRIf 5 VRYf in LY(RYRY).

By Mazur’s Lemma, there is a sequence of convex combinations of the elements of {VR};f}7° ;| that
converges to VRSf strongly in L% (R%, R?), i.e.

> caVRif 5 VRYf in LY(R%,RY).

Now, in view of 1), the latter and the Sobolev Embedding Theorem yield ), caRy f = R,Cf fin

Coo

1]

2]
3]

[4]

[5]

. Therefore, by 5), (u+ Ac. (a, Va+b))"1f(z) = Rgf(x) for all z € RY, f € C°, as needed. [
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