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ON UNIFORM SUBALGEBRAS OF L>* ON THE UNIT CIRCLE
GENERATED BY ALMOST PERIODIC FUNCTIONS

A. BRUDNYI AND D. KINZEBULATOV

ABSTRACT. Analogs of almost periodic functions for the unit circle are introduced.
Certain uniform algebras generated by such functions are studied, the corona theo-
rems for them are proved, and their maximal ideal spaces are described.

§1. FORMULATION OF MAIN RESULTS

1.1. The classical almost periodic functions on the real line, as first introduced by
H. Bohr in the 1920s, play an important role in various areas of analysis. In the present
paper we define analogs of almost periodic functions on the unit circle. We study certain
uniform algebras generated by such functions. In particular, in these terms we describe
some uniform subalgebras of the algebra H*® of bounded holomorphic functions on the
open unit disk D C C that, in a sense, have the weakest possible discontinuities on the
boundary 90D.

To formulate the main results of the paper, we start with recalling the definition of
an almost periodic function; see [B].

Definition 1.1. A continuous function f : R — C is said to be almost periodic if, for any
€ > 0, there exists [(€) > 0 such that for every ¢y € R the interval [to, %o + I(€)] contains
at least one number 7 for which

lf(t) — f(t+7) <e forall te€R.

It is well known that every almost periodic function f is uniformly continuous and
is the uniform limit of a sequence of exponential polynomials {¢,}nen, where g, (t) :=
Sohey Cen€nt ey, € C, App €R, 1 <k < n,and i:=+/—1

In what follows we consider dD with the counterclockwise orientation. For tg € R, let
Ve (8) = {eiltotkt) . 0 <t <s<2r} COD, ke {—1,1}, be two open arcs having e’
as the right or the left endpoint relative to the chosen orientation, respectively.

We define almost periodic functions on open arcs of dD.

Definition 1.2. A continuous function fi : v (s) — C, k € {—1,1}, is said to be almost
periodic if the function fj, : (—00,0) — C, fr(t) := fr(e/otkse)) g the restriction of an
almost periodic function on R.
Example 1.3. In the sense of this definition, the function eMlogtt’?, A € R, where

log, (eltotk)y . —In¢, 0<t<2m, ke{-1,1},

is almost periodic on 7,1 (27) = 7,1 (27).
0
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By SAP(0D) C L*°(9D) we denote the uniform subalgebra of functions f such that
for each ¢ty and any € > 0 there is a number s := s(tg,€) € (0,7) and almost periodic
functions fi : v (s) — C, k € {—1,1}, such that
(1.1) esssup |f(z) — fi(z)] <e and esssup |f(z) — f_1(2)] <e.

zE’yt[l)(s) zE’yta1(s)

Let S C 0D be a nonempty closed subset. By SAP(S) C SAP(9D) we denote the

uniform algebra of functions belonging to SAP (D) and continuous on dD \ S.

Remark 1.4. Note that each algebra SAP({z}), z € S*, contains a proper subalgebra
isomorphic to the algebra of semi-almost periodic functions first introduced by Sarason
[S] (see also [Sp)).

We fix a real continuous function g on Ved (27) such that
: ity _ - ity _
Jm g(e®) =1, lim g(e”) =0,
and g(e™) is monotone decreasing for 0 < ¢t < 2. We set gy, (et) := g(e?(to+1),

Theorem 1.5. The algebra SAP(S) is the uniform closure in L>(9D) of the algebra of
complex polynomials in variables g¢, and e 1o8 JAER, et e S ke {-1,1}.

Let ¢ : 0D — 0D be a C'-diffeomorphism. We denote by ¢* : L>(0D) — L°°(dD),
¢*(f) := f o ¢, the pullback by ¢ and put S := ¢(S5). As a consequence of Theorem 1.5,
we obtain the following.

Corollary 1.6. ¢* maps SAP(S) isomorphically onto SAP(S).

1.2. We say that a complex-valued function g € L°°(9D) has a discontinuity of the first
kind at xq if the one-sided limits of g at x( exist but have distinct values. For a closed
subset S C 9D, we denote by Rg C L*°(9D) the uniform algebra of complex functions
allowing discontinuities of the first kind at points of S and continuous on D \ S. The
elements of Rg are often referred to as regulated functions [D]. Clearly, Rg — SAP(S).
Also, we shall show (see Lemma 3.1 below) that Rg is the uniform closure of the algebra
generated by all possible subalgebras Rr with finite F' C S.

