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TOWARDS OKA-CARTAN THEORY FOR ALGEBRAS OF
HOLOMORPHIC FUNCTIONS ON COVERINGS OF STEIN
MANIFOLDS 1

A. BRUDNYI AND D. KINZEBULATOV

ABSTRACT. We develop complex function theory within certain algebras of holomorphic
functions on coverings of Stein manifolds. This, in particular, includes the results on
holomorphic extension from complex submanifolds, corona type theorems, properties of
divisors, holomorphic analogs of the Peter-Weyl approximation theorem, Hartogs type
theorems, characterization of uniqueness sets. The model examples of these algebras are:

(1) Bohr’s algebra of holomorphic almost periodic functions on tube domains;

(2) algebra of all fibrewise bounded holomorphic functions (e.g., arising in the corona
problem for H).

Our approach is based on an extension of the classical Oka-Cartan theory to coherent-
type sheaves on the maximal ideal spaces of these algebras — topological spaces having
some features of complex manifolds.

1. INTRODUCTION

In the 1930-50s K. Oka and H. Cartan laid down the foundations of the modern function
theory of several complex variables. In particular, they introduced the notion of a coherent
sheaf and proved the following fundamental facts:

(A) Every germ of a coherent sheaf A on a Stein manifold X is generated by its global
sections (“Cartan theorem A“).
(B) The sheaf cohomology groups H'(X,.A) (i > 1) are trivial (“Cartan theorem B*).

Let us recall that a sheaf of modules over the sheaf of germs of holomorphic functions
on X is called coherent if locally both the sheaf and its sheaf of relations are finitely
generated. The class of coherent sheaves is closed under natural operations. Most sheaves
that arise in complex analysis are coherent, see, e.g., [GrR] for details.

A Stein manifold is a complex manifold that admits a proper holomorphic embedding
into some C".

Cartan theorems A and B together with their numerous corollaries constitute the so-
called Oka-Cartan theory of Stein manifolds. Applying these theorems one obtains solu-
tions (in algebra O(X) of holomorphic functions on a Stein manifold X) to all classical
problems of function theory of several complex variables (such as Cousin problems, the
Poincaré problem, the Levi problem, the problem of holomorphic extension from complex
analytic subsets, corona problems and many others, see, e.g., [GrR]).
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Further development of complex function theory was motivated, in part, by the prob-
lems requiring to study properties of holomorphic functions satisfying special conditions
(e.g., certain growth conditions ‘at infinity’). As a result, the questions of whether the
problems of the classical complex function theory can be solved within a proper subclass
of O(X), e.g., consisting of holomorphic LP-functions on X, 1 < p < oo, with respect
to a suitable measure, started to play an important role (cf. the pioneering papers of
L. Hérmander, J.J. Kohn, C. Morrey). However, trying to incorporate in the proofs such
conditions as LP-summability, the classical Oka-Cartan theory encounters considerable
difficulties. In particular, one has to amplify the sheaf-theoretic methods of Oka-Cartan,
e.g., by integral representation formulas on complex manifolds, estimates for solutions of
O-equations, etc (see [HL]).

Nevertheless, in some cases the methods of the Oka-Cartan theory can be extended to
work within some special classes of holomorphic functions. The present paper studies one
of these cases.

DEFINITION 1.1. A holomorphic function f defined on a regular covering p : X — Xj
of a connected complex manifold Xy with a deck transformation group G is called a
holomorphic a-function if

(1) f is bounded on subsets p~*(Up), Uy € Xo, and

(2) for each x € X the function G 5 g — f(g- ) belongs to a fixed closed unital
subalgebra a := a(G) of the algebra /. (G) of bounded complex functions on G (with
pointwise multiplication and sup-norm) that is invariant with respect to the action of G
on a by right translations:

uca, gecG = Ryuca,

where R,(u)(h) := u(hg), h € G.
We endow the subalgebra O,(X) C O(X) of holomorphic a-functions with the Fréchet
topology of uniform convergence on subsets p~!(Up), Uy € Xo.

The model examples of algebras a and Oy(X) are given in Examples and [L.4] below.

In the present paper we obtain analogs of Cartan theorems A and B for coherent-
type sheaves on the fibrewise compactification ¢, X of the covering X of a Stein manifold
Xy, a topological space having certain features of a complex manifold (see Definition 21
below). In our proofs we use some results and methods of the theory of coherent-type
sheaves taking values in Banach or Fréchet spaces, pioneered by E. Bishop and L. Bungart
[Bull Bu2] and developed further by J. Leiterer [Lt] (on Stein spaces), L. Lempert [Lem)]
(on pseudoconvex subsets of Banach spaces with unconditional bases) and others. The
constructions in [Lem]| play particularly important role in our proofs.

In the second part of the work [BrK3] we use our Cartan type theorems A and B
to derive within subalgebra O4(X) the basic results of complex function theory, includ-
ing holomorphic extension from complex submanifolds, Cousin problems, properties of
divisors, corona-type theorems, holomorphic Peter-Weyl-type approximation theorems,
Hartogs-type theorems, describe uniqueness sets of holomorphic a-functions, etc.

ExXAMPLE 1.2 (Holomorphic almost periodic functions). The theory of almost periodic
functions was created in the 1920s by H. Bohr, who intended to apply it in the study of
the study of the distribution of zeros of zeta-function in the critical strip. Nowadays almost
periodic functions are used in in many areas of mathematics, including partial differential
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equations (e.g., KAV equation), harmonic analysis and number theory. A turning point in
understanding of the nature of continuous almost periodic functions on R came with the
discovery of the so-called Bohr compactification of R: according to S. Bochner, it quickly
led to “a sobering realization” that the basic results of Bohr’s theory on R can be deduced
from Weyl’s general theory of continuous functions on compact groups. In the same way,
our work demonstrates that the basic results of the theory of holomorphic almost periodic
functions in tube domains follow from our Oka-Cartan type theory. The latter allows us to
apply the modern methods of multidimensional complex function theory to holomorphic
almost periodic functions, and obtain new results even in this classical setting.

Let us recall that a function f € O(T) on a tube domain 7' = R" +iQ C C", Q C R"”
is open and convex, is called holomorphic almost periodic if the family of its translates
{z = f(z+58), z € T}sern is relatively compact in the topology of uniform convergence
on tube subdomains 77 = R™ + i)', Q' € Q. The cornerstone of Bohr’s theory (see [Bol])
is his approximation theorem stating that every holomorphic almost periodic function is
uniform limit (on tube subdomains 7" of T') of exponential polynomials

m
(1.1) Z chei<z’)‘k>, 2e€T, c€C, M\ €R"
k=1

where (-,-) is the Hermitian inner product on C™.

The classical approach to study of holomorphic almost periodic functions exploits the
fact that T is the trivial bundle with base 2 and fibre R™ (e.g., as in the characterization
of almost periodic functions in terms of their Jessen functions defined on €, see, e.g., [Shi
Lev, [I'T), Ron!, [FRL [To]). By considering T" as a regular covering p : T' — Tp (:= p(T") € C")
with the deck transformation group Z",

p(Z) = (eiZ17"'7eizn)7 Z:(Z17"'7ZTL)GT
(a complex strip covering an annulus if n = 1), we obtain

Theorem 1.3 ([BrK3]). A function f € O(T) is almost periodic if and only if f €
Oup(T).

Here AP = AP(Z") is the algebra of von Neumann’s almost periodic functions on
group Z'", i.e., those bounded complex functions whose families of translates are relatively
compact in the topology of uniform convergence on Z".

This result enables us to regard holomorphic almost periodic functions on T as:

(a) holomorphic sections of a certain holomorphic Banach vector bundle on Ty;
(b) holomorphic-type functions on the fibrewise Bohr compactification of the covering
p: T — Ty, a topological space having some properties of a complex manifold.

It is interesting to note that already in his monograph [Bo] H. Bohr uses equally often the
aforementioned “trivial fibre bundle” and “regular covering” points of view on a complex
strip. We note also that the Bohr compactification of a tube domain R"™ + i) in the
form bR™ + i€), where bR" is the Bohr compactification of group R"™, was used earlier in
[Fav1l, Fav2l [Gri].

EXAMPLE 1.4. (1) Let a := {5 (G) be the algebra of all bounded complex functions on
the deck transformation group G = p~!(z), x € X, of covering p : X — Xj.
By definition, every subalgebra Oq(X) C Op_(X), oo := loo(G).
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Algebra Oy (X) arises, e.g., in the study of holomorphic L2-functions on coverings of
pseudoconvex manifolds |[GHS| Br2, Br5, [La], Caratheodory hyperbolicity (Liouville prop-
erty) of X [LS| [Lin|, corona-type problems for bounded holomorphic functions on X [Brl].
Earlier, some methods similar to those developed in the article were elaborated for algebra
Oy, (X) in [Brl]-[Br4] in connection with corona-type problems for some subalgebras of
bounded holomorphic functions on coverings of bordered Riemann surfaces, Hartogs-type
theorems, integral representation of holomorphic functions of slow growth on coverings of
Stein manifolds, etc; that work was motivated by the fact that if X is compact, then
O (X) = H>®(X), the algebra of all bounded holomorphic functions on X (the most
important cases are when X is the unit ball or polydisk in C").

A recent confirmation of potential productivity of the sheaf-theoretic approach to corona
problem for H*® comes from the recent paper [Br§] on Banach-valued holomorphic func-
tions on the unit disk D C C having relatively compact images.

(2) Let a := ¢(G) (with card G = o0) be the subalgebra of bounded complex func-
tions on G that admit continuous extensions to the one-point compactification of G (here
we consider G equipped with discrete topology). Then O.(X) consists of holomorphic
functions having fibrewise limits at ‘infinity’.

Acknowledgement. We thank Professors T. Bloom, L. Lempert, T. Ohsawa, R. Shafikov
and Y.-T. Siu for their interest to this work.

CONTENTS

1. Introduction

2. Main results

3. Examples

4. Structure of fibrewise compactification c, X
4.1. Set structure of ¢, X

4.2. Complex structure on ¢, X
4.3. Basis of topology on ¢, X
4.4. Coherent sheaves on c; X

5. Proofs: preliminaries
subsection.5.1 subsection.5.2

6. Proof of Proposition 2.3]

7. Proofs of Theorems [2.5] and (4.8
7.1.  Auxiliary topological results
7.2.  Proof of Proposition [.1]
7.3. Proof of Proposition
7.4. Proof of Lemma [.I§

8. Proof of Theorem

9. Appendix

9.1. Proof of Proposition E.7]
9.2. Proof of Lemma
References

EREEEERIEEEEE] EBEEREE|l=mssmem=




ALGEBRAS OF HOLOMORPHIC FUNCTIONS 5

2. MAIN RESULTS

In some cases the maximal ideal space of algebra O, (X ) may be presented as a ‘fibrewise
compactification’ ¢, X of the covering p : X — Xy. Now we briefly present this construction
referring to Section [] for further details.

Let M, denote the maximal ideal space of algebra a, i.e., the space of all non-zero
continuous complex homomorphisms of a endowed with weak* topology (of a*). The space
M, is compact and Hausdorff, and every element f of a determines a function f € C (M,)
by the formula

fm) :=n(f), neM,.
Since algebra a is uniform (i.e., | f2|| = || f||?) and hence is semi-simple, the homomorphism
“ra— C(M,) (called the Gelfand transform) is an isometric embedding (see, e.g., [Gaml]).
We have a continuous map j = j, : G — M, defined by associating to each point in G its
point evaluation homomorphism in M,. This map is an injection if and only if algebra a
separates points of G.

Let Gq denote the closure of j(G) in M,. If algebra a is self-adjoint (i.e., closed with
respect to complex conjugation), then": a — C(M,) is an isomorphism and hence Gq =
M,. The (right) action of group G on itself by right multiplication induces the right action
of G on M, by the formula

Ry(n)(f) =n(Ry(f)), n€Ms fea, geaG.
Then

(2.1) Ry(j(h)) = j(hg), h.g €G.

The regular covering p : X — Xy can be viewed as a principal fibre bundle on Xy
with structure group G, that is there exists an open cover (Up ) er of Xo and a locally
constant cocycle ¢ = {057 :Upy NUps — G}Mep so that the covering p : X — X can be
obtained from the disjoint union U, Uy, x G by the identification

(2.2) Ups x G 3 (x,9) ~ (2,9 csy(x)) € Upy x G forall x € UyynUpyg,
where projection p is induced by the projections Uy, x G — Uy, (see, e.g., [Hz]).
DEFINITION 2.1. The fibrewise (a-) compactification p : ¢aX — Xy is the fibre bundle on

X, with fibre G, associated to the principal bundle p : X — Xj, i.e., ¢ X is obtained from
the disjoint union L,Up 4 X G4 by the identification

Up,y % Ga 3 (z,w) ~ (m,RCM(ZE)(w)) € Ups % G,, foral =ze€ Uo~ NUp s,
where p is induced by projections Up , X Gq — Uo,-

In [BrK3| Thm. 5.18] we show that if subalgebra a is self-adjoint and X is a Stein
manifold, then the maximal ideal space of algebra O,(X) (i.e., the set of non-zero con-
tinuous complex homomorphisms of Oy(X) endowed with weak* topology of Oq(X)*) is
homeomorphic to ¢, X. (In particular, this is applied to algebras of Examples and [[41)

Next, there exists a continuous map

(2.3) L=1g:X — ceX

induced by the equivariant (with respect to the corresponding actions of G on G and éa)
map j. Clearly, ¢(X) is dense in ¢, X (thus, if X is Stein and a is self-adjoint, we have
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a corona-type theorem for algebra Oq(X) as its maximal ideal space is homeomorphic to
ca X, see [BrK3]). The map ¢ is an injection if and only if a separates points of G.

