A NEW APPROACH TO THE [’-THEORY OF —-A+5b-V, AND ITS
APPLICATIONS TO FELLER PROCESSES
WITH GENERAL DRIFTS

DAMIR KINZEBULATOV

ABSTRACT. We develop a detailed regularity theory of —A +b -V in LP(R?), for a wide class of
vector fields. The LP-theory allows us to construct associated strong Feller process in COO(Rd).
Our starting object is an operator-valued function, which, we prove, determines the resolvent of
an operator realization of —A + b - V, the generator of a holomorphic Cp-semigroup on LP(R?).
Then the very form of the operator-valued function yields crucial information about smoothness
of the domain of the generator.

1. Let £? be the Lebesgue measure on R?, LP = LP(R?, £4) and WP = WP(RY, £?) the standard
(complex) Lebesgue and Sobolev spaces, C% = C%7(R?) the space of Hélder continuous functions
(0 <y < 1), Cp = Cy(R?) the space of bounded continuous functions endowed with the sup-norm,
Cs C (O the closed subspace of functions vanishing at infinity, W®P, a > 0, the Bessel space
endowed with norm |ullpa = |lgllp, v = (1 = A)"2g, g € LP, and W=, p/ = p/(p — 1), the
anti-dual of WP, WP denotes the class of (distributions) u such that (1 — A)Su € L¥ . We
denote by B(X,Y) the space of bounded linear operators between complex Banach spaces X — Y,
endowed with operator norm || - || xy; B(X) := B(X, X). Set || - [lp—q == || - |l Lr—14-
For each p > 1, by (u,v) we denote the (LP, L?") pairing, so that

(u,v) = (uv) := / uvdL? (ueLP,velr).
R4

2. Let d > 3. Consider the following classes of vector fields:
(1) We say that a b : R? — C? belongs to the Kato class Kg”l, and write b € Kg“, if bis
L% measurable, and there exists A\ = As > 0 such that
1
1A = A) |1 < 6.
(2) We say that a b: R? — C belongs to Fs, the class of form-bounded vector fields, and write
b e Fy, if b is £L%measurable, and there exists A = \s > 0 such that
1
16X = A) 72|22 < V6.

(3) We say that a b : R* — C¢ belongs to F(S%7 the class of weakly form-bounded vector fields,
and write b € F%, if b is £%measurable, and there exists A = A; > 0 such that

1[B]2(A — A) "3 |12 < V0.
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General classes of vector fields b : RY — R? studied in the literature in connection with operator —A +b- V.
Here — stands for strict inclusion, and 2 reads “if b=1by + b € [Ld’°° + Loo]d, then b € Fs2 with § > 0
determined by the value of the L%*-norm of |b;|, see Remark 2 below for details,

KSH =Ns>o K?H, Fo =550 Fs.

Simple examples show:
Fs5, ~K{™ # @, and K" —F;# @ for any 6,5 > 0,

for instance,

1) by the Hardy inequality, b(z) := 51%x|x\*2 € Fs, — Kg”l for any 4,01 > 0,

2) b(x) = elj, <ifzrl*™h, where § < s <1, e = (1,...,1) € RY, & = (z1,...,24), is in
Kg“ — Fy, for any § > 0. (An example of a b € K?H — Kg“ can be obtained e.g. by modifying
[AS, p. 250, Example 1].)

The classes F, Kng cover singularities of b of critical order!, at isolated points or along hyper-

surfaces, respectively. The class L¢ doesn’t contain vector fields having critical order singularities.

REMARK 1. The classes Fs and Kg“ have been intensely studied in the literature: after 1996, the
Kato class Kg“‘l, with § > 0 sufficiently small (yet allowed to be non-zero), has been recognized as
‘the right’ class for the Gaussian upper and lower bounds on the fundamental solution of —A+5-V,
see [Se3|, which, in turn, allow to construct an associated Feller process (in Cj). The class Fy,
0 < 4, is responsible for dissipativity of A — b -V in LP, p > 2%/3, needed to run the iterative

procedure of [KS] (taking p — oo, assuming additionally § < min{4/(d — 2)2,1}), which produces
an associated Feller process. We emphasize that, in general, the Gaussian bounds are not valid if
|b| € L4 while b € Kg“, in general, destroys LP-dissipativity.

n particular, the uniqueness of solution of Cauchy problem for —A + b -V can fail if b € F; is replaced with

¢cb (€ F25), for a sufficiently large constant ¢, cf. [KS, Example 5].
2
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1
The class F§ combines critical point and critical hypersurface singularities:

1 1
Kt C Fz, F;, CFZ for 6 =/,

=

1
<bEF51 and f € K§j1> — (b+feF§, Vo = ﬁm@)
(for the proof, if needed, see Appendix B).

REMARK 2. The inclusion [b] € L¢ = b € Fy (cf. the diagram above) follows by the Sobolev
embedding theorem. For |b| € L%™, we can verify, using [KPS, Prop. 2.5, 2.6, Cor. 2.9]:

beF),  with V&= [[bl2(A—A) Flans < [(B)EA — A) 2o
L(5)
L)
where Q4 = ng‘(% + 1), and |b|* is the symmetric decreasing rearrangement of |b|. Similarly,
beFs, with /31 = ||[b](X — A)"2|jaso
< bllape®y Il A = A) F o

_1 % 1 _1 -1 %,l
< (nbud,mﬂdd) Nl 3 (A — A) Hlas = (\b|rd,ooﬂdd) 2

1 T(453) 109
< ||bHd7OOQd d2_1 d42 = HbHd,oon ¢
ey 72
In particular, using [KPS, Cor. 2.9],
(4=t
zlz| % e F%, V6=2"2 (dil)’
L)
2
x|z| 2€F51, 51—ma
and so § < V&1 (cf. (1)).
3. Denote
my = W%(Qe)féd%(d— 1)1;2[1, cp = pp' /4.

The following two theorems are the main results of our paper.