Let M(SAP(S)) be the mazimal ideal space of SAP(S), that is, the space of all
characters (= nonzero homomorphisms SAP(S) — C) on SAP(S) equipped with the
weak*-topology (also known as the Gelfand topology) inherited from (SAP(S))*. By
definition, M(SAP(S)) is a compact Hausdorff space. The main result formulated in
this section describes the topological structure of M(SAP(S)).

Consider the continuous embeddings of uniform algebras

C(0D) — Rgs — SAP(S).

The maps dual to these embeddings determine continuous surjective maps of the corre-
sponding maximal ideal spaces:

M(SAP(S)) =% M(Rs) =5 M(C(0D)) = oD.

Theorem 1.7. (1) For each z € S, the preimage cgl(z) consists of two points z
and z_, which are identified naturally with the counterclockwise and clockwise
orientations of 0D at z.

(2) cs: M(Rs)\ cg'(S) — OD\ S is a homeomorphism.

(3) cg'(S) € M(Rs) is a totally disconnected compact Hausdorff space.

(4) For each ¢ € cg'(S), the preimage rg' (€) is homeomorphic to the Bohr compact-
ification bR of R.
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FIGURE 1. For a given S = {z1, 22, 23, 24}, ¢s is a homeomorphism of
M(Rs)\ {21+, 21—, 224, 22—, 234, 23—, 24y, 24— } and 0D\ {z1, 22, 23, 24},
where cg(ziy) = cs(zi—) = 2.

FIGURE 2. Given an n point set S, the maximal ideal space M(SAP(S))
is the union of D \ S and 2n Bohr compactifications of R that can be
viewed as infinite-dimensional “tori”; the spirals joining the arcs and the
tori indicate (figuratively) that the topology of the Bohr compactifica-
tions affects the topology of the arcs.
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(5) The map s : M(SAP(S)) \ (cs org)~1(S) — M(Rs)\ cg'(S) = oD\ S is a
homeomorphism.

We recall that bR is a compact Abelian topological group homeomorphic to the maxi-
mal ideal space of the algebra of continuous almost periodic functions on R. Also, (2)—(5)
imply straitforwardly that

(6) the covering dimension of M(SAP(S)) is oo;
(7) for a continuous map ¢ : T — (cs org) 1(S) of a connected topological space T,
there is a point & € cg'(S) such that ¢(T) C rg'(€).

1.3. Let Ay C H denote the disk-algebra, i.e., the algebra of functions continuous on
the closure D and holomorphic in . Also, by f|ap we denote the boundary values of
f € C(D) (in case they exist). In the present part we describe the uniform subalgebras
of H* generated by almost periodic functions. These subalgebras contain Ay and have,
in a sense, the weakest possible discontinuities on 9D.

Suppose that S contains at least 2 points. Let Ag C H*> denote the uniform closure
of the algebra generated by Ay and by the holomorphic functions of the form ef, where
Ref|op is a finite linear combination with real coefficients of characteristic functions
of closed arcs whose endpoints belong to S. If S consists of a single point, we define
Ag C H* to be the uniform closure of the algebra generated by Ay and the functions
geM, X\ € R, where Ref|op is the characteristic function of a closed arc with an endpoint
at S and g € Ay is a function such that gef has discontinuity on S only. In the following
result we naturally identify Ag and H*® with the algebras of their boundary values.

Theorem 1.8.
As =SAP(S)n H*™.

Remark 1.9. Suppose that F C 0D contains at least 2 points. Let e € Ag, X € R,
where Re f is the characteristic function of an arc [z,y] with z,y € S. Let ¢y, : D — Hy
be the bilinear map onto the upper half-plane that maps x to 0, the midpoint of the arc
[z,y] to 1, and y to co. Then there is a constant C' such that

ekf(z) — 6_%1‘0‘% ¢w,y(z)+)\c’ z € D’

where Log denotes the principal branch of the logarithmic function. Thus, by Theorem
1.8, the algebra SAP(S)N H® is the uniform closure of the algebra generated by Ay and
the functions e*(0g°¢=) N\ e R, 2,y € S.

The following example shows that if S is an infinite set, then Ag does not coincide with
the uniform algebra generated by the functions ef with Ref € Rs (the corresponding
arguments are presented in Subsection 4.3).