DEFINITION 2.2. A function f € C(cqX) is called holomorphic if its pullback ¢* f is holo-
morphic on X. The algebra of functions holomorphic on ¢, X is denoted by O(cqaX).

Proposition 2.3. The following is true:
(1) A function f in Ou(X) determines a unique function f in O(ceX) such that *f =
f. Thus, there is a continuous embedding Oq(X) — O(ceX).

(2) If a is self-adjoint, then the correspondence f +— f determines an isomorphism of
algebras: Oq(X) = O(caX).

So, for a self-adjoint we can work with algebra O(c,X) instead of Oq(X).

DEFINITION 2.4. Let U C ¢4 X be an open subset. A function f € C(U) is called holo-
morphic if J*f € O(L_l(U )) The algebra of functions holomorphic on U is denoted by
o).

Thus, we obtain the structure sheaf O := O, x of germs of holomorphic functions on
cqeX. Now, a coherent sheaf A on ¢, X is a sheaf of modules over O such that every point
in ¢, X has an open neighbourhood U over which, for any N > 1, there is a free resolution
of A of length N, i.e., an exact sequence of sheaves of modules of the form

oN— ® ® ®
(2.4) oy 25 omey Pl om, L Ay —o,
where @;, 0 < ¢ < N — 1, are homomorphisms of sheaves of O-modules.
If X = Xy and p = Id, then this definition gives the classical definition of a coherent
sheaf on a complex manifold.
Our main results are stated as follows.

Let Xy be a Stein manifold, a be self-adjoint, A be a coherent sheaf on ¢, X.

Theorem 2.5 (Cartan A). Each stalk ;A (x € ¢, X ) is generated as an ,O-module by
sections T'(cg X, A).

Theorem 2.6 (Cartan B). Sheaf cohomology groups H'(caX,A) =0 for all i > 1.

The classical proof of Cartan theorems A and B on complex manifolds does not work
in our framework: there is no the Oka coherence lemma, the fibre Gy (in general, having
infinite covering dimension — e.g. for almost periodic functions the fibre is an inverse limit
of tori, cf. Example B.3[(2) below) does not admit an open cover by contractible sets as
needed for the proof of the classical Cartan lemma, etc.

Instead, we paste together the free resolutions (2.4]) of a coherent sheaf A first over sets
p~H(Up), with Uy C X being open simply connected, using continuous partition of unity
in C (Ga) (= a) and employing some constructions of [Lem|. Then we paste thus obtained
free resolutions of A on sets p~'(Upy) to obtain the free resolutions of A over preimages
by p of relatively compact open subsets of Xy that form an exhausting sequence. At this
step we use the results of J. Leiterer [Lt] on Banach-valued coherent sheaves on Stein
manifolds. Having obtained such global free resolutions of A, we complete the proof of
Theorems and as in the classical case.
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Remark 2.7. (1) An important example of a coherent sheaf on ¢, X is given by the sheaf
of ideals of germs of holomorphic functions vanishing on a complex submanifold of ¢4 X.
To define the latter, we will need the following notation. Let Uy C X be open and simply
connected, K C Gq be open. We denote by vy, the trivialization p~1(Up) — Uy x Ga
(see Definition 2.1), and define

(U, K) = §5 () C caX.
In what follows, we identify I1(Up, K) with Uy x K (see subsection for details).

DEFINITION 2.8. A closed subset Y C ¢, X is called a complex submanifold of codimension
k if for every x € Y there exist a neighbourhood U = ﬂ(UO, K) C ¢gX of x and functions
hi,...,hx € O(U) such that

MHYNU={z€U:h(x)="--=hi(z) =0}

(2) The rank of map z — (h1(z,w), ..., hg(z,w)) is k at each point (z,w) € Y NU.

We use coherence of the sheaf of ideals of Y together with Theorem [2.6] in [BrK3] to
obtain results on interpolation within algebra O4(X). In the same paper we extend Cartan
theorems A and B to work with coherent-type sheaves on complex submanifolds of ¢, X.

(2) The assumption that subalgebra a is self-adjoint is essential for our proofs of The-
orems [2.5] and Nevertheless, using a technique different from that based on Theorem
[2.6] we show in [BrK3] that the problem of interpolation within algebra Ou(X) can be
solved (although for a restrictive class of sets) without the latter assumption.

(3) An interesting example of the algebra of holomorphic a-functions with a not self-
adjoint is given by Bohr’s holomorphic almost periodic functions on a horizontal strip
domain T C C (see Example [[.2) whose restriction to each fibre p~!(z) = Z belongs to
the subalgebra AP, (Z) of the von Neumann almost periodic functions on Z with positive
spectra, i.e., those functions on Z that admit uniform approximation by exponential poly-
nomials Y"1 cpet ! (t € Z) with A, > 0 (see [Br7]). One can show that the maximal
ideal space of algebra Ogp, (T') can be presented as inverse limit of an inverse limiting
system of holomorphic fibre bundles over an annulus whose fibres are biholomorphic to
disjoint unions of open polydisks, see Example below.

3. EXAMPLES

ExaMPLE 3.1 (Examples of algebras a). In addition to algebras (o (G), ¢(G), AP(Z™)
(see Examples and [[.4]) we mention the following important examples of self-adjoint
subalgebras of /. (G) invariant with respect to actions of G by right translations.

(1) If a group G is residually finite (respectively, residually nilpotent), i.e., for each
element g € G, g # e, there exists a normal subgroup G, # g such that G/G is finite
(respectively, nilpotent), we consider the closed subalgebra foo(G) C loo(G) generated by
pullbacks to G of algebras (- (G/Gy) for all G, as above.

(2) Recall that a bounded complex function f on a (discrete) group G is called almost
periodic if the families of its left and right translates

{t = f(st)}seq, {t = f(ts)}sec

are relatively compact in ¢oo(G) (J. von Neumann [Ne]). (It was proved in [Ma] that the
relative compactness of either the left of the right family of translates already gives almost
periodicity.) The algebra of almost periodic functions on G is denoted by AP(G).
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The basic examples of almost periodic functions on G are matrix elements of finite-
dimensional irreducible unitary representations of G.

Recall that a topological group G is called mazimally almost periodic if its finite-
dimensional irreducible unitary representations separate points of G. Equivalently, G
is maximally almost periodic iff it admits a (continuous) monomorphism into a compact
topological group.

Any residually finite discrete group G belongs to this class. In particular, Z", finite
groups, free groups, finitely generated nilpotent groups, pure braid groups, fundamental
groups of three dimensional manifolds are maximally almost periodic.

We denote by APy(G) C AP(G) the space of functions

m
t— chafj(t), teG, ¢ eC, o= (afj),
k=1
where o%, 1 < k < m, are finite-dimensional irreducible unitary representations of G. The
von Neumann approximation theorem states that APy(G) is dense in AP(G) [Ne].

In particular, algebra AP(Z™) of almost periodic functions on Z™ contains as a dense
subset the set of exponential polynomials ¢ — » ", el t ez e e C, N\ € R
Here (-, -) is the standard inner product on R".

(3) Algebra APg(Z™) of almost periodic functions on Z" with rational spectra. This
is the subalgebra of AP(Z") generated (over C) by functions of the form t — e/ with
A e Q.

(4) Suppose that the covering p : X — X is not regular. Still, we can define algebras
Oy, (X) and O.(X) and include them in the framework of our theory by lifting them to
the universal covering of Xj.

ExaMpPLE 3.2 (Holomorphic almost periodic functions). Elements of algebra
Oap(X), where X — Xy is a regular covering of a connected complex manifold X
with a deck transformation group G and AP := AP(G), see Example 3] (2), are called
holomorphic almost periodic functions. Equivalently, a function f € O(X) is called
holomorphic almost periodic if each orbit {g - z}4c¢ C X has an open neighbourhood
U C X, invariant with respect to the action of G on X, such that the family of translates
{2z f(g-2),z € U}yeq is relatively compact in the topology of uniform convergence on
U (see [BrKl1] for the proof of the equivalence).

This is a variant of the definition in [We|, where G is taken to be the group of all
biholomorphic automorphisms of the complex manifold X. An interesting result in [Ves]
states that on Siegel domains of the second kind there are no non-constant holomorphic
almost periodic functions in the sense of [We| (although on Siegel domains of the first kind,
i.e., on tube domains in C", such holomorphic almost periodic functions even separate
points). A similar result holds for algebra O4p(X); for instance, if Xy is a compact
complex manifold, then all holomorphic almost periodic functions on X are constant, see
[BrK1l, Theorem 2.3].

ExampPLE 3.3 (Compactification of deck transformation group G). (1) Let a := ¢(G),
card G = oo (see Example [[L4)(2)). Then G, ¢ := ¢(G), is the one-point compactification
of G.

(2) Let a = AP(G) (=: AP) (see Example BI|(2)). Then G4p is homeomorphic to a
compact topological group bG, called the Bohr compactification of GG, uniquely determined
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by the universal property: there exists a homomorphism p : G — bG such that for any
compact topological group H and any homomorphism v : G — H there exists a continuous
homomorphism o : bG — H such that the following diagram

GQ K

/

v v

/

H

is commutative.

Applying this property to unitary groups H := U,, n > 1, we obtain that group G is
maximally almost periodic (see Example B.1)(2)) if and only if ;1 is a monomorphism.

The universal property implies that there exists a bijection between sets of finite-
dimensional irreducible unitary representations of G and bG. It turn, the Peter-Weyl
theorem for C'(bG) and the von Neumann approximation theorem for AP(G) (see Example
BIK2)) imply that AP(G) = C(bG). Therefore, bG is homeomorphic to the maximal ideal
space Myp(q) of algebra AP(G) and p(G) is dense in bG. Under this homeomorphism,
the set j(G) (see Section [2 for its definition) is identified with the subgroup u(G) C bG.
In case G is maximally almost periodic, we will identify G with p(G) C bG by means of
 so that the action of G on Gap := M Ap(c) coincides with that of G' on bG by right
translations.

By the Peter-Weil theorem the group bG can be presented as inverse limit of an inverse
system of finite-dimensional compact Lie groups. In particular, the Bohr compactification
bZ of the group of integers Z is inverse limit of an inverse system of compact abelian Lie
groups TF x "L/ (Z), k,m,n; € N, where T* := (SY)* is the real k-torus. It follows that
bZ is disconnected and has infinite covering dimension. The limit homomorphisms bZ —
T* x @, Z/(nZ) are defined by finite families of characters Z — S!. For instance, let Aj,
A2 € R\ Q be linearly independent over Q and x», : Z — S, x»,(n) := 2™ i =1,2, be
the corresponding characters. Then the map (x»,, X»,) : Z — T2 is extended by continuity
to a continuous surjective homomorphism bZ — T2. If A\;, Ay are linearly dependent
over Q, then the corresponding extended homomorphism has image in T? isomorphic to
S! x Z/(mZ) for some m € N.

(3) Let a = APg(Z") (see Example B(3)). Then G APy(zn) s homeomorphic to the
profinite completion of group Z"; it is defined as inverse limit of an inverse system of
groups ®*,Z/(mZ), m,n; € N. It follows that covering dimension of Ga Py(zn) 18 zero.

(4) Let a = £oo(G) (=: £so) (see Example [LZ(1)). Then Gy = G, the StoneCech
compactification of group G. Covering dimension of Gy__ is zero (see, e.g., [N, Thm. 9-5]).

4. STRUCTURE OF FIBREWISE COMPACTIFICATION ¢ X

4.1. Set structure of ¢, X. As a set, ¢,X is the disjoint union of connected complex
manifolds, each is a covering of Xy. Indeed, let T := G4 /G be the set of orbits of elements
of G4 by the (right) action of G; since any orbit H € T is invariant with respect to
the action of GG, we may consider the associated to the action of G on H fibre bundle
pH : Xg — Xo with fibre H. We assume that H is endowed with discrete topology. Then
pa : Xg — Xo is an unbranched covering of Xy (in general non-regular). Since X is
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connected and X is a covering of Xz, the complex manifold Xz is connected as well. For
each H € T we have the natural continuous injective map

LHZXH‘—>CaX

determined by (equivariant with respect to the action of G) inclusion H < Ga. We
denote Xp := 1y (Xp). In view of (2.I)), we have j(G) € T. Hence, if j is injective, then
X = Xj(q) and ¢ = 1j(@) (see (Z.3))).
It follows that as a set
CaX: U LH(XH).
HeY

ExXAMPLE 4.1. G, := G U {o0}, card G = o0, is the one-point compactification of G, and
the action of G on G, fixes point oo, so T = {{G}, {oco}}. It follows that the as a set c. X
is the disjoint union of X and Xg.