1
Theorem 1 (LP-theory). Let d > 3 and b : RY — C%. Assume that b € F?, mgd < 1. Then, for
every

2 2
GI:: ) )
b <1—|—\/1—md5 1— VI —md5>

there exists a Co-semigroup e M) in LP such that
(i) The resolvent set p(—A,(b)) contains the half-plane O := {¢ € C: Re { > kgAs}, Kq = d%dl,
and the resolvent admits the representation:

(C+Ap(0) " =6,(¢b), (€O,

where

O,(¢,b) = (¢ - A>—31 — Qp(1+T,)7'Gy, (2)
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the operators Qp, Gp, T, € B(LP),

1 11
1Gpllp—p < CrlC] 2", |Qpllp < Ca|C 272, [|Tpllp < macyd < 1,

1 _1 l l_]_
Gp=Gp((,b):==br -V(C—A)"", br:=1bl» b,
Qp, T, are the extensions by continuity of densely defined (on £ := .- e_e‘b‘Lp) operators

Qle = QulC.D)le = (¢ — &) b|7, Tyle = To(C,b)le = b# - V(¢ — &) o]

(ii) It follows from (i) that e **(®) is holomorphic: there is a constant C, such that
1C+Ap(0)Hlp—p < Gpl¢I7H ¢ €O
(iit) For each 1 <r <p<q and € O, define
Gy(r) = Gy(r.€,b) = b - V(C = M) 7375, Gylr) € B(LY),
Q@) = Qpla,C.b) == (= ) bl on €.
The extension of Qp(q) by continuity we denote again by Qp(q). Then, for each ¢ € O,

_1_1 _ _ 1
0p(¢,0) = (¢ = A) 7 = (¢ = A) 272 Qy() (1 + T) ' Gp(r)(¢ — A) 72
e na ‘ —Lp 1+1p
»(C,b) extends by continuity to an operator in B(W PCWT e )

(iv) By (1) and (1), D(Ap(b)) C WH%’p (q > p). In particular, if mgd < 4((?_;12)2, there exists

pEI;p>d_ ]., SO D(Ap(b)) C Coﬂ/, v < 1— %
(v) Letw € D(Ay(b)). Then
(Ap(b)u,v) = (u, —Av) + (b- Vu,v), wve Cgo(Rd);

u e Wit

loc -
(vi) e thobn) 25 o=tho(®) 4y [P ¢ >0,

where by, := b if [b| < n, by :=n|b|7tb if || > n, and Ay(by) := —A + b, -V, D(Ay(b,)) = W2P.

—tAp(b)

(vii) If b is real-valued, then e 15 positivity preserving.

(viii) By Theorem 3(b) below, ||e™»®)||, . < ¢, .t 267D o<t p<r

REMARK 3. Theorem 1 provides a complete description of A, (b), an operator realization of —A +

1
b-V,beF?2, generating a holomorphic Cp-semigroup on LP.
Let

1Y
n(x) := { e <'$|2—1> if |z] <1,

0, if 2] > 1,
where ¢ is adjusted to [pn(x)dz = 1. Define the standard mollifier

1 x d
Ne(x) = 'l <5)Zi >0, xR
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Theorem 2 (C-theory). Let d > 3. Assume that

(d—_l)Q'

Then for every & > & satisfying mgd < 4(;7;12)2 there exists {en}, en | 0, such that

. Tod d 5
b:RI5 R beFZ, mgd <4

bn ;:nan*bneCm(Rd,Rd)ﬂF o n=12,...,

STTen

and
(i)
eftAcoo(b) = s—Coo-lim eftACoo (Bn), t> 07

determines a positivity preserving contraction Cy-semigroup on Cs, where by’s were defined in
Theorem 1, Ac_(by) = —A +b, -V, D(Ac., (bn)) = (1 — A)"1Cs.

(i) (Strong Feller property) (i + Ac. (b)) "H[LP N Cy] € C%2,

2 d—1

(iii) The integral kernel e "\ c(®)(z y) (z,y € RY) of e ™A= ®) determines the (sub-Markov)
transition probability function of a strong Feller process.

REMARK 4. 1. In the proof of Theorem 2, we define
—)

1—1T—myd"’
appealing to Theorem 1(7v), which allows us to move the proof of convergence in Cy to LP,
p > d — 1, a space having much weaker topology (locally). Earlier proofs for a smaller class Kg'H
verified convergence in C (in fact, in Cp) directly.

2. The problem of constructing a Feller process associated with —A + b - V, for an unbounded
b:RY - R? (“a diffusion with drift 5”), has been thoroughly studied in the literature, see [KR]
and references therein, motivated by applications, as well as by the search for the mazimal general

(1+ Ac (0) s = s-Coo-Tim (i + Ap(bn)) "Hs, > kak, pe (d—1,

class of vector fields b such that the associated process exists. To the author’s knowledge, Theorem
2 is the first result on diffusion processes with drifts combining different kinds of singularities,
e.g. ’|$\ - 1|_’B, B <1, and |z|! (originally, the main motivation for this work).

4. On the existing results prior to our work. First, it had been known for a long time, see
[KS], that, for b: R = R% d >3, and b € Fy,

(i) (The basic fact) D(Ap(b)) C WP for every p € (d — 2,2/V6), j = 5%, provided that
0 < 6 < min{1, (;%45)%}.

(ii) If, in addition to the assumptions in (i), |b| € L? + L, then

5-Co-lim €00 (0n)
n

exists uniformly in each finite interval of t > 0, and hence determines a strongly Feller semigroup
on Cx.
REMARK 5. The additional (to |[b] € L2 ) assumption |b| € L? + L™ in (ii) was removed in [Ki]

(albeit at expense of imposing a more restrictive assumption on the maximal admissible value of

J > 0).
)
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Theorem 3 (Yu.A. Semenov). Let b: R4 — R4, d > 3.

a) [Se|] If b e Kg“, mgd < 1, then, for each p € [1,00), s-LP-lim,, e o(n) ezists uniformly on
each finite interval of t > 0, and hence determines a Cy-semigroup e~ (),

e () s o quasi-bounded positivity preserving L -contraction Cy- semigroup;

1

d 1
He_tA’“(b)H,n_)q < cdgs 269 forall0 <t <1, 1<r<q< oo

The resolvent set p(—A,(b)) contains the half-plane O,
(C+A0) ! =6p(Gb), (€0,

Op(C.b) == (¢ — &)1 = (¢ = A)28,(1+T,) " 1G),

Sy = (C—A) 2B, Gpi=b7-V(C—A)L T, = bF - V(¢ — A)Hb|;
0,(C.b) € B(LP, W'P);

D(Ay(b)) € WYP. In particular, for p > d, D(A,(b)) C C%% a=1— Z;
(Ap(0)f.g) = (VL. Vg) +(b-Vfg),  fe€DNb), geC=RY.