Example 1.10. Assume that a closed subset S C 0D contains —1, 1, and a sequence
{e*}en, ti € (0,7/2), converging to 1. Let {ay }ren be a sequence of positive numbers
satisfying 2;021 ar = 1. Let x denote the characteristic function of the arc v, := {e® :
tr <t <m}. Consider the function

u(z) := Zak)(k(z), z € OD.
k=1

Clearly, u € Rg. Let h be a holomorphic function on D such that Re h|sp = u. Then
el € H>® \ Ag. However, for any f € Ag with f(1) =0 we have fe € Ag.
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Remark 1.11. It seems to be natural that a function f € H* has the weakest possible
discontinuities on 9D if f|op € Rg. However, from the classical Lindeléf theorem [L] it
follows that, in fact, any such f belongs to Ag. Moreover, the same conclusion is obtained
even from the fact that Ref|ap € Rg for f € H*. In particular, if f is holomorphic on
D and Ref|sp is well defined and belongs to Rg \ C(dD), then f ¢ H>.! Nevertheless,
we have ef € H*, which partly explains the choice of the object of our research.

Let M(Ag) be the maximal ideal space of Ag. Since the evaluation functionals z(f) :=
f(z), z €D, f € Ag, belong to M(Ag), and Ag separates the points on D, there is a
continuous embedding is : D — M(Ag). In the sequel we identify D with ¢g(ID). Then
the following corona theorem is true.

Theorem 1.12. D is dense in M(Ag).

Remark 1.13. Recall that the corona theorem is equivalent to the following statement
(see, e.g., [G, Chapter V]):

For any collection of functions f1,..., f, € Ag satisfying the corona condition
1.2 ; >6>0 D
(1.2) max [f;(2)] 28>0, z€D,
there exist functions g1, ..., g, € Ag such that
(1.3) Jigi -+ fagn = 1.

Finally, we formulate some results on the structure of M(Ag). Since Ay — Ag, there
is a continuous surjection

ags : M(AS) — M(AO) )

of maximal ideal spaces. Recall that the Silov boundary of Ag is the smallest compact
subset K C M(Ag) such that

sup [ f(2)| = sup [f(§)]

zEM(As) feK

for each f € Ag. Here we assume that every f € Ag is also defined on M(Ag); its
extension to M(Ag) \ D is given by the Gelfand transform f(§) := &(f), £ € M(Ag).

Theorem 1.14. (1) as : M(Ag) \ ag'(S) — D\ S is a homeomorphism.
(2) The Silov boundary Kg of Ag is naturally homeomorphic to M(SAP(S)). Under
the identification of Ks and M(SAP(S)), we have as|kxs = rgocs.
(3) For each z € S, the preimage a;l(z) is homeomorphic to the mazimal ideal space
of the algebra APo(X) of uniformly continuous almost periodic functions defined

on the strip ¥ :={z € C : Imz € [0,7]} and holomorphic at the interior points
of X.

In the next section we describe the topological structure of the maximal ideal space
M(AP» (X)) of APo(X). We show that this space is equipped with a natural “complex
structure”. Similarly, each fiber agl(z)7 z € S, has a natural complex structure so that
the homeomorphisms in Theorem 1.14 (3) are analytic with respect to these structures.

In a forthcoming paper we shall present similar results for algebras of bounded holo-
morphic functions on an open polydisk that are generated by almost periodic functions.

n this case flap € BMO(9D) with [|f|lmoapy < cl|Reflopllre apy for some absolute constant
c>0.
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§2. THE MAXIMAL IDEAL SPACE OF THE ALGEBRA APy (X)

2.1. The construction presented below is rather general and makes sense for Galois
coverings of complex manifolds with boundaries (cf. [Br]). However, we restrict ourselves
to the case of coverings of annuli related to the subject of our paper.

Consider the annulus R := {z € C: ¢ 2™ < |z| < 1}. Its universal covering can be
identified with ¥ so that e : ¥ — R, e(z) := €2, 2z € ¥, is the covering map. We can
also regard X as a principal bundle on R with fiber Z (see, e.g., [H] for the corresponding
topological definitions). To specify, consider a cover of R by compact simply connected
sets U; and Us. Then e 1(Ug) can be identified with Uy x Z, k = 1,2. Also, there
is a continuous map ci2 : U3 N Uy — Z such that R is isomorphic (in the category of
complex manifolds with boundaries) to the quotient space of (U; x Z) U (Uz x Z) under
the following equivalence relation:

Ui XxZ > (z,n) ~ (z,n+c12(2)) €Uy xZ forall ze U NUz and n € Z.

Let bZ be the Bohr compactification of Z. Then the action of Z on itself by translations
extends naturally to the action on bZ: £ — £+ n, £ € bZ, n € Z. Let E(R,bZ) denote
the principal bundle on R with fiber bZ defined as the quotient of (U; x bZ) Ll (Uz x bZ)
under the following equivalence relation:

Up X VZ > (2,6) ~ (2,€ + c12(2)) € Uz x bZ for all z € Uy NUz and & € bZ.