EXAMPLE 4.2. Let a = AP(G) and G be maximally almost periodic. In what follows, we
assume that G4p is endowed with the group structure of the Bohr compactification bG,
see Example B.3)(2).

Since G is a subgroup of bG, every orbit H € T is a right coset of G in bG, Xg = X
for all H € T, and each set Xy is dense in capX.

The fibre bundle c4p X can be presented as inverse limit of an inverse system of smooth
fibre bundles on Xj. Indeed, by the Peter-Weil theorem, bG can be presented as inverse
limit of an inverse system of finite-dimensional compact Lie groups {Gs}scs (see Example
B3(2)). By ms : bG — G5 we denote the corresponding limit homomorphisms. The right
action of G on bG determines an action 75 of G on G, r5(g)(h) := h-7m5(g9), g € G, h € Gs.
Let ps : X5 — X be the associated to r, fibre bundle on X with fibre G;. Then X, has a
smooth manifold structure and inverse limit along {G;}ses determines inverse limit along
the corresponding inverse system {X;}ses which is homeomorphic to c4pX.

EXAMPLE 4.3. Let a = APg(Z"). Since covering dimension of G APy(zr) 18 zero (see Ex-
ample B.3)(3)), covering dimension of cy4 Py(zmX is equal to dimg Xo.

EXAMPLE 4.4. Let a = £,o(G). Then Gy = G, the Stone-Cech compactification of
group G. Since covering dimension of égoo is zero, covering dimension of ¢, X coincides
with real dimension of Xj.

It is easy to see that ¢y X is the maximal fibrewise compactification of covering X — X
in the sense that if a C o (G) is a (closed) subalgebra, then there exists a surjective bundle
morphism ¢, X — ¢, X. Indeed, let & : égoo — Ga be a continuous surjective map adjoint
to the inclusion a — (o (G); since k is equivariant with respect to the corresponding
(right) actions of G, it determines the required surjective bundle morphism.

4.2. Complex structure on ¢, X. A function f € C(U) on an open subset U C ¢4 X is
called holomorphic if .* f is holomorphic on :~1(U) C X in the usual sense.

Let Uy C Xy be open. A function f € C'(U) on an open subset U C Uy x G, is called
holomorphic if 7*f, j:==1Id x j : Uy x G — Uy x Ga, is holomorphic on the open subset
37 HU) of the complex manifold Uy x G (see Section B for the definition of the map j).

For sets U as above, let O(U) denote the algebra of holomorphic functions on U endowed
with the topology of uniform convergence on compact subsets of U. Clearly, f € C(c,X)
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belongs to O(c,X) if and only if each point in ¢, X has an open neighbourhood U such
that f|y € O(U), see Definition 2.2]

By Oy we denote the sheaf of germs of holomorphic functions on U.

The category M of ringed spaces of the form (U, Oy ), where U is either an open subset
of ¢, X and X is a regular covering of a complex manifold Xy or is an open subset of
Uy x éa with Uy C Xy open, contains in particular complex manifolds.

DEFINITION 4.5. A morphism of two objects in M, that is, a map F' € C(Uy,Us), where
(Ui, Ou,) € M, i = 1,2, such that F*Op, C Op,, is called a holomorphic map.

The collection of holomorphic maps F' : Uy — U, (U;,0py,) € M, i = 1,2, is de-
noted by O(Uy,Us). If F € O(Uy,Us) has inverse F~' € O(Uy,Uy), then F is called a
biholomorphism.

The next result shows that, in a sense, the holomorphic structure on ¢, X is concentrated
in "horizontal layers’ Xg C ¢, X (H € Y).

Theorem 4.6. For a connected complex manifold M and a map F € O(M,c,X) there
exists H € Y such that F(M) C Xp.

If covering dimension of Gy is zero (see Examples F3) and E4), then the assertion of
Theorem holds true even for continuous maps, i.e., for any F' € C(M, ¢4 X) there exists
H € Y such that F(M) C Xpg (see the argument in the proof of Theorem 1.2(d) in [Br(]).

Further, over each simply connected open subset Uy C X there exists a biholomorphic
trivialization ¢ = vy, : p~ 1 (Ug) — Uy x G of covering p : X — X which is a morphism
of fibre bundles with fibres G. Then there exists a biholomorphic trivialization 1) = 1y, :
p Y (Uo) — Uy x G, of bundle ¢, X over Up, which is a morphism of fibre bundles with
fibre G, such that the following diagram

p~' (Vo) p~'(Uo)
% |
Uy x G et Uy % G‘a
is commutative.
For a given subset S C G we denote
(4.1) (Uy, S) := 1 (Uy x S)

and identify TI(Up, S) with Uy x S where appropriate (here II(Up, G) = p~1(Up)).
For a subset K C (G, we denote

(4.2) Uy, K) (= a(Up, K)) == 71 (U x K).

A pair of the form (II(Up, K), %) will be called a coordinate chart for coX. Similarly,
sometimes we identify H( ,K) with Uy x K. If K C G is open, then, by our definitions,
* 1 OUg x K) — O(I1(Uy K )) is an isomorphism of (topological) algebras.
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4.3. Basis of topology on ¢, X. We denote by £ the basis of topology of Gy consisting
of sets of the form

(4.3) {77 € Gq: max |hi(n) — hi(no)| < E}
1<i<m
for g € Ga, 1y hin € C(Ga), and € > 0.
The fibrewise compactification ¢, X is a paracompact Hausdorff space (as a fibre bundle
with a paracompact base and a compact fibre); thus, ¢, X is a normal space.
It is easy to see that the family

(4.4) B = {I1(Vo, L) C X : Vj is open simply connected in Xy and L € Q}.
forms a basis of topology of ¢, X.

4.4. Coherent sheaves on ¢, X. A sheaf of modules on an open subset U C ¢, X over
O|y will be called an analytic sheaf. A homomorphism between analytic sheaves will be
called an analytic homomorphism.

Recall that a coherent sheaf A on ¢, X is an analytic sheaf such that every point in cq X
has an open neighbourhood U over which, for any N > 1, there is an exact sequence of
sheaves of modules of the form
(4.5) omn |, 22 oma)y, P o, P Ay —0,
where @;, 0 < ¢ < N — 1, are analytic homomorphisms.

An analytic sheaf A on ¢, X is called a Fréchet sheaf if for each open set U € B the
module of sections I'(U, A) of A over U is endowed with topology of a Fréchet space.

Proposition 4.7. Every coherent sheaf can be turned in a unique way into a Fréchet sheaf
so that the following conditions are satisfied:

(1) If A is a coherent subsheaf of O, then for any open subset U € B the module of
sections T'(U,.A) has topology of uniform convergence on compact subsets of U.

(2) If A,B are coherent sheaves on c,X, then for any U € B the spaces T'(U,.A),
I'(U,B) are Fréchet spaces, and any analytic homomorphism ¢ : A — B is continuous in
the sense that the homomorphisms of sections of A and B over sets U € B induced by ¢
are continuous.

The topology on T'(U, A) can be defined by a family of semi-norms

Iy, = inf{sup (@) h e T(,0™), f = ¢o<h>},
h eV

where @y is the homomorphism of sections induced by o in ([AD), and open sets Vi, € B

are such that Vi, € Vi1 € U for all k, and U = ULVy, (see Lemma [TZ)(2) below for

existence of such exhaustion of U ).

The proof essentially repeats that of an analogous result for coherent analytic sheaves
on complex manifolds, see, e.g., [GR]. For the sake of completeness, we provide the proof
of the proposition in the Appendix.

Theorem 4.8 (Runge-type approximation). Let Xy be a Stein manifold, A a coherent
sheaf on cqX. Suppose that Yo @ Xo, Y C cgX are open and such that either (1) Yy is
holomorphically convex in Xo and Y = p~1(Yy), or (2) Yy is holomorphically convex in



ALGEBRAS OF HOLOMORPHIC FUNCTIONS 13

Xo and is contained in a simply connected open subset of Xg, and Y = ﬂ(Yo, K) for some
K €9 (see subsection [{.3).

Then the image of the restriction map T'(caX, A) — (Y, A) is dense (in the topology
of Proposition [{.7).

5. PROOFS: PRELIMINARIES

5.1. Cech cohomology. For a topological space X and a sheaf of abelian groups S on
X let I'(X,S) denote the abelian group of continuous sections of S over X.

Let U be an open cover of X. By C/(U,S) we denote the space of Cech i-cochains
with values in S, by & : C*(U,S) — C**1 (U, R) the Cech coboundary operator (see, e.g.,
[G1R] for details), by Z{U,S) := {o € C}(U,S) : o = 0} the space of i-cocycles, and by
BU,S) = {oc € ZiU,S) : 0 = 6(n),n € C""1(U,S)} the space of i-coboundaries. The
Cech cohomology groups H'(U, S), i > 0, are defined by

H'U,S) = 2'(U,S)/B'U,S), i>1,
and HO(U,S) :=T(U,S).

5.2. 0-equation. Let B be a complex Banach space, Dy C X be a strictly pseudoconvex
domain in a complex manifold Xy. We fix a system of local coordinates on Dy and consider
a cover {Wy;}i>1 of Dy by coordinate patches. By Al()o’q)(Do,B), g > 0, we denote the
space of bounded continuous B-valued (0, ¢)-forms w on Dy endowed with norm
07
(5.1) lwllpy = w5 == sup  [lwai(@)llz,
S i,071217a

where weq,; (o is a multiindex) are coefficients of form wlyw,, € Al()o’q)(Wovi, B) written in
local coordinates on Wy ;.

The next lemma follows easily from results in [HL] (proved for B = C), as all integral

presentations and estimates are preserved when passing to the case of Banach-valued
forms.

Lemma 5.1. There exists a bounded linear operator

Rpos € £ (A7 (Do, B) APV (Do, B)) . a2 1,

such that if w € Al()o’q) (Do, B) is C* and satisfies Ow = 0 on Dy, then 5RDO,Bw =w on
Dy.

6. PROOF OF PROPOSITION [2.3]

Given f € Og(X) denote fr, = fl,-1(z). Let fmo € C’(Ga) be such that j*fwo =
fwo- The family { fxo}xoe X, determines a function f on ¢ X such that f (x) = fxo (z) for
xo := p(x). Using a normal family argument one shows that fe O(ceX), see, e.g., [Lin]
or [BrK2, Lemma 2.3] for similar results. Clearly, * f = f. Since the homomorphism
“:a — C(G,) is an injection, the constructed homomorphism i : Og(X) — O(cuX),
i(f) = f , is an injection as well. This completes the proof of the first assertion.

For the proof of the second assertion suppose that a is self-adjoint. Then a = C(Ga)
and we can define the inverse homomorphism i~! : O(c,X) — O(X) by the formula

i(f) = L*f, f € O(cgX).
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Since i_l(f)|p71(xo) = j* (f|ﬁ71(x0)) € a, g € Xg, we have z'_l(f) € Oy(X), i.e., i™! maps
O(ceX) into Og(X).

7. PROOFS OF THEOREMS [2.5], AND [£8

In what follows all polydisks are assumed to have finite polyradii.

Proof of Theorem [2.4. We will need the following results.

Proposition 7.1. Let U := f[(UO,K), where Uy C Xg is open and biholomorphic to an
open polydisk in C", and K € Q (see ({{-3)).

The following is true:

(1) Let R be an analytic sheaf over U having a free resolution of length AN

QAN —
(7.1) Ok | 20 ok 2L ol EL Ry — 0.

If N > n :=dim¢ Uy, then the induced sequence of sections truncated to the N-th

term
P, 0k 22w, ok P r, 0 2T (U, R) —= 0
18 exact.
(2) Suppose that free resolution (7.1) exists for every N. Then H'(U,R) = 0 for all
1> 1.

Let A be a coherent sheaf on ¢, X.

Proposition 7.2. Every point xo € Xy has a neighbourhood Uy such that for each N > 1
there exists a free resolution of sheaf A over p—1(Uy) having length N (see Definition[2.7).

(In other words, we may assume that the open sets W in Definition 24 have the form
U =pY(Uy), Uy C Xp is open.)

We prove Propositions [7.1] and in subsections and [7.3] respectively.

Now, let A := p,A be the direct image of sheaf A under projection p : X — Xo. By
definition, A is a sheaf of modules over the sheaf of rings O€() of germs of holomorphic

~

functions on X, taking values in the Banach space C(G4). By Propositions and
[TII(2) every xzyp € X has a basis of neighbourhoods Uy such that H*(U, A) = 0, i > 1,
U :=p~1(Up). Therefore,

(7.2) H(ceX, A) = H (Xo, A), i>0
(see, e.g., [Gunl, Ch. F, Cor. 6]). We have

T(U, A) = T(Up, A), T(U,0) = T(Up, 0°C).