1

b) [Se2, Theorem 5.1] If b € F¢, 6 < 1, then, for each p € [2,00), s-LP-lim,, et (bn) egists
uniformly on each finite interval of t > 0, and hence determines a Cy-semigroup e t»(®),
e M ®) s o quasi-bounded positivity preserving L™ -contraction Cy- semigroup.

d/1l 1
He*mr(b)Hr_m < cas 729 forall0<t<1,2<r<q< .

D(Ay(b)) € W22,
(A2(b)f.g) = (f,—Ag)+ (b-Vf.g),  f€D(Nb)), g CRY).

REMARK 6. The additional (to |b| € L ) assumption |b] € L' + L* in [Se2, Theorem 5.1] is not

loc
essential for the proof, and can be eliminated.

For the sake of completeness, we now outline the proof of Theorem 3, with permission of its
author.

Proof. a) Indeed, for all { with Re ¢ > 0,
V(¢ = A) M@, y)] < ma(k; Re ¢ — A) "2 (x,y) pointwise on RY x R
. . d+1
(see (A.1) in the Appendix). Therefore, for b € K5,
16- V(¢ = A) st <mgd,  Re ¢ = kah,

and so by the Miyadera perturbation theorem, the operator —A;(b) :== A — b -V of domain
D(A1(b)) = W?! is the generator of a quasi-bounded Cy semigroup on L! whenever mqd < 1.
Clearly b, € Kg“, lbn - V(¢ — A)7YH[151 < mgd, and, for mgd < 1 and every f € D(A1(b)),
A1(bp)f = A1(b)f by the Dominated Convergence Theorem. (See, if needed, (A.0).) The latter
easily implies the strong resolvent and the semigroup convergence of Aj(by,) to A1(b).
Then, for each n = 1,2,..., the semigroups e *A1(bn)
contractions, and so is e 1) The bounds

,t > 0, are positivity preserving L°°-

e M@ < Met, w = kg, and e MO f| o < | flloo, f €L NL™,
6
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yield via the Riesz interpolation theorem
le™ 8O fll, < MR fp, f € LP ALY

Therefore, we obtain a family {e*tAP(b)}1<p<oo of consistent Cy-semigroups by setting e *A»(0) .=
the extension by continuity in L? of e~*A1(0) | LY N L.
Next, for each p € [1,00) and all f € £ := .~ e~“lILP, the inequality

61> (A — 2) 72 bl £, < 5] £11p
as well as inequality
116l + VA7 (0= A) 2 (b + VN fllp < (14 8|1l

follow from the very definition of K¢ (e.g. by interpolating between ||(|b] +v/X) (A — A)fé 151 <
1+ 6 and (by duality) |[(A — A)72(]b] + VA)|leo < 14 6). The latter implies that

1 1
11BI> (A = A) 72y < (14 A
and the first inequality implies that, for every ¢ € O, p € [1,00) and all f € &,
1 IR 1
167 - V(¢ =AY b7 fllp < malllolF (A — A) 2 (6l ][l < madll 1]
Now, it is seen that for every p € [1,00) and ¢ € O the operator G), is bounded:
1Gllpsp < mallb? (A = A) 2 [y < ma(1 + A"
S, and T}, are densely defined (on &) and, for all f € £,

_ L
1Spfllp < (1 +8) A2 | fllp and || T, f [l < mad]| ],

Their extensions by continuity we denote again by S, T),.
Next, we define an operator function ©,((,b) in LP by

Op(C,b) == (C—A) = (C—A)25, (1+T) ' G, C€O.
Obviously,
0,(¢,b) € B(LP) and ©,(¢,b) € B(LP, WhP).

It is also seen that
(C+A1(0) " =01(¢,b), (C+ADb) L' NLP =6,(¢,b) | L' N LP, and so

(C+ A1) =0,(Ch), (€O
The latter implies that D(A, (b)) C WP, for all p € [1,00). The main assertion is proved.
1

1 1

b)Letb€F§,5<1.DeﬁneH:\bP( —A)"1, S=0b2-V((—-A)” 1 and

O(¢,b) ==(¢ — A)TT(L+ H*S) (¢~ A) 4 (+)
(C—A)' = (= A)TTH* 1+ SH")T'S(C— A)7F, Re( >\

»

We represent S = HV(¢ — A)fé, where the operator H defined by Hh := b2 - (¢ — A)fih,
h:R? — RY, with (¢ — A)fi acting on h component-wise, clearly satisfies | Hh|s < |Hb[ (Re¢ —
7
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A)_%]hwg < V6||hl]2, Re¢ = A. Therefore,
[ H*S|[22 < [[HI[2-2]|S]]2—2
~ 1
< | H l2—2l[H[2-2[I V(¢ = A) 2 []a2 < 6,

and

1©2(C, b)ll252 < (1 = 8) 7M™
Note that D(Aa(b,)) = W22 and, for all Re ¢ > ), by the first representation of ©2((, by,),
O2(C,bn) HWEE = (CH A (b)) W2, ©5(C,bn) = (C+ Aa(bn)) ™,

(O5(C,bp) > 1 as ¢ 1 oo by the second representation of @9(C, by).

Therefore, ©2(C, by) is the resolvent of —Aa(by,).

Since [|©2(¢,bn)ll2s2 < (1 — 8)7Y¢|7h, the semigroups e *A2(bn) are holomorphic and equi-
bounded.

Finally, it is seen that ©5((,b,) = O2(¢,b) in L? on Re ¢ > A, and p ©2(p, b,) > 1 in L? as

—tA2(bn) exists

1 1 oo uniformly in n. Therefore, by the Trotter approximation theorem s-L2-lim,, e
and determines a Cp-semigroup in L?. It is also clear that this semigroup is holomorphic and

L°-contractive. O

5. Comments. 1. The fact that b : R — R belongs to Kg“ or Fy allows us to construct
operator realizations of the formal differential operator —A+b-V as (minus) generators of strongly
continuous semigroups in LP for some or all p € [1,00), C and/or Cj, by means of general tools
of the standard perturbationltheory (e.g. theorems of Miyadera [Vo] or Phillips [Ph], respectively).

2. Concerning the class FE one can not appeal to the standard perturbation theory (in contrast
to Kg”l and Fs) in order to properly characterize the domain of the generator A,(b). Indeed, the
arguments in [Se2, p. 413-416] (repeated above in the proof of Theorem 3b) say nothing about
W*P-smoothness of D(A,(b)) for p # 2. The natural analogue of (x) in LP is valid only for a
smaller class of vector fields: |b] € L.