It follows from Proposition and Proposition [T.T[1) that for every xg € Xy and each
N > 1 there exist a neighbourhood Uy of ¢ and an exact sequence of sections

[ (U, (O(Ce))E) — . —=T (U, (0(Ce)Yit) — (U, A) —0.
This implies that we have an exact sequence of sheaves

(7.3) (OGN |y — L — (OG- A, — 0.
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For every open set Uy C X the spaces of sections I'(Up,.A), T'(Uy, (’)C(Ga)) can be en-
dowed with a Fréchet topology so that the homomorphisms of sections induced by sheaf ho-
momorphisms in (7.3)) are continuous; indeed, since F(UO,A) ~T(U, A), T'(Up, 0¢(Ca)) ==
I'(U, ), this follows from Proposition &7 with U = p~!(Up). Hence, in the terminology
of [Lt], A is a Banach coherent analytic Fréchet sheaf. Therefore, according to Theorem
2.3 (iii) in [Lf], H*(Xo,.A) = 0 for all i > 1. Isomorphism (Z.2) now implies the required
statement. ([l

Proof of Theorem [{.8 Case (1). Due to the argument in the proof of Theorem 2.6 we
have isomorphisms of Fréchet spaces I'(c, X, A) 2 I'(Xy, A), T(Y, A) 2 I'(Yy, A). Now the
result follows from Theorem 2.3 (iv) in [Li] applied to A.

Case (2). It suffices to show that the restriction map T'(p~(Yp), A) — I'(Y, A) has
dense image and then to apply the result of case (1).

We have ¥ = ﬂ(YO,K ) for some Yy @ X open simply connected, and K € Q. Since
Y € B, we may use the last assertion of Proposition [4.7t it suffices to show that given a
section f € I‘(f/, A) for every ¢ > 0 and every k there exists a section f € (51 (Yp),.A)
such that || f — fillv, < e.

Without loss of generality we may identify ¥ with Yy x K, and p1(Yp) with Yy x Ga
(see subsection A.2]). Then sets Vj have the form Vi, =V}, x Nj, where each Vj j, is open
and simply connected and Ny € Q are such that N € Ni,1 € K for all k, and K = U, Ny
(see Lemma [T4)(1) below). Since space G is compact and, therefore, normal, for each k
there exists a function pj € C’(Ga) such that 0 < pr <1 on G, pr =1 on Ng, and pp =0
on Gy \ Niy1. By definition, T'(Yp x K, A) is a module over I'(Yy x K, O), hence we can
define fi, := ppf € T'(Yy x Gq, A). Then f — fr =0 on Yy x Ny, so || f — frllv, = 0. Thus,
fk is the required approximation. O

Proof of Theorem [2.8. Let N > n. Since sheaf A is coherent, there exists a neighbourhood

U of x over which there is a free resolution

(7.4) Om4N’U¢ﬂ;l... 2 ome |y 2o omy 2 Aly —0

of length 4N. It follows from the exactness of sequence (4]) that there exist sections
hi,... hpm, € T(U, A) that generate ;A as an ,O-module. Now, it suffices to show that
there exist a neighbourhood V' C U of z, global sections fi,..., fm, € I'(caX,.A) and
functions r;; € O(V), 1 <i,j < my, such that

mi
(7.5) hilv = rifilv, 1<i<ma.
=1

Without loss of generality we may assume that U = f[(UO,K ) € B, where Uy C X is

biholomorphic to an open polydisk in C™ and is holomorphically convex in X, and K € .
By Proposition [£7] the topology on I'(W, A) is determined by semi-norms

(7.6) Ihllv;, = inf { sup [g(z)| : g € [(V4,0™), h = 950(9)} ,
eV

where @ is the homomorphism of sections induced by ¢ in (T.4]), and open sets Vj, € B are
such that Vi, @ V11 € W for all k, and W = U Vj, see Lemmal[7.4|(2) below; by definition,
Vi = Vo.x X Ni, where Vg €@ Uy, N @ K are open. Without loss of generality we may
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assume that each 1}, is biholomorphic to an open polydisk in C" and is holomorphically
convex in Xj.

Let V := V},, where kg is chosen so that x € V},. It follows from the proof of Theorem
L8 (case (2) for Y := U) that for every € > 0 there exist sections f1, ..., fm, € I'(caX,.A)
such that ||h; — fi|ly < € for all i. Now, by Proposition [[.I(1) the sequence of sections
corresponding to (7.4

(7.7) = T(V,0™) 22TV, A) —0

is exact. Note that I'(V, O™!) consists of mi-tuples of holomorphic functions on V. Let
hi == (0,...,1,...,0) (1is in the i-th position), 1 < i < m;. Without loss of generality we
may assume that h;|y = @o(h;). Since @ is surjective, there exist functions f; € T'(V, O™)
such that @o(f;) = fi|lv. It follows from the definition of semi-norm || - ||y, see (78], that
functions ﬁ can be chosen in such a way that

(7.8) sup |hi(z) — fi(z)| < 2e.
eV

Since @ is a O(V)-module homomorphism, the required identity (7.5]) would follow once
we found functions r;; € I'(V, 0), 1 < 4,5 < my, such that
mi
]NIZ':ZT‘Z'jfj, 1§i§m1.
j=1
The latter system of linear equations (with respect to r;;) can be rewritten as a matrix
equation H = F'R with respect to R = ()], € O(V, M,(C)), where M,(C) denotes
the set of n x n complex matrices, H = (h;)™, € O(V,GL,(C)) (h; are the columns
of H) is the identity matrix, here GL,(C) C M,(C) is the group of invertible matrices
and F = (f;)™, € O(V, M,(C)) (f; are the columns of F). Since ¢ > 0 can be chosen
arbitrarily small, in view of (Z.8) we may assume that F € O(V,GL,(C)). Hence, we can
define R := F~'H.
This completes the proof of Theorem O

7.1. Auxiliary topological results. For the proofs of Propositions [Z.1] and we will
need the following results.

Let £ = {L;} be an open cover of Gy. Recall that a refinement of £ is an open cover
L= {L}} of G such that each L’ € L; for some i = i(j).

Since G, is compact, each open cover of G, has a finite subcover.

Lemma 7.3. Let L be a finite open cover of Ga. There exist finite refinements L£F = {LgC :
Lf € Q} of L of the same cardinality such that L?H S Lé‘? for all 4, k.

Proof of Lemma [7.3, Since G, is compact, there exists a finite refinement £’ = {L;} of
L = {L;} such that every L’ € L; for some i = i(j), and functions {p;} C C(Gq) such
that p; =1 on Eg-, p; =0 on G\ Li. We set Lf = {n e Gq:piln) > 1— 24} k> 1
By definition, Lf € Q for all j, k (see @E3)). It follows that £F := {L?} are the required
refinements of L. U

Lemma 7.4. Let K € Q, Uy C Xg be open. We set U := Uy x K. The following is true:
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(1) There exist open subsets N € Q, 1 < k < oo, such that N @ Nxy1 € K for all k
and K = U N},.

(2) There are open subsets Vi, = Vo, X Ny, 1 < k < oo, such that Vi, € V41 € U for
all k and U = UL Vy,. Here Vi, €@ Uy is open and Ny, € Q for all k.

(3) Let L € Q be such that L € K. There exists a collection of sets L™ € Q, m > 1,
such that Le---e L™ e L™ e --- € L' € K for all m.

(4) Let N € K and {L;} be a finite collection of open subsets of K such that N € U;L;.
There exists a finite number of open subsets L;- C K, L;- € 9, such that N € UjL;-
and for each j we have L; € L; for some i =1i(j).

Proof. (1) Recall that the basis Q of topology of G, consists of sublevel sets of functions
in C(Gy), see @3), so K = {n € Gq : maxi<i<m |hi(n)) — hi(no)| < €} for some 1y € Gy,
hi,..., hm € C(Gy) and € > 0. Let o’ be the subalgebra of C(Gy) generated by functions
Ri,...,hm,hi,..., hm. Since algebra o is finitely generated, the maximal ideal space My
of o’ is a compact subset of some CP, and we have o’ = C(My). The map 7 : Ga — My
adjoint to the inclusion o’ C C (Ga) is proper and surjective. By definition, there exists an
open subset K’ C My such that K = 7~!(K’). Since My is a compact metric space (as
a compact subset of CP), there exist open subsets N, C My such that N, , € N; € K’
for all k and K’ = UpN,. We define Ny := 7 1(Ny) € Q. Clearly, each set N can be
chosen in the form Nj = {y € My : maxi<i<y, |fit(v) — fir(yo)| < €} for some yo € My,
fit € C(My) and € > 0. Since 7*C(My) € C(G,), Ny € Q (see [@3)) as required.

A similar argument yields (3).

(2) It is clear that there exists a sequence of open sets Vp , such that V , € Vp k41 € Up
for all k and Uy = UpVp . We set Vi, := Vj . X Np.

(4) We apply Lemma [7.3] to the finite open cover of G, consisting of the sets L; and set
Go \ N to obtain a finite refinement {L}} C Q of this cover. We exclude subsets L’ such

that L) € Go \ N. Then for the obtained family N C U; L} and by the definition of the
refinement for each j we have L;- € L; for some i, as required. O

7.2. Proof of Proposition [T.Il The (rather technical) proof of this proposition is pre-
sented at the end of this subsection. In the proof we will use the following preliminary

results.
Let Uy € C™ be an open polydisk, K € Q (see (£3])). We set

(7.9) U:=Up x K.

The sets U and II(Up, K) C ¢, X are biholomorphic (see subsection E2)). Definitions of a
analytic homomorphism and a free resolution (of an analytic sheaf over an open subset
of ¢ X, see subsection [4.4]) are transferred naturally to analytic sheaves over U. Thus, it
suffices to prove Proposition[Z.I]in the assumption that analytic sheaf R and free resolution
([71)) are given over U.

A function f € C(U) is said to be C* if all its derivatives with respect to variable
x € Uy (in some local coordinates on Up) are in C'(U). The algebra of C*° functions on U
will be denoted by C*°(U).
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Let AP9(Uy) be the collection of all C* (p, q)-forms on Uy. We define the space AP4(U)
of C* (p, q)-forms on U by the formula AP4(U) := C*>°(U)®AP1(Uy). We have an operator
0 : AP4(U) — API+L(U) defined as follows:

Suppose that w € AP4(U) is given (in local coordinates on Uy) by the formula

w=Y" " fudzr Adzy,  frg € CP(U),

[I|=p|J|=q
where I = (i1,...,ip), J = (j1,...,Jq), dz1 = dz;; N---Ndz;,, dzy = dzj; \--- NdZz;,; then
(7.10) af = Z Z 5f[] ANdzr Ndzy,
[I|=p|J|=q

where

- "9 z, _

Ofri(z,m) == Z#dq, z2=(21,.--,2n), (2, €eU=UyxK.
= 9

A form w € AP4(U) is called O-closed if dw = 0.

Let AP? be the sheaf of germs of C*° (p, ¢)-forms on U, and ZP*9 C AP? be the subsheaf

of germs of d-closed (p, q)-forms. Note that Z%0 = O.

In what follows we fiz an open polydisk

(7.11) Vo € Up.
Let Wy C VO be open in Vo and such that Wy = Vy N Wy for some product domain
Wo = W3 x - x W' € Uy, where each W} € C (1 <i < n) is simply connected and has

smooth boundary (clearly, given any open neighbourhood of Wy in Uy, we can find such a
set Wy contained in this neighbourhood).

Fix a subset W/ € Wy open in Vj and satisfying the same intersection condition as Wj.
Let

(7.12) S C K be a closed subset, and let L' € L C S be open in S.

Lemma 7.5. For every w € T'(Wy x L, Z%9) there exists n € T(W{ x L', A%9~1) such that
on = w.

Proof. By definition, a section of sheaf Z%¢ over W x L is the restriction of a section of
794 over some open neighbourhood of Wy x L. Therefore, we may assume that L is open
in K, and w € T'(Wy x L, Z%9) for some product domain Wy as above.

Clearly, there exists a product domain Wy € W, open in Uy, where Wy = Wo - X Wé‘
and each domain W € W¢ has smooth boundary, such that W € Wj. Further, since Gy
is a normal space, there exists an open set L” € L such that L' € L".