3. For |b] € L%, the assertion of Theorem 1(iv) can be strengthened:
bl € L4 = D(A,(b) C WS, s < dp. (3)

Indeed, arguing as in Remark 2 (i.e. appealing to [KPS, Prop. 2.5, 2.6, Cor. 2.9]), we can estimate,
using (A.1), for every f € &,

1 11 _1 1
[or - V(C—=A) 2 2 flls <allflls, e =ma(Qy *[|blla,c0)? c(p, d),

R
7

R S _1
(€= A) 2Pl flls < c2llflls, 2= (g *bllaeo) " c(p', d),
(zy) r(g)
r(5) TG+
1 _ 1 _1
b7 - V(¢ = A) ol flls < csllflls,  es = may * [bllacoc(p, d)e(@', d).-

Now, we can estimate in Theorem 1(2i2): ||Qp(P)|ls—s, |Gp(P)|ls—s, [|Tplls—s < 00, to conclude that
1©,(¢,b)]|s—s < 00, 1 < s <dp. In view of Theorem 1(i), the last estimate implies the required.

1
P

where ¢(p,d) := 2 ) , SO
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4. Theorem 3 can be obtained as a side product of the proof of Theorem 1. Indeed, the constraints
1
on p and ¢ in Theorem 1 come solely from the estimate on |7} ||,—,. Now, if b € F§, § < 1, then
(representing S = HV (¢ — A)fé)
- _1
[T2[l2—2 < [|H [l2=2]|[ H [|l2»2[[V(( = A) 7222 < 0 < 1.
And if b € KfslH, mgd < 1, then [|Tp|,—p < 1 for all p € [1,00), so that the interval Z > p
transforms into [1,00), and a possible causal dependence of the properties of D(Ap(b)) on § gets
1
lost. The latter indicates the smallness of Kg‘”l as a subclass of Fy.

5. Both proofs of Theorem 1 and Theorem 3 are based on similar operator-valued functions,
although the arguments involved differ considerably.
6. Note that for b € Kg“, mad < 1, D(A1(b)) = W?1; for b € Fs, § < 1, D(Ag(b)) = W22,
1
while for b € Fj, 3 < 1, D(A5(b)) € WL
7.Let b: R4 —» RY b € FZ, mys < 1. Theorem 1(i),(vi) and the argument in the proof

of Theorem 3a (using the Riesz interpolation theorem) yield a consistent family of positivity
preserving quasi-bounded Cy-semigroups e *»®) on LP for all p € (ﬁ, 00).

8. The author considers the assertion (iv) of Theorem 1 (the Wite? -smoothness) as the main
result of the paper. Theorem 1, compared to [KS] and Theorem 3a, covers the larger class of vector
fields, and at the same time establishes stronger smoothness properties of D(A,(b)): D(Ap(b)) C
WeP pe T (¢ > p), while in [KS] D(Ap(b)) € W2, jp € (d,2j/v/3), and in Theorem 3a
D(A, (b)) C WP p € [1,00).

9. The Cy-theory of operator —A +b-V, b € F? (Theorem 2) follows almost automatically
from the LP-theory (Theorem 1) (with p > d — 1), in contrast to [KS], where the Cy-theory is
obtained from the LP-theory by running a specifically tailored iterative procedure (see also [Ki]).

Acknowledgements. I am deeply grateful to Yu.A. Semenov for many important suggestions,
and constant attention throughout this work.

I am also thankful to the anonymous referee for a number of valuable comments that helped to
improve the presentation.

1. PROOF OF THEOREM 1
The method of the proof. We start with an operator-valued function
Op(C.0) ==~ A) T = Q1+ T,)7'Gyp, (€O,
defined in LP for each p from the interval
T.— 2 2
L+ vT=mgd 1 —+/T—mgd

and step by step prove that, for n =1,2,...,
10p(C, b)llp—sps 1€p(C: ) lp—p < €lCI7H;

, mgd < 1,

©,(¢,by) is a pseudo-resolvent;

0,(¢, by) coincides with the resolvent R(¢, —Ap(bn)) = (¢ + Ap(bn)) ™t on O;
9
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0,(¢,bn) > ©,(¢,b) in LP as n 1 oo;

10,11, bn) > 1 as 1 oo in LP uniformly in n.
All this combined leads to the conclusion: for each p € Z there is a holomorphic semigroup
e »(®) in [P such that the resolvent R(C, —A,(b)) on ¢ € O has the representation ©,((,b);
6,(¢.b) can be written as (¢ — A)~! + ABC, where € BW™w P LP), B € B(LP), A €
B(LP,WHE’p), r<p<gq,r’ =r/(r—1).

Propositions 1-4 below constitute the core of the proof of Theorem 1.

Proposition 1. Let p € 7.
(i) Foreveryl <r<p<gqg<ooand (e O (={C € C:Re( > ka\}, A = \s5) define

operators on LP
11
@p(q) = (C—A) 2 b+, Gp(r) =

Then Gp(r) is bounded: ||Gp(7)|lp—p < K1
feé,

‘S\'—‘

V(C—A)EE, T =be V(¢ A) bl
- Qp(q) and T, are densely defined (on £), and for all

)

||Qp( )f“p K2:(1Hf||1’7

IZpfllp < macpdll fllp:  macyd <1, =pp'/4. (4)
Their extensions by continuity we denote again by Qp( )s Tp.

(i) Set Gp=br - V(¢ — A)"Y, Q= (C— A)"p|7, P, = |b|7 (¢ — A)~'. The operator Q, is
densely defined on £. There exist constants C,-, 1=1, 2, 3, such that

|Qoflly < Cal 2% | fll, (FEE), CeO.
()

1Gpllpsp < CLICT2 . [|Pyllpsp < Gl 7272

The extension of Qp by continuity we denote again by Q.

REMARK 7. The proof of Proposition 1 uses ideas from [BS], [LS], and appeals to the LP-inequalities
between the operator (A — A)% and the “potential” |b|.