Let C(L") be the Banach space of continuous functions on L” endowed with sup-norm,
A%9(Wy, C(L")) be the space of C°° C(L")-valued (0, ¢)-forms on Wy, and

209, O(L")) € A (Wo, (L")
be the subspace of 50( )-closed forms on Wo. Here
50([’//) : ‘/XO’Q(VAVO7 C(I_/”)) — Z()#Z"t‘l(VA[/'O7 C(I_/”))

is the usual operator of differentiation of C'(L”)-valued forms.
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It is easy to see that the restriction to Wy x L” of a form in I'(Wy x L, A%9) can be
naturally identified with a form in A%(W,, C(L")) and, since Wy x L” is a neighbourhood
of Wi x L/, every form in A%4(Wy, C(L")) determines (under such identification) a unique
form in T(W{, x L', A%9); these identification maps commute with the actions of operators
0 and 50@,,). In particular, form w determines a form & € Z%(Wy, C(L")). Note that
since Wy @ C™ is a product domain, it is pseudoconvex. Hence W, admits an exhaustion
by strictly pseudoconvex subdomains (see, e.g., [Kral]). Therefore, there exists a strictly
pseudoconvex domain Dy € WO such that Wg € Dgy. We restrict form @ to Dy (clearly,
@|p, is bounded) and apply Lemma 5.1}, where we take B := C(L"). We obtain that there
exists a form 7 € A%~ (Wy, C(L")) such that 50(,3//)77 = & over Wy. It follows that the
form n € T(W§ x L', A%9~1) determined by 7 is the required one. O

DEFINITION 7.6. We say that a finite open cover U = {U,} of Vy x S (see (TII) and
[T12)) is of class (P) if the following conditions are satisfied:

(1) Uy = Uy x Lj, a = (1, j), where {Up,;} and {L;} are finite open covers of V; and
S, respectively;

(2) Each L; = SN L; for some L; € Q such that L; C K;

(3) Each Up; = Vo N ﬁo,l for some product domain f]oJ = ﬁ&’l X oo X UO"J € Uy, where

domains Ué ; € C (1 <4 < n) are simply connected and has smooth boundaries.

Lemma 7.7. (1) Each open cover of Vo x S has a refinement of class (P).
(2) Each open cover of Vo x S of class (P) has a refinement of class (P) of the same
cardinality.

Proof. (1) There exists a refinement of a given open cover of Vy x S by open sets of the
form Uy, x O;, where {Up;} and {O;} are finite open covers of Vj and S, respectively.
By the definition of the induced topology on S, there exist open sets O; C K such that
O; = SN O;. Now, we apply Lemma [T4(4) to {O;} (there we take N := S) to obtain
open sets {ij} such that L; € L; for some ¢ = i(j) and 1~Lj € Q for all j. Finally, we set
Lj:= SN L; Thesets Uy, x Lj form the required refinement of class (P).

(2) Follows from assertions (3) and (4) of Lemma [7.4] O

Let U = {U, := Up; x L;} be a finite open cover of VxS of class (P), and U’ = {U}, :=

0, %< L} be a refinement of U of class (P) of the same cardinality (see Lemma [Z7(2)).
By definition, {Uy;}, {L} are refinements of open covers {Up,} and {L;}, respectively.

We have an injective refinement map 1 : Z'(U,R) — Z'(U', R) (see subsection B.1]
for notation). If no confusion arises, we write o for /(o).

Lemma 7.8. The following is true:
(1) Let o € ZY(U,0), i > 1. Then o € BY(U',O).
(2) H(Vo x S,0) =0, i > 1.

Proof. (1) We will prove a more general result: if o € Zi(U,Z%9), i > 1, ¢ > 0, then
o € BY(U', Z%9). In particular, taking ¢ = 0 we obtain assertion (1).

Let i = 1, 0y € Z2YU,Z%9). Since Vj x S is a paracompact space, there exist parti-
tions of unity {\;} and {p;} subordinate to covers {Up,} and {L} (C°° and continuous,
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respectively). We define a 0-cocycle o5° € CO(U’, A%7) by the formula

(7.13) (00)a(2,8) = Y pi©N(@)(01)palz,€), (2,6 €U, forall a.
B=(1.5)

Since (01)ap = (005%)as = (058%)a — (0°)5 and I(01)as = 0, the family {0(05°)q}
determines w € T'(Vy x S, Z%9H1) w|y, := 9(05°)a. By Lemma [T5] (with W} = Wy = Vg
and L' = L = S) there exists n € I'(Vy x S, A%9) such that dn = w. We define a 0-cochain
o9 € CO(U', Z%9) by the formula (00)o = (05°)s — 0. It follows that o = dog; therefore
01 € Bl(ul,ZO’q).

Using Lemma [T7(2) we may assume that there exists a refinement U” = {U/ :=

0, % LY} of cover U of class (P) of the same cardinality as ¢ such that U’ is a refinement
of U”.

Now, let ¢ > 1. Assume that we have shown for all 1 < [ < ¢, ¢ > 0 that each
o € ZYU, Z%9) belongs to BH(U", Z%9). For a given o; € Z (U, Z%9) we define an (i — 1)-
cocycle 0%°, € C'=1(U", A%9) by the formula

(0'1931)0617---7061'(1'75) = Z pj(S)Al(x)(ai)ﬁ7a17~~~,ai(x75)7 (LZ', )E U(zl,...,ai
B=(1.5)

for all ay,..., 04, where U, . :==N._ Ul # @.

We have 6(05°,) = 0y, 50 5(05°,) = §(05°,) = 0. Define p;—1 := 00°, € C=L(U", Z0%9+1).
Since 6(p;—1) = Oui—1 = 0, by the induction assumption there exists an (i — 2)-cochain
pi—e € C2(U", Z%9) such that §(pi_o) = pi—1 and Opi_o = 0. Now, by Lemma [75)(1)
there exists an (i — 2)-cochain n;_o € C*=2(U’, A®9) such that On;_o = j;_2. We define
oi—1 =02, — 6(ni—2). Then §(0;_1) = 0y; so a; € BY(U', Z%9), as required.

(2) By Lemmal[T7(1) any open cover of Vj x S has a finite refinement of class (P), hence
the required result follows from (1). O

Let {Vi}32, be the exhaustion of U by open sets obtained in Lemma [[.4[2). By def-
inition, each Vj has the form V, = V x Ni, where Vp 1, € Uy, N € K are open, and
Nj, € Q for all k. Since Uy is an open polydisk in C", we may choose each 1} ;, to be an a
open polydisk as well.

DEFINITION 7.9 (see [GrRl Ch.IV]). We say that an analytic sheaf R on U satisfies the
Runge condition if the following holds for every k > 1:

(a) The space of sections I'(Vj, R) is endowed with a semi-norm |-|, such that I'(U, R)|y,
is dense in I'(Vg, R).

(b) There exist constants M}, > 0 such that for every f € I'(Viq1, R) we have |f]y, [¢ <
M| flr11- ) )

(c) If {f;} is a Cauchy sequence in I'(Viy1,R), then {f;|y, } has a limit in I'(V, R).

(d) If f € I'(Viy1, R) and [ f[g1 = 0, then f|y = 0.

Lemma 7.10 (see [GrR, Ch.IV] for the proof). Let R be an analytic sheaf on U. The
following is true:
(1) Suppose that H'(V},,R) =0 for alli > 1, k > 1. Then H'(U,R) = 0 for all i > 2.
(2) IfR satisfies the Runge condition and H*(Vy, R) = 0 for allk > 1, then H*(U,R) =
0.



ALGEBRAS OF HOLOMORPHIC FUNCTIONS 21

Lemma 7.11. The sheaf O|y satisfies the Runge condition.

Proof. For a given section f € I'(Vj, O) let us denote by f (w) € C the value of germ f(w)
at point w € V.

We endow each space I'(Vy, O) with semi-norm | f|, := sup,,cy, | f(w)|. Conditions (b)-
(d) are trivially satisfied. For the proof of (a), let us fix a section f € I'(Vy,O). By
definition, a section of sheaf O over Vj, := Vo,k x Ny is the restriction of a section of O
over an open neighbourhood of Vj,. In particular, there exists an open neighbourhood
L C K of Nj such that section f |‘7,c admits a bounded extension to VOJ€ x L. Since
Gq (D K) is a normal space, there exists a function p; € C(K) such that p; = 1 on Ny,
and p, =0 on K\ L. We set f := fp, € I'(Vox x K,0). Then function f determines
a holomorphic function f defined in a neighbourhood of ‘70,k with values in the Banach
space Cy(K) of bounded continuous functions on K endowed with sup-norm ||-||. We now
apply the Runge-type approximation theorem for Banach-valued holomorphic functions,
see [BuZ], to obtain that for every e > 0 there is a function F € O(Up, Cy(K)) such
that sup,cy, , /() — F(z)|| < e. Then E determines a function F € O(U) such that

supyey, |f(w) — F(w)| < e, which implies (a). O
Corollary 7.12. H{(U,O) =0 for all i > 1.
Proof. Follows from Lemmas [T.8|(2), [[.I0 and [Z.111 O

Lemma 7.13. Let B, R be analytic sheaves on U. Let Vj € Uy be an open polydisk,
S C K a closed subset. Suppose that sequence

¥
(7.14) B—R—0
1s exact. Then the sequence

g«

is also exact. Here q : Vi x S — Vj is the projection on the first component and q. is the
direct image functor.

Proof. We denote B := 4+ (Bl x5 R = 4+ (Rlvy x5 ¥ := gy1p. We have to show that ¢
is surjective. Given open subsets Wy C Vo, L C S by Wy, xz we denote the homomor-
phism of modules of sections I'(Wy x L,B) — I'(Wy x L,R) induced by v, and by ¥y,

the homomorphism of modules of sections I'(Wy, B) — I'(Wp, R) induced by . By the
definition of direct image sheaf (see, e.g., [Gun, Ch. F])

(7.16) T(Wy x S,B) = T'(Wp,B), T(Wy xS, R)=T(Wp,R).

To prove exactness of (ZI5)) it suffices to show that for every point zo € Vp, a neighNbour-
hood Wy C Vj of xo, and a section fy, € ['(Wy, R) there exists a section g, € I'(Wy, B)
over a neighbourhood Wy C Wy of xg such that Wiy, (Gzo) = fao i, -

Let fy, € T'(Wy x S,R) be the section corresponding to fxo under the second iso-
morphism in (7I6). By definition, a section of sheaf R over Wy x S is the restriction
of a section of R over an open neighbourhood of Wy x S. Therefore, shrinking W, if
necessary, we obtain that f,, can be extended to a section of R over Wy x M, where
M; C K is an open neighbourhood of S. Since %) is a surjective sheaf homomorphism,
for each point y € {zg} x M; there exist open sets Wy, C Wy, L, C M; and a section
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sy € I'(Woy x Ly, B) such that y € Wy, x L, and Yy, «r,(sy) = frolw,xL,- Since
space Ga (D M) is compact Hausdorff and, hence, is normal, there exists an open subset
My C My such that S C My, and My C M;y. Since M, is compact, there exist finitely
many points {y;}72; C S such that M, C UjLy,. We set I:yj = M Ly, for all j. There
exists a partition of unity {p;} C C(Ms) subordinate to {Eyj}. We define Wy := NiWo,,
and set

9o (2,1) Zp] M)sy; (z,1),  (2,n) € Wy x 8.

Then g, € [(Wy x My, B). We have

Yy, x5 (9o ) ZPJ Wox Ly, (sy;) Z/’foo‘woxLy = faolwyxs:

Let g,, denote the section in I‘(WO, B) corresponding to g, under the first isomorphism
in (CI6]). Then \If (o) = faolyy,» as required. O

DEFINITION 7.14. We say that an analytic sheaf R (on U) admits a free resolution of
length N > 1 over U if there exists an exact sequence

PN-1

2 ® ©0
(7.17) Fnly —= ... —= Foly — Fi|ly —R —=0,

where F; are free sheaves, i.e., sheaves of the form OF for some k& > 0 (by definition,
={0}).
Lemma 7.15. Let R be an analytic sheaf on U having a free resolution of length 3N

P3N-—1

P2 »1 ®o
(7.18) ./TgN’U — ... —>./72’U —>f1’U — R —0.

If N > n (= dimc Uy), then for each k the induced sequence of sections

1

_ BN 5 _ 5 _ 5 _
(7.19) T(Vi, F) = ... 22T (W, Fy) == T (Vi Fi) == T(V, R) —=0
18 exact.
Proof. Let us fix k > 1. Let ¢ : Vi — Vo be the projection, q(z,n) = z, (z,1) € Vj =
Voi X Nj (see notation before Definition [[.9]). Let ¢, denote the direct image functor; set
Fi = q(Fily,)s R = q:(Rly,), ¢i := qspi- Applying ¢. to (LI8) we obtain a complex of
sheaf homomorphisms

(7.20) P 2 AR

(a priori this sequence is not exact). By the definition of a direct image sheaf, the sequence
of sections of (Z.20) over Vj, truncated to the N-th term

(7.21) T(Vos, FN) — ... —=T(Vo, F1) —=T(Vor, R) —=0

coincides with sequence (7.19]). Hence, the assertion would follow once we proved that
sequence (Z.27]) is exact.
Now, exact sequence (7.18]) yields the collection of short exact sequences

(7.22) 0—Rily, —= Fily, —=Ri_aly, —0, 1<i<3N-—1,
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where R; :=Im ¢; (0 < i <3N — 1), Rp := R and ¢ stands for inclusion. We apply to
([Z22)) the direct image functor g, and Lemma [7.13] to obtain the collection of short exact
sequences (recall that g, is left exact, see, e.g., [Gun, Ch. F])

I A Pie
(7.23) 0T = Fi o m i —=0, 1<i<3N—1,

where 7; := ¢.R; (0 <i <3N — 1). An argument similar to that in the proof of Lemma
T8 implies H! (Vo 4, F;) =0,1>1,k>1,1<i < 3N. Hence, each short exact sequence
([723)) yields a long exact sequence of the form

0—=T Vo, T5) —T (Vo i) —T Vo, Tic1) —

H Vo, Ti) —= 0 —=H' (Vo Tic1) — H?(Vogo, T)) — ...
Thus, H™(Vo, Ti) = H™ (Vo i, Tig1), m > 1,1 < i < 3N — 2, and so
H" Vo, Ti) 2 H™ M (Vo o, Togg1), 1> —1
Let ustake m=1,1<i< N, [:=2n —2. Then
H Vo, To) 2 H* ' (Vo , Tizon—1), 1<i<N.