Proof. (i) Let r € (1,00). Then
1 1 —_L 1
(@) 12 A = [0} (5= A) Hlry < Coai™ 7, O = (erd)}, 6 = 11/,

Indeed, define in L? A = (u — A)%, D(A) = W12 Then —A is a symmetric Markov generator.
Therefore (see e.g. [LS, Theorem 2.1]), for any r € (1, 00),

0<ueDA)=v:=u? ED(A2)andc 1HA21)H2 (Apu,u™ ).

Now let u be the solution of A,u = |f|, f € L". Note that |jul|, < ,Lfiﬂer (using || (u—A) " ,—r <
p~tin (AL5) with o = 1).

Since b € F%, we have

-1 blz A -1
(cr0) "M [b120]3 < (A1),

and so [[b[rully < ]| £l [ulli ! H|b| FAT I < e T || 117 (a) is proved.

(b) p= A = bl (= A)2 b f|!r\cr5Hjlcgmf€5-
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Indeed, let u be the solution of Au = ]b| |f|, f € €. Then, arguing as in (a), we have
1617 wully < endl| Fll 1ol 7ol
1 .
or [[|b]rull, < 8 f]r. (b) is proved

(© n= A = (= 2) 27 fllr < Cogp % || fll, f €E.
Indeed, (c) follows from (a) by duality.

Let us prove (4). Let ¢ € O. Using (A.1) + (b) with r =p € Z, u = A, we obtain:

1o
1T, llp < mallb? (g Re ¢ — A) 283 [£]]l, < macydl| fll, €.

mgcpd < 1 since p € 7.
Next, we estimate [|Qp(q)|lp—p, |Gp(r )||p%p Let Re ( > A, p < ¢. We obtain:

1Qp(@) 1y < (Re ¢~ A) 727 | £l

<= A)727 bl [ £l
(here we are using (A.5) with a = 1/2¢)

-y Ay Sin?%’
<kqf/0 CE A — A fllde [ Ry

<kq// £ (14 NI (E A — A) 3B | ][t
0

(here we are using (¢) withr=peZ, u=1t+ M)

o

_ 11
S kG . W+ A) 2 wdt || flly = Kogllfllp, fe€E,

where, clearly, K>, < oo due to ¢ > p.
Let ¢ € O, 1 <r < p. Using (A.2), we obtain:

1 a1
IGp()Fllp < mealllbl? (57 Re ¢ = A) 72 [,
L _ 1
<y all[blr (A = A) 72| fl[l,
(here we are using (A.5) with o = 1/2r)

< moaky / £ 3 b7 (£ 4+ A — A) Y £t
0

o0 1 1 _1 _1
<mr,dkr/ t2r b2 (£ 4+ A = A) 72 [popll(t+ A = A) 2] f|||pdt
0

(here we are using (a) withr=peZ, u=t+ A)

< Cps [ H 4N e 1l = Kl fee
where, clearly, K1, < oo due to r < p. The proof of (i) is completed.
(i) Let Re ¢ > A. We have
120(26,5)Fllp < 126 = A) 7l 1(2C = A) 726l S
(here we are applying (A.4) twice + (c¢) withr =p e Z, u=|(])
< 2H2TE| ROy 28R S, f e
11
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Now, using the identity (( —A)™' = (14+¢(( —A)~1)(2¢ — A)~!, we obtain:
1Qp(C,0) fllp < M1+ C(C = A)HlppllQp(2¢, D) flp
< 23[¢]73Cy 528 2(¢) 7 | £,
= Ol | fl, fEE.
Let Re ¢ > A. We have:

_1 1
155 (26, 0)llpsp < 111617 (2 = A)72 [l (2C — A) 72 s
(here we are applying (A.4) twice)
1
2

< 2573 ||b| 7 (¢ — A)” 2|yl
(here we are using (a) with r =p € Z, u =)

R
Now, using the identity (( —A)™! = (2¢ — A)~' (14 ¢(¢ — A)™!), we obtain:
11
1P5(C:B) lpp < 2Cp525+31¢| 72
11
= Cs[¢] 2.
Let ¢ € O. Using (A.3) + (a) with r =p € Z, = ||, we obtain:
1Gp(264C, D)l < maCy2% |27
Now, using the identity (¢ — A)™! = (2k4¢ — A) 71 (1 + (264 — 1)¢(¢ — A)™1), we obtain:

[Gp(C; 0)[lp—sp < 26amaCy 624’4‘ 2p

= Gl
The proof of (i) is completed. O
REMARK 8. Since |b,| < |b] a.e., Proposition 1 is valid for b,, n = 1,2,..., with the same constants.
Proposition 2. For every p € Z, and n = 1,2,..., the operator-valued function ©,((,by) is a

pseudo-resolvent on O, i.e.

6]3((7 bn) - @p(nv bn) = (77 - C)@p(gv bn)ep(nv bn)7 C?” € O
Proof. Define S¥ := (—1)*(¢ — A)"tb, - V(¢ — A)7L .. b, - V(¢ — A)7L, k:= # b,’s. Obviously,

Op(C.bn) = (C—A)" - Q (1 +17)

=(C— -Q Z DETk G = Z SC (absolutely convergent in LP),
k=0

0 =0

oo /L
0,(¢,b,)0 ZZSS“ (,neo. (6)
b
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Define
L5 (Cm) 1= (¢ = 8) Mo - V(¢ = A) 71 by - V(= A) T
bn-V(n—A)’ bn-V(n—A)’ ..-bn-V(n—A)’1
Ji=#Cs, m:=#n's, k:=Fb,’s.
Substituting the identity (( — A)™*(n—A)' = —=¢) 1 ((¢—A)"" = (n— A)~!) inside the
product
S¢S,
= (DR (C-A) T,V (C-A) T bV (C— A) = A) T bV (—A) L bV (-A) 7
=07 -a) " =m—-a)"h)

we obtain Ska7 =(n— )Y =1kt [I,Ij_t{] — I,]jjil] Therefore,

— ] e ¢ ¢ ¢ ¢ ¢
Z SESy = (n—¢) (-1 |:Il,é —lopit Loy — L+ + L0 1

= (- (-1 (Iz+10 Ig,z+1)~
Substituting the last identity in the right-hand side of (6), we obtain

Op(C,bn)O(1,bn) = (n = )7 e (=D (1,0 = To.ee1) = (1= )7 (O, ba)h = Oy (1, b))
=0
(]
Proposition 3. For everyp e Z, andn =1,2,.
(1) 110,(¢,bn) lp—p < Cpl¢| ™Y, € € O, for a constant C,, independent of n.
(i) uO, (1, bn) > 1 in LP as p 1 oo (uniformly in n),
Proof. Proof of (i). Put @, = Qp((,by), T = Tp(¢,bn), G, = G,((,by). By the definition of

©,(¢, by), see (2), for every ¢ € O,

185(C, bn)llp—p < 1S = &) lpsp + 1Qpllp—pll (1 + Tp) ™ lp—spll Gpllpp
(here we are using (4), (5) in Proposition 1)
11 1
[CI7H + Cal¢ 72727 (1 = macyd) " Crl¢| 2
Col¢|™Y,  Cp =14 C102(1 — mgepd) L.
Proof of (ii). Put ©, = ©,(u,bn), Qp = Qp(p,b ), T, = Tp(p,by), Py = Ppy(p,by). Since
p(p—A)~1 3 1, it suffices to show that 0, — u(p—A)~" % 0in LP. Since by (i) 4O, is uniformly

(in p2) bounded in B(LP), and C2° is dense in LP, it suffices to show that u©,h — pu(p—A)"*h — 0
in L? for every h € C2°. Write

<
<

1

1
Oph — (1~ A)h = ~Qy(1+T,) " b - (u— A)Vh.

1 1
< <
I 1= [|Tpllp—p 11_3 macyd

-1 1_ 1
By (4), [(1+T) <oo, by (5), [Qpllpp < Cop 2 2.
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Again, by (5),

1 1 —
167 - (1 = D)7Vl <llbal> (1= 8)7H VA,
S 1B llp=pl VALl

1_ 1
<y VA,

Therefore,
1
1 5 _
1©ph — (n—A)~ 1h”p ||QpHp—>pH(1 +T) [p—pllbr - (1 —A) 1Vh”p
< Cou# |Vl
for a Cyp < oo independent of n, which clearly implies (ii). O
Proposition 4. For everyp € Z, and n =1,2,..., we have O C p(—A,(by)), the resolvent set of

—Ay(by). The operator-valued function ©,((,by) is the resolvent of —Ap(by):
@p(C> bn) = (C + Ap(bn))_la (€0,

and

¢+ Ap(B)) Hlpsp < Gpl¢I' ¢ €O

Proof. By definition, we need to verify that, for every ¢ € O, ©,((, b,) has dense image, and is the
left and the right inverse of ¢ + A, (by). Indeed, Proposition 3(ii) implies that ©,(¢,by,) has dense
image. Ap(by) := —A +by, -V, D(Ay(b,)) = W?P, is the generator of a Co-semigroup e *4»() on
LP. Clearly, ©,(Cn,bn) = (Co + Ap(by)) ! for all sufficiently large ¢, (= ¢(||bn]loo)), therefore, by
Proposition 2,

Op(Crbn) = (Gn + Ap(bn)) (1 + (G — Q)Op(¢,bn)), ¢ €O,

50 Op(C,bn) L C D(Ap(bn)) = WP, and (¢ + Ap(bn))Op(C.bn)g = g, g € LP, i.e. Op(C,by) is the
right inverse of ¢ + A,(b,) on O. Similarly, it is seen that ©((, b,) is the left inverse of ¢ + A, (by,)
on O.

REMARK 9. Alternatively, we could verify conditions of the Kato theorem [Ka2]: in the reflexive
space LP, the pseudo-resolvent ©,(C,b,) (see Proposition 2) satisfying 10, (u,b,) = 1 in LP as
i T oo (see Proposition 3(ii)) is the resolvent of a densely defined closed operator on LP. This
operator coincides with —A,(by,) (since O, (¢, bn) = (o + Ap(by)) ™t for all large ().

Now, [[(¢ + Ap(bn)) Hlpsp < Cpl¢| 7L, ¢ € O, follows from Proposition 3(i). O
Proposition 5. For every ( € O and p € Z,
@p(<> bn) i> @p(C7 b) 7’” LP’

PTOOf. Put @P(b) = @P(C7 b)7 Qp(b) = QP(C? b)7 Tp(b) = Tp(Cab)a Gp(b) = Gp((7 b) (Similarly fOI‘
by’s). It suffices to prove that

Qp(bn) (1 + T (b)) " Gp(bn) > Qp(b)(1 + T (b))~ Gp(b).

Thus it suffices to prove consecutively that

Gp(bn) = Gp(b), (1+Tp(bn)) ™" = (1 +T(6) ™, Qp(ba) > Qp(b).
14
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In turn, since (1 + Tp(bn))fls— (1+ T,(0))7 = (14 Tp(bn)) 1 (Tp(b) — Tp(bn))(1 + Tp(b)) 1, it

suffices to prove that T}, (b,) — T},(b). Finally,

Ty(bn) — Ty(B) = Ty(bn) — bt - V(C — A) B3 + b - V(¢ — A) b7 — Ty (b),

and hence we have to prove that

1

l 1 s 5 1 s
b - V(¢ — A) bl —Tp(b) := J 50 and Tp(b,) — bl - V(¢ — A) b7 = J2 0.

Now, by the Dominated Convergence Theorem (cf. the argument in the proof of (A.0)), Gp(by)
Gp(b), I e 5 0. Also

1752 £l =11Gip (B) (1Bl — 1617 ) £
< NGO llp-spll (10n |7 = [6]7) Fllp
_ L 1 1
< ma(L+0)[C] 2 [[([bn " = [0]7) fllp,  (f € E).

Thus, J,SZ)]g % 0. Since HJ,?)HP_W, ||JT(L1)Hp_>p < mgd, we conclude that T,(b,) = Tp,(b). It is clear
now that Q,(by) > Qp(b). O

Now we are going to prove Theorem 1 using the Trotter approximation theorem [Kal, IX.2.5].
Recall its conditions (in terms of ©,((, b,) on the base of Proposition 4):

1) sup,,>1 [18p(C, bn) pop < Cpl¢] 7 ¢ € O.

2) 110, (1, bp) > 1in LP as pu 1 oo uniformly in n.

3) There exists s-LP-lim,, ©,((, by) for some ¢ € O.

Now, 1) is the content of Proposition 3(i). 2) is Proposition 3(ii). Proposition 5 implies 3).