Since N > n, we have i+2n—1 < 3N—1for all 1 <4 < N; hence, ;12,1 is well defined for
all 1 <4 < N. Since topological dimension of Vg ;. is equal to 2n, H*" 1 (Vg ¢, Tivon—1) = 0;
therefore H 1(\707;,3,72) = 0,1 < i < N. Thus, we obtain the collection of short exact
sequences

0_>F(%,k77;)_>F(‘70,k7]:—i)_>r(‘70,k77;—1)_>07 1< SNv
which yields exactness of sequence (T.2I)). The proof is complete. O
Lemma 7.16. Let R be an analytic sheaf on U having a free resolution of length 3N

P3N-—1 P2 P1 ©0
(7.24) Jr3N’U — ... —>.F2’U—>f1’U—>R—>0.

If N > n, then R satisfies the Runge condition.

Proof. For a given section h of sheaf O™ |y by il(w) € C™ we denote the value of germ
h(w) at w € U. We have a short exact sequence

0—=Ker ¢g —L>.7-"1]Uﬁ>7€—>0,

where ¢ stands for inclusion. In the proof of Lemma [7.15] we have shown that, under the
present assumptions, for each £ > 1 the sequence of sections

0 —= (Vi Ker o) —= (Vi F1) —=T(Vi, R) —= 0

is exact. Given a section h € T'(Vy, Fp), F1 := O™ for some m1 € Z,, we define semi-
norm |h|y, := sup,ey, [[h(x)]|, where || - || is the Euclidean norm in C™!. Now, for a section
h € T'(Vi, R) we set

(7.25) ‘f‘k = I%f{’h‘k che P(Vk,fl),@o(}l) = f}

We obtain a family of semi-norms {|- | : & > 1} on I'(U,R). Let us show that for this
family of semi-norms conditions (a)-(d) of Definition [.9] are satisfied.

(a) Let f € T'(Vk, R). There exists a section h € I'(Vj, F1) such that f = @o(h). Using
the same argument as in the proof of Lemma [T.IT] we obtain that for any € > 0 there
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exists a section h € T(U, 1) such that |h — hl, < e. We set f := @o(h) € I'(U,R). By
definition, |f — f|x < &, as required.
(b) Let f € T'(Vz41,R). Since

{h € T(Viyr, 1), f = @o(W)} v, € {g € T(Vi, F1), fly, = #o(9)}
and |h|y < |h|gy1 for every h € T'(Vjy1, F1), condition (b) is satisfied with My =1 (k > 1)

(see (Z.23)).

(c) Let {f;} be a Cauchy sequence in I'(Vj.11,R). We must show that {f;|y; } has a limit
in the space (I'(Vi, R), |- |x). In fact, there exists a Cauchy sequence {h;} C I'(Vjp1, O™)
such that f; = @o(h;) for all j. Clearly, there exists a function h € O(Vj41,C™) N
C(Vj41,C™) such that
(7.26) sup [h(w) — hj(w)] =0 asj — oo.

weVi41
Then h € I'(Vy,,0™) and by (T.26) |h — hj|r — 0 as j — co. Now, we set f := @o(h) €
['(Vi,R), so by continuity |f — fj|x — 0 as j — oo.

(d) Let f € T(Vas1,R), [flrs+1 = 0. We must show that f|y, = 0. Indeed, by definition,
there exists a sequence of sections h; € T'(Vii1,F1) such that f = @o(hy) for all [ and
SUDu,eV 4 |hy(w)|| = 0 as I — co. Let g := hy — hy, I > 1. Then g; € T'(Viy1, Ker ) and

(7.27) Gi(w) = hy(w) uniformly in = w € Viyq as [ — oco.
Now, suppose to the contrary that f|y, # 0. Then hi|y, & I'(Vi, Ker ¢g).
Consider the second fragment of the free resolution of R:

(7.28) 0 —Ker ¢ —L>]:2|U L Ker wo —=0,

and the corresponding sequence of sections (see Lemma [T.15))

_ v _ %5} _
(7.29) 00— P(Vk+1, Ker (,01) — F(Vk—l—la fg) — P(Vk+1, Ker (,00) — 0,

where @1 is given by a matrix with entries in I'(V;41, O).
Recall that I'(Viy1, F2) is endowed with sup-norm

(7.30) 941 = sup [gW)ll, g € T(Vit, F2).

wEVk+1

Each section in the space I'(Vi41, F2) determines a continuous function on Vj; holomor-
phic in Vi, 1. Let A(Vj41, F2) denote the completion of the space of these functions with
respect to norm (Z.30)). Analogously, we endow the space I'(Vj41, F1) with sup-norm and
denote by A(Vi41,Ker ) the completion (with respect to this norm) of its subspace
I'(Vit1,Ker ¢g). Then (7.29) yields an exact sequence of Banach spaces

_ ©1 _
AVit1, F2) — A(Vi1, Ker pg) —0.

It follows from (Z.27)) that {g;}, where g; are viewed as functions in A(Vji1, Ker ),
is a Cauchy sequence and hence has a limit g € A(V,41,Ker p). Then there exists
r € A(Vjy1,F2) such that g = @1(r). Also, by Lemma we obtain that sequence
([728)) induces an exact sequence of sections

iy e1ly,

0—>F(Vk, Ker (,01) —I€>-F(Vk, fg) —>I-€P(Vk, Ker (po) —>O.
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Clearly, we have
A(Viesr, Fa)lgy, € (Vi Fo) and A(Vier, Ker go)ly, © D(Vi, Ker o).

Hence, rly. € T'(Vi, F2) and gly, = @1(rly, ) € T(Vi, Ker ¢g). Since, by our definition,
hily, = gly,, we have hy|y, € T'(Vi,Ker ¢p), which contradicts the assumption fly, #

0. O

Lemma 7.17. Let R be an analytic sheaf over U admitting a free resolution of length 4N
QAN —

(7.31) Funlu il... ﬁ>-]:2|Uﬂ>-]:1|Uﬂ>-7?,—>-0.

If N > n, and for each k the sequence of sections

(7.32) T(Vi, Fr) s D, Fo) 25 TV, Fr) 25 TV, R) —> 0
is exact, then the sequence of sections
(7.33) DU, Fn) == . 22T, Fo) 2o T(U, Fi) 22 T(U, R) — 0

is also exact.

Proof. Exact sequence (.31]) yields the collection of short exact sequences

Pi—
(7.34) 0—=Ri—=Fily —=Ri_1 —=0, 1<i<N-—1,

where R; :=Im ¢; (0 < i < N —1), Rp := R, and ¢ stands for inclusion. Recall that
the section functor I is left exact (see, e.g., [Gunl Ch.3]), hence we have the collection of
exact sequences

T Pi—1
0—=T(U,R;) —=T(U, Fi) —=T(U,Ri_1), 1<i<N—1.

It suffices to show that @;_; is surjective; this would imply that (7.33]) is exact.
It follows from the exactness of sequence (7.32)) that for each k the sequences

(7.35) 0T (Vi, Rs) —=T(Vie, Fi) S D (Vi Rict) —=0, 1<i< N1,

are exact. By Lemma [Z8 H'(V, F;) = 0, 1 < i < N, for all k > 1, therefore the long
exact sequence induced by (7.34]) over Vj, has the form

0—T(Vg, Ri) —T(Vi, Fi) —T(Vi, Ri1) —
H'(Vie,R)) —0—H'\(V,, Riz1) —H*(V;,, Ri) — ..., 1<i<N-1
Now it follows from (Z35) that H'(Vy,R;) =0forall k>1,1<i< N —1.
The long exact sequence induced by (7.34]) over U has the form
(7.36) 0—T(U,R;)—T(U, F;)—T(U,Ri—1) —
HYU,R;)) —H' U, F;) — H U, R;_) — H*(UR;))— ..., 1<i<N-1.

Each sheaf R;, 1 <i < N —1, has a free resolution of length 3N, hence by Lemma it
satisfies the Runge condition. It follows from Lemma [Z10] (2) that H'(U,R;) = 0 for all
1 <i< N —1. We obtain from (7.36]) that sequences

0—= (U, R:) =T (U, F) 2 D(U, Riy) —=0, 1<i<N-—1,

are exact, which implies exactness of sequence (7.33)). O
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Proof of Proposition [7.1]. (1) Follows from Lemmas and [7I7

(2) According to Lemma sheaf R satisfies the Runge condition. Hence, by Lemma
[Z.10 we only have to show that H*(V;,R) =0 for all i > 1 and k > 1.

Let V be an open cover of Vj, := Vo,k x K. Tt suffices to show that given an i-cocycle
o € ZY(V,R) (see notation before Lemma [T.8]) there exists a refinement V' of V such that
the image of o by the refinement map Z*(V, R) — Z*(V',R) belongs to B/(V',R).

By Lemma [Z.7(1) there exists a finite refinement U = {U,}, Uy := Uy x Lj, o = (1, ),
of cover V of class (P) (see Definition [7.0]). Let s = sy be the number of elements of & and
let N > max{n, s} be the length of the free resolution of R over U. By the definition of an
open cover of class (P), a section of sheaf R over an element U, of U admits an extension
to U, = ﬁo,l x Lj;, where ﬁo,l = ﬁol X oo X ﬁO" € Uy is a product domain such that each
ﬁé C C (1 <4 < n) is simply connected and has smooth boundary, and Uy ; = ‘70,k N UOJ.
By part (1) of the proposition, over each U, the sequence of sections U, corresponding to
(71) is exact (there we can take product domain ﬁo,l instead of polydisk Up). Hence, we
have a sequence of cochain complexes

CUFN)— ... —=CU,F1)—CU,R)—0.

By Lemmall7)(2) there exists a refinement U’ of cover U of class (P) of the same cardinality.
We have a commutative diagram with exact rows

CU,Fy) — ... —=CU,F1) — CU,R) —=0

|

CU,Fy) —...—=CU,F) —CU',R) —0

or, equivalently, the collection of commutative diagrams with exact rows

0——=CU,Rs) —=C U, F;) —=CU,Ri_1) —=0

|

0—— C(UI,RZ) C(UI,E) —— C'(ul,Ri_ﬂ — 0,

where R; :=Im ¢; (0 < i < N —1), Ry := R. In turn, each row yields the long exact
sequence

0—=T'(Vi, Ri) —T'(Vi, Fi) —T(V, Ri—1) —=
2

1 1 i 1 Vi 2 .
H (U,Rl)—>H (U,E)—>H (Z/[,Ri_l)—>H (Z/[,RZ)—>, 1§Z§N—1,

(and a similar one for U’), where H' (U, R;) := 2" (U, R;)/B' (U, R;) are the Cech cohomol-
ogy groups corresponding to cover . These sequences form the commutative diagram

! 1
= HY(U, R —— H(U, Fy) 22 H U, Reo1) e HL (U, Ry) —— .

’Yf‘ll ’YZHl
) @ty

(e} !
L HWU Rz S HPY (UL R ——

l
Ly

.. — H'U',R;) — H'U', F)
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where Lé, ’yll-_l, ’yZHl are the corresponding refinement maps.

We have to show that given o € H' (U,R), I > 1, there exists a refinement W of cover
U such that the image of o in H'(W,R) is zero. We construct this refinement using the
following algorithm.

Suppose that there exists a non-zero o € H! (Z/{ ,Ri—1). Consider the following case:

(*) 9T (o) = 0. Then there exists n € H'(U,F;) such that ¢ = ¢! | (n). We have
Al (o) = () ( (n)). By Lemma [.8 .} (H'(U, F;)) = 0, hence the image of o by the
refinement map v!_;(c) =0 € H/(U', R;_1).

We start with Rg = R assuming that there exists a non-zero ¢ € H' U, R), | > 1.
If case (*) occurs we set W := U'. For otherwise, there exists 2 < k < s such that
(T/JH_k o™ (o) = 0 € H** (U, Ry). (Indeed, assuming the opposite we obtain
a non-zero element of H H'S(Z/{,Rs); however, since the cardinality of U is s, we have
H™5(U,R) = 0, a contradiction.) Thus case (*) occurs for & := (T/JH_k Lo ozZ)lH)( ) in
stead of o which implies that the image of 6 under the refinement map H l+k YU, Ri—1) —
HF =11, Ry_1) is zero. Further, starting with cover U’ (instead of U) and applying
consequently case (*) to images of ( é+p ot (o), p=k —2,...,1, under the cor-
responding refinement maps we finally obtam the required refinement W of U such that
the image of o under the refinement map H'(U,Ro) — H'(W, Ry) is zero. O

7.3. Proof of Proposition The proof is based on the following lemma.

Lemma 7.18. Let Uy € C" be an open polydisk, and K1, Ko € Q. Let R be an analytic
sheaf over Uy x (K1 U Ksg). Let xy € Uy.