Therefore, by the Trotter approximation theorem, ©,(¢,b) = (¢ +A,(b)) 71, ¢ € O, where A, (b)
is the generator of the holomorphic Cp-semigroup e () on LP. (Note that, by Proposition 5,
19,(¢, D) |lp—p < Cpl¢|™Y, ¢ € O. Hence, ©,(¢,b) can be extended to O U {¢ € C : |Arg(¢| <
T +¢,[¢| > R}, e > 0, for a sufficiently large R > 0, where it satisfies [|©,(¢,b)[lp—p < Cpl¢[ 7,
see the corresponding argument in [Yo, IX.10].)

Hence, the assertions (i), (vi) of Theorem 1 follow. (i) follows from Proposition 3(i) and
Proposition 5. (iiz) is obvious from the definitions of the operators involved, cf. Proposition 1.

d—1

(ii1) = (iv). In particular, if p >d—1, givena 0 <~y < 1— 5=, we can select ¢ > p sufficiently

close to p so that by the Sobolev embedding theorem the Bessel space WH%’p is embedded into
co,

(v) Let ¢ € O. By Proposition 5, A,(by)(¢ + Ap(bn))™' > A,(B)(¢ + Ap(b))~" in LP. Put
Qp(b) = Qp(C,b), Ty(b) = TH(¢,b), Gp(b) = Gp(¢,b) (similarly for by,’s). Since (¢ + Ap(b))~! =
(¢ = AL = Qu(b)(1 + T,(b)) LGy (b), we have

b - T+ Ap(0) 1 = Gp(b) = T(b) (1 + T (6) " Gyp()

(similarly for b,’s). Since Gy (by) > Gp(b), Tp(bn) = Tp(b) in LP (see the proof of Proposition 5),

1

bE - V(C + Ap(ba)) ™" S b7 - V(¢ + Ay(b))L in LP. (%)
15
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loc’ for [b| € L . by the definition of class F(S%. Now, given u € D(A,(b)), we have
u = (¢ + Ay(b))~tg for some g € LP, and so, for every v € C,

(Ap(b)u,v) = (Ap(D)(C + Ap(b)) g, v)
= lim(Ay (bn) (€ + Ap(bn)) g, 0)

= ]171111<(C + .Ap(bn))*lg7 —AU) + hrrln<b,% . V(C + Ap(bn))71g7 |bn’iv>

Clearly, |b\1’ er?

(here we are using (x*) and the fact that |bn|§v — ]b|§ v in Lp/)
1 - %

= ((C+ Ap(b) g, —Av) + (br - V(C + Ap(b) g, [b] v)

= (u, ~Av) + (b¥ - Vu, [B]7 ).

Next, since for u € D(A,(b)), br - Vu € LP it follows that b- Vu = \b\# bv - Vu € Li.. Also,
Ap(b)u € LP, and hence (Ay(b)u,v) = (u, —Av) + (b- Vu, v> Therefore, Au (understood in the
sense of distributions) = —A,(b)u+b-Vu € Ll , ie. u € VVIOC

For the proof of (viii) see the argument in [Se2, p. 415-416].
The proof of Theorem 1 is completed.

The proof of (v) is completed.

2. PROOF OF THEOREM 2
It is easily seen that, due to the strict inequality mgd < 4( i 1)2, for every & > 4 such that
mad < 4(51—71)2 there exists {e,,}, €, | 0, such that

1
by, 2=ﬁan*bn€F§7 n=12,...
(i) We verify conditions of the Trotter approximation theorem:

1°) sup, [| (4 + Ao, (bn) " Hloosoo < 7t 1 = Ko
2°) u(p+ Ac, (bn))™t — 1in Cw as p T oo uniformly in n.
3°) There exists s-Coo- limy, (1t + Ac, (by)) ™! for some p > KgA.

The condition 1°) is immediate. In view of 1°), it suffices to verify 2°), 3°) on S, the L. Schwartz
space of test functions. Fix p € Z, p > d — 1 (such p exists since mad < 4(d 1)2)
Proposition 6. For every p > kg\, n=1,2,..., O,(u, b)S C S, and
(4 Ao (b)) s = Op(p, ba) s

Proof. The inclusion ©,(u,b,)S C S is clear. Clearly, ©,(jin,bn)ls = (tin + Acoo(b ))~1s for all
sufficiently large pi, (= 11(]|bnlloo))- By ©p(p,bn)S € S and Proposition 2, ©,(u, b,)|s satisfies the
resolvent identity on p > kg,

Op(t,bn)ls = (n + Ace (00)) (14 (1 — 1)Op (1, b)) s, 10 = K,

50 O, (11, by )]s is the right inverse of u+Ac (bn)|s on p = k). Similarly, it is seen that ©, (1, b,)|s
is the left inverse of 1+ Ao (bn)|s on u > Kg. O

Proposition 7. For every 1 > kg, O,(1,b)S C Cu, and

O, (1, bn) = 0, (1, b) in O
16
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Proof. By Theorem 1(iv), since p > d — 1, ©,(u,b)LP C Cos. Put
Qp(9;6) = Qp(q, p1,b),  Tp(b) = Tp(p,0),  Gp(b) = G, b).

To establish the required convergence, it suffices to prove that

(1= )2 20Qp (. bn) (1 + T(B)) ' Gplb) > (1 — A) 273 Qp (g, B)(1 + Ty() " Gp(h) in Cr.
We choose ¢ (> p) close to d — 1 so that (u — A)_%_Q%Lp —+ Coo. Thus it suffices to prove that

Gp(bn) = Gp(b), (14 Tp(ba)) ™" = (1 4+ Tp(0) " Qp(a,ba) = Qp(g,b) in LP,
which can be done by repeating the arguments in the proof of Proposition 5. g
Proposition 8.
1O, (1, bn) =1 as pn 1 0o in Cs uniformly in n. (7)

Proof. Put ©, = ©,(11,b,), Ty = Tp(p, bp). Since pu(p — A)~" 3 11in Cu, and S is dense in Ch,
it suffices to show that ||u©,f — u(p — A)"!fllc — O for every f € S. For each f € S there is
h € S such that f = (A — A)_%h, where A = As > 0. Let ¢ > p. Write

Opf — (= A) T f = —(— A) T Q,(q)(1+ Tp) "br (A — A)

Now, arguing as in the proof of Proposition 3(i), but using estimates

N

(u—A)"IVh.
11 _1lyd_ 1 -
(= A) 2 20|y soo < ep 272720, c<oo, and  [|Qp(q)llpp < Kog < oo (see (5)),
we obtain
_1lyd_ 1
18pf = (1= A) " flloo < Cp™ 2 2 207 1|V,

Since p > d — 1, choosing ¢ sufficiently close to p, we obtain

L + d ! 1< -1
2 2p 2 ’
0 110 — pu(p — A)™1 30 in Cy, as needed. O

Now, Proposition 7 verifies condition 3°), and Proposition 8 verifies condition 2°). The assertion
(i) of Theorem 2 now follows from the Trotter approximation theorem.
Assertion (i2) of Theorem 2 follows from Theorem 1(ii).
The proof of assertion (#i4) is standard, and is omitted.
REMARK 10. We could construct e *Ac(®) alternatively as follows:
et (b) = (eftAp(b)|coomLp)gOS (after a change on a set of measure zero), t >0,

where P € (d— 1, ﬁ)

APPENDIX A
Define I, := ||(b—b,) - V(¢ — A)7Lf 1.
1. Let b € Kg”l. For every f € L' and Re ¢ > kg,

I, = 0 as n T oo. (A.0)
17
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Proof of (A.0). Since I,, < 2myl||b](A — A)_%]f\Hl < 2mgd|| fl]1, it suffices to prove (A.0) for each
feL'NL>®. Let f € L!NL>, A\ > 0 and b be fixed. Since \b[(A—A)_%m € L', for a given € > 0,
there exists K, a compact, such that

1@ =10~ 2) 72|l < e
where 1x is the characteristic function of K. Define Ixc ,, := [|1x|b — by|(A — A)_% |flll1- Clearly,
Tien < A2 [ fllsellLiclb = bl
Since |b| € L] . and K independent of n =1,2,...,
[ 1xc[b — ballln < [[1pj2n(1x[b])]|1 — 0 as n 1 occ.

Therefore, for a given €, there exists ng = ng(e) > 1, such that Ix , < € whenever n > ng, and so

I, < 3myge Vn = ng.

]
We use the following pointwise estimates (z,y € R, x # 7).
2. For every Re( > 0,
V(¢ = 28) 7 (@,y)| < malrg"Re¢ = A) 72 (2, ), (A1)
where m32 := m(2e)7tdH(d — 1)174, Ky := %.
For every r € (1,00] there exists a constant m, g < oo such that for all Re{ > 0,
V(¢ = A) 2 (2,y)| < mralg Re¢ = A) 7742 (). (A2)
3. For every Re( > 0,
-3
d
¥(¢ -2 @)l < 2271 - 8) ), (A3
_1
1 d 1 2
-yt <2 (270 -a) ) (A1)
Proof of (A.1). Let a € (0,1). Set ¢(a) := supg~ Lo~ (1-)e? <: %(1 - a)_ée_é>, so that
ce € < c(()a)e%¥£2 for all £ > 0. (%)

We use the well known formula

1 [ o—y?
(C—A) 3 (e,y) = = / e SHE T dmt) " Ee TR df, 0<y<2,
L'(3) Jo s
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first with v = 2, and then with v = 1, to obtain:

oo _ i
V(¢ = 2)" ) </0 e‘tRe<(4wt)—3W2t?”e—'ﬁ’dt
lo—y|2

X ReC,—ty ol : |z —y]
< c(a)/ e BeC=a(dnt)"2e ® dt <By (%) with & := )
0 2\/%
lz—y|?

o
< c(oz)ofé_gﬂ/ e_(ReC)att_%(let)_%e_ i dt <change t/a to t)
0

[SIE

= c(a)az":T <;> (aRe¢ — A) 72 (2, ).

[N]ISW

Now, we minimize c(a)a% I'(3) in a € (0,1). The minimum is attained at ag = d%dl (= 6g),
and is equal to my.

The proof of (A.2) is similar. O

Proof of (A.3). First, suppose that Im ¢ < 0. By Cauchy’s theorem,

1 I s Ld el [ T ma P T
(C—A) " (z,y) = e t(Amt) " 2e” 3 dt = e e '42(4dnr) 2e are' e'4dr,
0 0

(i.e. we have changed the contour of integration from {t : t > 0} to {re's : r > 0}). Thus,

1 o0 iz alz—y|| —l=y
S R A e e e
0 r
We have
—Cret T —r-L(Re ¢~Im ¢) ’lziy‘; _la—y® 1
e Cre |<e V2 , ‘e 4rel4‘<e i va, Re(—Im¢>|[C|
Therefore,
o0 — ey 1
V(¢ —A) "z, y)] </ e \/5K|(47rr)_% x2 Ve~ o Vadr (change /2 to r)
0 r
o0 o 2
= 22/ e T2|C|(47T7“)_% Y gy
0 2r

da
21 Sl ryl®
< 4md/ e_mdléld(élwr)_%r_%e_‘ o dr (cf. proof of (A.1))
0

which yields (A.3) for Im ¢ < 0. The case Im( > 0 is treated analogously. O

Proof of (A.4). First, suppose that Im ¢ < 0. By Cauchy’s theorem,

|z—yl|?

o0 t 1 da
(m,y):/ e ST (dmt)T2eT ® dt
0

[SIE

€—=4)"

o0 z{r 1 s - d *lz_%‘f s
:/ e et rTaeTis e (dnr) T2 e are' T elidr,
0

19
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so we estimate as above:

_1 > —rL¢ 1 d le—y|? 1
|(C_A) 2(m,y)|</ e V2Bl 2(47‘(‘7") 2e i V2 r
0
d
4

The case Im ¢ > 0 is treated analogously. O

4. In the proof of Proposition 1 we need the following formula: for every 0 < a <1, Re ( > 0,

sin T

(C—A)™= /OOO Nt + ¢ — A)tat. (A.5)

™
APPENDIX B

Proof of (1). Let b € Kg“, ie. |[|b|(A — A)_%Hl_>1 < 0, ||[(A— A)_%]b|||oo < 0 (by duality).
Then, using e.g. interpolation, H]b|%(/\ — A)_%’b|%H2_>2 < 4, ie b e Fé. The first inclusion is
proved. (Here, the proof depends crucially of the fact that (A — A)fé is an integral operator with
a symmetric kernel.)

The second inclusion Fs, C F%, § = /&1, follows e.g. by the Heinz inequality [He]. The last

=

assertion now follows from

1 1 1
2 2 2
beF) fEF, =b+fcFy,
where we have used (|b| + |f|)% < |b|% + |f|% 0
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