Suppose that for every N > 1 sheaf R admits free resolutions of length N over Uy x K3
and Uy x Ko. Then for any open subsets Ly € Ky, Ly € Ko such that L; € Q (i =1,2)
there exists an open meighbourhood Vo C Uy of xg such that for every N > 1 sheaf R
admits a free resolution of length N over Vy x (L1 U Lo).

We prove Lemma [ 18] in the next subsection but now we use it in the proof of the
proposition.

Proof of Proposition[7.3. Let Uy € C™ be an open polydisk, zg € Up. Since sets p—(Up)
and Uy x G, are biholomorphic (see subsection [4.2)), it suffices to prove the proposition for
a coherent sheaf A over Uy x Gy.

By the definition of a coherent sheaf (see (2.4])), there exists a finite open cover of
{zo} x G, by sets Wo,i x L;, where Wy ; C Uy is an open neighbourhood of zg, U;L; = Ga,
and for every N > 1 sheaf A admits free resolutions of length NV over each Wy ; x L;.

By Lemma [[3] there exists a collection of finite refinements

Lm)y={Lf:Lfen 1<j<m}, k>1,

of open cover {L;} such that Lk“ S Lk forall1<j<m, k>1.

Let k = 1. We apply Lemmamm sheaf.A with Ky := L |, Ko:= Ll Ly:=1L2% |,
Ly = Lfn_l to obtain an open neighbourhood Vg := Vp ,, C M;Wy; of g such that for
each N > 1 sheaf A has a free resolution of length N over Vj ,, x (L?n JUL2 ).

Next, we set

Ek(m - 1) = {Llf7 o Lm 25 fn—l}? Z—’fn—l = Lfn—l U Lfna k > 2.
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Taking k& = 2 we apply an argument similar to the above to the cover £2(m — 1)
of G, obtaining that for each N > 1 sheaf A has a free resolution of length N over
Vo,m—1 X (Lf’n_2 U Lf’n_l) for some open neighbourhood Vp ,,—1 C Vo of 2g. Then we
define

LFm —2):={Lk ... Lk . Lk oy, LF _,:=1LF ULl k>3, etc.

m—3» m—1
After m — 1 steps we obtain that there exists an open neighbourhood Vp1 C N;Wy; of
xo such that for each N > 1 sheaf A has a free resolution over Vj; x G, as required. [

7.4. Proof of Lemma [7.18. We will use the following notation.

Let My« (C) be the space of [ x k matrices C' = (¢;;) with entries ¢;; € C endowed with
norm |C| := max{|cij|}i-’j:1. We set M (C) := Mgxx(C).

Let GL,(C) € Mg(C) be the group of invertible matrices. We denote by I = I}, €
GL(C) the identity matrix.

Let Uy C C™ be an open polydisk, K € 9; set U := Uy x K. The space O(U, My (C))
of holomorphic M} (C)-valued functions is endowed with norm

|Fllu == sup [F(z)|, Fe€O(U, Mi(C)).
xre

The subset O(U, GLi(C)) € O(U, My(C)) of holomorphic GLj(C)-valued maps on U has
the induced topology of uniform convergence on compact subsets of U (see Lemma [7.4)(2)).

The identity map (z,w) — I, (z,w) € U, will be denoted also by I.

Lemma 7.19. Let U := Uy x K', U" := Uy x K", where K', K" € Q. Suppose that
H € O(U' NnU",GLk(C)) belongs to the connected component of the identity map I in
OU' N U",GLy(C)).
Then for any open polydisk Vo @ Uy and open subsets L' @ K', L @ K" there exists
a function H' € O(V' UV" GL(C)), where V' := Vo x L', V" := Vi x L”, such that
H'|yinyr = Hlviayn.
Proof. We may assume without loss of generality that polydisks Vp, Uy are centered at the
origin 0 € C™. .
First, suppose that ||[[—H ||y/ny» < 5. Then we can define F :=log H = — 32, (I_].H)J
oV N V", M,(C)) N C(V' N V" M(C)). Let us show that there exists a function
F' € O(V'U V" Mg(C) such that F'|ysqyn = Flyays. Indeed, we can expand the
C(L' N L, Mg(C))-valued holomorphic function F(z,-) in the Taylor series about 0,

€

[o¢]
F(zm) = bmn)z™, z€Vy, nel'nL",
m=0

where by, € C(L' N L", M;(C)) and V; is an open neighbourhood of V;. Note that L' U L"”
is compact (as a closed subspace of compact space G’a), and hence is normal. Therefore,
using the Tietze—Urysohn extension theorem, we can extend each b, to a function b €
C(L' U L", My(C)) such that sup,,c /i [bm(w)| = sup,eisoir [bm(w)|. Then we define

Fl'(z,w) = Z b(w)2™, z€Vy, welL' UL
m=0

(Since the above series converges uniformly on relatively compact subsets of Vo, F' €
O(V' U V", My(C) and satisfies the required condition.)
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Now, we set H' := exp(F’) € O(V' UV",GL;(C)) completing the proof of the lemma
in this case.

Further, let H € O(U' N U",GL(C)) be an arbitrary GL(C)-valued bounded holo-
morphic map belonging to the connected component of the identity map I of O(U "N
U",GLi(C)).

Let us show that H|yny» can be presented in the form

(7.37) H|ynyr = H - H',
where each H' € O(V' N V" GL(C)), 1 <i <, satisfies
- 1
(7.38) 1 = H vy < 5.
In fact, since H belongs to the connected component of the identity map I, there exists

a continuous path H; € O(U' N U”,GLk(C)) (t € [0,1]) such that Ho = I, Hy = H.
Consider a partition 0 =ty < t; < --- < ¢; = 1 of the unit interval [0, 1], and define

Hi(z,w) = H ' (z,0)Hy, (z,w), (z,w)eV' NV’ 1<i<l,

ti—1

which gives us identity (Z.37). Provided that maxj<;<;—1 |ti11 — t;| is sufficiently small,
inequality (Z.38]) holds for all 1 < i <.

Now, according to the first case there exist (H') € O(V' U V" GLy(C)) such that
(HY|yiqyr = Hyiqyn. We define H' := (H') - (H'Y. O

Corollary 7.20. In the notation of Lemma[7.19, for any open polydisk Vi € Uy and open
subsets L' € K', L" € K" there exist functions k' € O(V',GLi(C)), h" € O(V",GL(C))
such that

H=Wn, onV'nVv"
Proof. Let H € O(V'UV" GLk(C)) be as in Lemma [.T9. Since H'|y/qyr = H|yiayr,

we can choose h' := H'|y+, b := 1. O

Lemma 7.21. Any analytic homomorphism ¢ : (9|lfj — (9|ZU is determined by a holomor-
phic function ® € (’)(U, Mlxk((C)).

The proof follows directly from the definitions.

DEFINITION 7.22 (see [Lem]). Let R, B;, 1 <1i < N, be analytic sheaves over U. We say
that a sequence

(7.39) By — ... —=By—B;—R—0
is completely exact if for any m > 1 the sequence of sections
['(U,Homp (O™, By)) —= ... —=T(U, Homp (O™, B1)) —=T'(U, Homp (0™, R)) —= 0
or, equivalently,
(7.40) nu,By)— ... —=I'UB")—TIUR"™)—0,

is exact.

Here B/" and R™ stand for the direct product of m copies of B; and R, respectively,
and Homp (O™, B;), Homp (O™, R) are the sheaves of germs of analytic homomorphisms
O™ — B;, O™ — R, respectively.
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Note that if sequence (7.40]) is exact for m = 1, then it is exact for all m > 1.
The next two lemmas are due to Lempert [Lem)].

Lemma 7.23. Let B, C be analytic sheaves on U. If sequence B = C — 0 is com-
pletely exact, and ¢ : OF|y — C is an analytic homomorphism, then there is an analytic
homomorphism, 1 : OF|yy — B such that ¢ = 1.

Proof. We can take v in the preimage of ¢ under the surjective homomorphism
5 : T(U, Homp (0%, B)) — T'(U, Home (O, C))
induced by v (see Definition [T.22]). O

Lemma 7.24 (Three lemma). Let A, B and C be analytic sheaves on U. Suppose that
sequence

0—AB 0

is completely exact. If two among A, B and C have free resolutions of length N +n, where
n :=dimc Uy, N > n + 2, then the third has a free resolution of length N —n — 1.

For the sake of completeness, we provide the proof of the lemma in the Appendix; but
now we will use it in the proof of Lemma [T.18]

Proof of Lemma [7.18 We denote Uy := Uy x K1, Uy := Uy x Ky. Let N > n+1. Consider
free resolutions of R of length M > 4N,

(7.41) Okl — = OMily ZL Ry —=0, i=1,2.

Consider the end portions of (T.41]):
(7.42) OFily, Zo Ry, —=0, i=1,2.

Let U := Uy x (K1 U K3). We denote by m; : OF|y @ OF2|; — Oy, i = 1,2, the natural
projection homomorphisms.

First, let us show that there exists an injective analytic homomorphism H : OF|y @
OF2|; — OF1 |y @ OF2|y such that a7 H = agmy. By Proposition [TI((1) sequence (7.41)
truncated to the N-th term (and, hence, sequence ([.42])) is completely exact. By Lemma
[[.23] we can factor ay = ant), as = agp on Up N Uy for some analytic homomorphisms
Y OMgno, — OF2lune,, @ @ OF2 |y ruy — OFt|yyaw,. Now, identifying sheaf homo-
morphisms 1, ¢ with the holomorphic matrix functions that determine them (see Lemma

[.27]), we define

I I, 0\
H=("h k1 > € O(U; NUs, GLi(C)),
<0 Ik2><1/1 Ik, (U1 N T2, GLi(D))

where k := k1 + ko. It is immediate that aym H = agme. The map H belongs to the
connected component of the identity map in O(U; NUsz, GLi(C)). Indeed, consider a path
H; € O(Ul N UQ,GLk((C)) (t S [O, 1]),

-1
0 Ik)z t Ik)z ’

so that Hy = I, H = H.
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Next, let L; € K;, L; € Q (i = 1,2) and Vj € Uy be an open polydisk, xg € V. Let
L™ e Q (i =1,2), m > 1, be the collection of open subsets of K; such that L; € L;”H S
L™ e K; for all m > 1 (i = 1,2) obtained in Lemma [T.4)(3).

Let {Vg"} be a collection of open polydisks such that Vo € Vg™ € V" € Uy for all
m > 1.

We set V™ := V" x L", Vi :=Vo x L; (1 =1,2), m > 1.

We now amalgamate the free resolutions of R over V; U Vs.

Let m = 1. By Corollary there exist functions h; € O(Vi!, GLk(C)) (i = 1,2) such
that H = h1hy on Vll N V21. Since aym H = aomo, the sheaf homomorphisms

aymihy : Ok1’V11 D Ok2’V11 —>R’V11 —0,

-1
0427T2h2 : Ok1’V21 D Ok2’V21 —>R’V21 —0
coincide over Vi N V4}; they induce an analytic homomorphism
o O © OF2| —TR|
: Viuvg Viuvy Viuvy
Let R; := Ker a. The sequence
k1 ko «
0—Ralyauvy —= O lvauvy ® O [yagyy —Rlyagyy —0

is completely exact over sets Vi' and V' since sequences (7.42)) are. By Lemma the
analytic sheaf Ry has free resolutions over Vi' and V3 (of length 4N — 2n — 1) because
two other sheaves have.

Provided that M was chosen sufficiently large, we can repeat this construction N — 1
times over subsets V™, V5™, 1 < m < N — 1, obtaining in the end a free resolution of R
over V; U V5 having length N. Since Vg, L1, Lo and N were arbitrary, the required result
follows. 0

8. PROOF OF THEOREM

Proof. Let yo := F(2¢) for some zy € M. Then yg € X 1, for some Hy € T (see subsection
[41). Also, yo is contained in a coordinate chart f[(Uo,K ) C ¢eX. In what follows, we
identify ﬂ(Uo, K) with Uy x K, see subsection [4.2] so that yo = (29, 7o) for some xy € Uy,
no € K. Let mx : Uy x K — K be the natural projection. Then for each h € C'(K) the
pullback h = (7x)*h € O(Uy, K) and is constant on subsets Uy x {n} for all n € K. Since
F is a holomorphic map, F*h is holomorphic on open subset F~1(Uy x K) C M. Since
the complex conjugate hx of hx also belongs to O(Uy, K), the function F*hx = F*hg
is holomorphic on F~1(Uy x K) as well. Therefore, F*hy must be locally constant. Let
W C M be the connected component of F~(Uy x K) containing zp; then F*hy = h(np)
on W.

Now, let us show that F(W) C Uy x {n} C Xp,. Indeed, there exist open subsets
Ly C K (A € A) such that ng € Ly for all A and NyepaLy = {no}. Since G, is a compact
space and each subset L) is open in éa, for every A there exists a continuous partition
of unity subordinate to the open cover {Ly,Gq \ {no}} of G4. We denote by hy € C(K)
the restriction to K of the element of the partition of unity with support in Ly. Then
0 <hy<1 hx(no) =1, ha(n) =0 on K \ Ly. Since F*(h))x = hx(no) = 1 for all \, we
obtain that F (W) C Uy x Ly for all \; hence, F(W) C Uy X NyepaLy = Uy x {no} C XHO.
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We have established that every pomt in M has a neighbourhood W such that F(W) C
Xy for some H € Y. Since XH1 N XH2 = @ if Hy # Hs and M is connected, the latter
implies that F'(M) C X H, for a certain Hy and completes the proof of the theorem. [

9. APPENDIX

The proof of Proposition 7] essentially repeats the proof of an analogous result for
coherent analytic sheaves on complex manifolds, see, e.g., [GR].
The proofs of the other results of this section follow closely the arguments in [Lem)].

9.1. Proof of Proposition @7l First, let A be a coherent subsheaf of OF and let U € B
(see (@4)). By Lemma [T.4)(2) there exist open sets Vi € B such that V}, € V41 € U
for all k, and U = Ui Vj. We endow space I'(U,.A) of sections of sheaf A over U with
the topology of uniform convergence on Vj, for all k. Then I'(U, A) becomes a metrizable
vector space. We have to show that space I'(U, A) is complete, i.e., it is a Fréchet space.

It is easy to see that space I'(U, OF) endowed with such topology is complete. Since A
is coherent, we may assume that there exists a free resolution (2.4]) of A over U of length
4N, N > n := dim¢ Xy. Therefore, we have a short exact sequence

0 —Ker <p—L>(9m|U—SD>A|U—>0,

where ¢ denotes the inclusion. In the proof of Proposition [.I[1) we have shown that the
sequence of sections

(9.1) 0—=T(U, Ker o) —=T(U, 0™) <> T(U, A) —0

is exact (see Lemmas and [LI7). By our assumption I'(U,.A) C T'(U, O%). By Lemma
21 the T(U, ©)-module homomorphism @ : I'(U,0™) — I'(U,OF) is determined by a
k x m matrix with entries in O(U), hence it is continuous; further, 7 is continuous. Since
sequence (@) is exact, I'(U,Ker ¢) = Ker ¢, hence T'(U,Ker ¢) is closed. Therefore,
I'(U, A), being a quotient of a complete space by its closed subspace, is a complete space.

We note that by the open mapping theorem the topology on I'(U,.A) coincides with the
quotient topology determined by (O.1).

Now, let A be an arbitrary coherent sheaf on ¢, X. Similarly, we have a free resolution
24) of A over a neighbourhood U of length 4N, N > n, which yields a short exact
sequence of sheaves

(9.2) 0—Ker ¢ —= O™y —= Al —= 0
and an exact sequence of sections
(9.3) 0—= (U, Ker @) —=T(U, O™) = T(U, A) — 0.

Using Lemma [7.24] (Three lemma), we obtain that Ker ¢ is a coherent subsheaf of O™|,
so by the previous part the subspace I'(U, Ker ¢) C T'(U, O™) is closed. We introduce in
I'(U, A) the quotient topology defined by (9.3) which makes it a complete (i.e., Fréchet)
space and also implies the last assertion of the proposition concerning the family of semi-
norms determining the topology in I'(U, A).
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Let us show that thus defined topology on I'(U, .A) does not depend on the choice of
resolution ([9.2)). Suppose that there is another resolution

0 —Ker gpl—L>(9m,|Ui>A|U—>0.

By Lemma there is a homomorphism ¢ : O™|;; — O™ |y such that the diagram of
exact sequences of sheaves

Om‘U v A’U 0
dfl A
o™y d Aly 0

is commutative. Therefore, we have a commutative diagram

r(U,0™) —2 = T(U, A) 0
J A
r(w,om) —2 . 1, A) 0

of exact sequences of sections. By our construction ¢, ¢’ are continuous and surjective, v is
continuous as a homomorphism of sections of free sheaves. By the open mapping theorem
the preimage of an open set by A™! = @ o () "' o (@')~! is open, so A is continuous and,
hence, it is a homeomorphism.

Finally, let v : A — B be an analytic homomorphism. Let us show that v is continuous.
Analogously to the previous part applying Lemma we obtain a commutative diagram
of exact sequences of sheaves which yields a commutative diagram of exact sequences

r(U,0m) —2 ~T(U,A) 0
P 3
(U, 0™y —2—T(U, B) 0.

As before, the continuity of 4 can be deduced from the continuity of the other homomor-
phisms in the diagram. This completes the proof of the proposition.

9.2. Proof of Lemma [7.24. We will need the following lemmas.

Lemma 9.1. Let A be an analytic sheaf on U that admits a free resolution of length N

ON_
(9.4) fN|UL>1...£>]:2|Uﬂ>]:1|Uﬁ>A—>O.

Given a completely exact sequence of analytic sheaves B; on U, 0 <7 < N,

BN - B B
(9.5) By o2 . By e B e By —0

a sheaf homomorphism ®q : A — By can be extended to a homomorphism ®; : Fj|y — B;

(0 < j < N) of sequences (94), (9.53).
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Proof. The proof is by induction. We put ¢_1 := 0, f_1 := 0. Suppose that for 0 <
j <r,r <N —1 the homomorphisms ®; : F;|yy — B; have been constructed, so that
Q;_1pj—1 = Bj—1®;. If r = N —1, then we are done. For < N —1 we have 3,_1(®,¢,) =
®,._ 10,19, = 0. The sequence

I'(U,Homo(F,41,Br41)) — ... —T'(U,Homp(F4+1,Bp)) —=0

is exact since (@.0)) is completely exact (see Definition[7.22]), hence there is a homomorphism
®,.1 € I'(U,Homp (Fyr41, Br41)) such that ®,.p, = 5,P,+1 over U, as required. O

Lemma 9.2. Given a free resolution (93) of an analytic sheaf A on U of length N the
sheaf Ker ¢,—1 =Im ¢, on U, 1 <n < N —1, has a free resolution of length N —n.

Proof. Follows immediately from Definition [.T4] of a free resolution of an analytic sheaf.
]

Lemma 9.3. Let Ay be an analytic sheaf over U. Suppose that for a given N > 1 there
erists a completely exact sequence of analytic sheaves A; on U, 1 < i < 2N + 2,

Qpr—1 i (o)
(9.6) A2N+2—> —>A1—>./40—>0

such that sheaves A;, 1 < i < 2N + 2, have free resolutions of length n + N, where
n = dimgc Uy. Then Ay has a free resolution of length N.
Proof. Let M := 2N + 2.

(1) First, we construct a completely exact sequence of length M — 2 of the form

Bar— B B
(9.7) BM_Q L? —2>-82 —1>812>./40—>0,

where B; = Ok\U for some k > 0 is a free sheaf and Bi, 2 < k < M — 2, are analytic
sheaves on U having free resolutions of length N +n — 1. Let

Wi
FoiNg— .. —=F1p— A —=0

be a free resolution of Ay, 1 < k < M. By Lemma [0.Tl there exist analytic homomorphisms
1y, such that the diagram

0 0 0
(9.8) Ay — . 1 “ Ax = Ao 0
wp w2 w1
Fg 2 L m, M Ay
is commutative. Let us show that the sequence
(9.9) Fi,m @ Ker wM_lﬁi;l e g]ﬁ,z @ Ker wq i]:l,l iAO —0

truncated to term Fi p—2®Ker wyr—3 is completely exact. Here By := apw1, 1 1= Y1 —t1,
where ¢}, : Ker wy, < Fj j is an inclusion, and Sy = (¢ @ Yp—1)(Vr — k), k > 2.
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Indeed, we apply to (O.8]) and (@.9) left exact functor I'(U, Homp (&, -)), where £ is a
free sheaf. Let
A :=T(U,Homp (€, Ax)), (0<k< M),
Fk = F(Uv HomO(ngl,k))’ (1 < k < M)

Then we obtain commutative diagrams of abelian groups

(9.10)
0 0 0
AM apr—1 ‘ az A2 a A1 ag AO 0
w N w2 w1

Py — 2t o P Fy n £

and
bar—1 ba b1 b

(9.11) Fy @ Ker wyo1 — ... — F», & Ker w; — F} =% Ay —=0.

Note that complete exactness of sequence ([0.9)) truncated to term Fi p—o @ Ker wpr—3 is
equivalent by definition to the exactness of sequence (@.I]) truncated to term Fj;_o @
Ker wys_3. By Definition the middle row of (@I0) is exact. Also, by Proposition
[TI(1) each wg, 1 < k < M, is surjective, so the columns of (9.I0) are exact. Hence, we
have analogous identities

(9.12) bo = apw1, b1 =p1—i1, by = (ix B pr—1)Pr — k),

where i : Ker wy — FJ is an inclusion. Let us show that (O.I1]) is exact up to term
Fyr_o @ Ker wps_3. First, note that by is surjective because both ag and w; are. Second,
if £ € Ker by, then wq(§) € Ker ag = Im a1 = Im a;we = Im wyp;. Here we have used the
fact that wsy is surjective. Let w;(§) = wi(p1(€)) and 7 := p1(¢) — & € Ker wy, so that
& =01((,7) € Im by. Third, if 1 <k < M — 3, and (£,n) € Ker by, = Ker (py — i), then
n = pr(§) and 0 = wk(pk(§)) = ar(wi4+1(£)); hence wy11(§) € Im ag41 = Im apr1wi42 =
Im wgi1pr+1. Choose ¢ so that wiy1(§) = wrr1(Pr+1(€)). Then 7 := pr1(¢) — & €
Ker wy11. We conclude that (£,7) = bg11((,7) € Im b1, i.e., sequence ([@.I1)) is indeed
exact up to term F;_o @ Ker wps_3.

Now, by Lemma each Fj @ Ker wi_1 has a free resolution of length N +n — 1.
Hence, if we take

By:=Fi1, =P80 Brp:=Fipr®Kerwp1, 2<k<M-2,
we obtain the required completely exact sequence ([0.7)).

(2) Now, consider completely exact sequence obtained from (©.7)),

Bar— B B
By Ll —2>B2—1>Ker go—>=0.

Applying case (1) to this sequence we obtain that there is a completely exact sequence

€1
DM_4—>- N —>D3 —>D2 — Ker &0 —>O,
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where D5 is a free sheaf, and each sheaf Dy, 3 < k < M — 4, has a free resolution of length
N + n — 2. Therefore, we have a completely exact sequence

DM_4—> —>’D3—>’Dgi>81—>./40—>0.

Continuing in this way (applying a similar argument to resolution of Ker 1, etc.) we
finally obtain a free resolution of Ay of length N. O

Proof of Lemma[7.24 We can assume that A C B and that 3 is the inclusion map.

(a) If A and B have free resolutions of length N + n, then Lemma implies that C
has a free resolution of length N (and, in particular, of length N —n — 1).

Consider two remaining cases. Sheaf C has a free resolution of length N + n,
(9.13) Fin—> o —=F| —=C—=0

for some open Vjj C Up. By Proposition [T.I(1) sequence (0.I3)) is completely exact. By
Lemma [.23] there is a commutative diagram

(9.14) 0 A B

Let ¢ : Ker ¢ — F; denote the inclusion. Let us show that the sequence

o b1
(9.15) 0—Ker p o A Fi —=B—>0

is completely exact.
We apply functor I'(U,Homp (&, -)) to ([@14) and ([@QI5), where £ is a free sheaf. We
obtain diagrams of abelian groups

0
b c
0 A B o 0
oy
Fy
and
0] b—
(9.16) 0—=Ker fLe A Fi -2~ B—>0.

The first diagram is commutative, its top row is exact (see Definition [7.22]). By Proposition
[TI(1) we may assume that f is surjective. The latter sequence is a complex and is exact at
Ker f. We have to check that it is exact at the next two terms. If ({,7) € Ker (b—p) then
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p(n) = b(§) =& 0= cp(n)) = f(n). Thus, n € Ker f and (§,n) = (p@i)(n) € Im (p& i),
hence (9.I6]) is exact in the middle term. On the other hand, if ¢ € B, then with some
nek

ie.,
¢ +p(n) =& € Ker c= A.
Thus, ( =& —p(n) € Im (b — p). We obtain that sequence (9.I6)) is exact, hence sequence

(@I5) is completely exact.
Note that by Lemma Ker ¢ has a free resolution of length N +n — 1.

(b) The sheaf A @ F; has a free resolution of length N +n — 1 over Uy x K. By Lemma
sheaf B has a free resolution of length N — 1 over Uy x K (in particular, of length
N—n-1).

(c) We may assume that B has a free resolution of length N +n — 1 over Vj x K. Since
Ker ¢ has a free resolution of length N +n — 1, by (b) A @ F has a free resolution of
length N — 1. Since sequence 0 - F - A& F — A — 0 is completely exact as F is a
free sheaf (see Corollary [[.12]), we obtain by part (a) that .4 has a free resolution of length
N—n—1. g
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