Clearly, E(R,bZ) is a compact Hausdorff space in the quotient topology induced by that
of (Uy x bZ) U (U x bZ). Also, the projection p : E(R,bZ) — R is determined by the
natural projections Uy x bZ — Uy, k = 1,2, onto the first coordinate.

Next, the natural local injections Uy X Z — Uy X bZ, k = 1,2, determine an injection
io : ¥ — E(R,bZ) such that p oig = e. Moreover, ig(X) is dense in E(R,bZ), because
Z is dense in bZ (in the topology of bZ). Similarly, we can define an injection ¢ : ¥ <—
E(R,VZ), £ € bZ, by the formula is((z,n)) := (2,6 +n), 2 € Ug, n € Z, k = 1,2.
Since, by definition, £ + Z is dense in bZ, the image i¢(X) is dense in E(R, bZ) for any &.
Moreover, E(R,bZ) = Ugie(32), where the union is taken over all £ whose images in the
quotient group bZ/Z are mutually distinct. Observe also that every i¢ is a continuous
map and locally is an embedding.

Definition 2.1. A continuous function f on E(R,bZ) is said to be holomorphic if every
function f oi¢ is holomorphic at the interior points of X.

We denote by O(E(R,bZ)) C C(E(R,bZ)) the Banach algebra of holomorphic func-
tions on E(R, bZ).

Remark 2.2. By using a normal family argument and the fact that i¢(X) is dense in
E(R,bZ), it can easily be shown that f € C(E(R,bZ)) is holomorphic if and only if there
is £ € bZ such that f oi¢ is holomorphic at the interior points of X.

2.2. We recall that f € APp(X) if f is uniformly continuous with respect to the Eu-
clidean metric on ¥, holomorphic at the interior points of ¥, and its restriction to each

straight line parallel to the x-axis is almost periodic. In the following lemma we identify
¥ with i¢(X) C E(R,bZ).

Lemma 2.3. Every f € APo(X) admits a continuous extension up to a holomorphic

function f on E(R,bZ). Moreover, the correspondence AP»(¥) — O(E(R,bZ)), [ — f,
determines an isomorphism of Banach algebras.

Proof. By using the Pontryagin duality [P], it is easy to show that the closure of Z in
bR, the Bohr compactification of R, is isomorphic to bZ. In particular, the restrictions to
Z of almost periodic functions on R are almost periodic functions on Z, and the algebra
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generated by the extensions of such functions to bZ separates points on bZ. In a natural
way, we identify every p~!(Uy) with Uy x bZ and every e~ ! (Uy) with Uy x Z (C Uy, x bZ),
k = 1,2, and regard fl.-1(v,), f € APo(X), as a bounded function f, € C(Uy x Z).
Then:

(a) fr is holomorphic at the interior points of Uy X Z;

(b) fk is uniformly continuous on Uy x Z with respect to the metric r(vy,vs) =
|21 — 22| 4+ |n1 — na| on Uy x Z, where v = (21,n1), v2 = (22,n2) € Uy X Z, and
| - | is the Euclidean norm on C;

(¢) frl{zyxz is almost periodic on Z for every z € U.

To prove the lemma, it suffices to show that

(1) there is a continuous function Fr on Uy x bZ such that fk|Uk><Z = fx, for every
& € bZ the function ﬁc|ka{§} is holomorphic at the interior points of Uy, and
SUPy, x bz |fr] = SUPy, xz | x|

(2) if f € O(E(R,VZ)), then f|x € APo(X).

(1) Since for every z € Uy the function fi.(n) := fi(z,n) is almost periodic on Z, there
is a continuous function sz on bZ that extends fr,. We set fk(z £) = sz (&), € € VZ, and
prove that fk is continuous. Indeed, take a point w = (z, &) € Uy xbZ and a number € > 0.
By the uniform continuity of f, there is § > 0 such that for any pair of points v; = (21, n)
and ve = (z2,n) in Uy X Z with |21 — 22| < 0 we have |f(z1,n)— f(z2,n)| < €/3. We define
a neighborhood U, of z € Uy, by U, := {2z’ € Uy, : |z — 2’| < §}. By the definition of sz,
there is a neighborhood Us C bZ of £ such that |ﬁz(n) - sz(f)| < €/3 for any n € Ue.
Consider U,, := U, x Ug. Then U, is an open neighborhood of w € Uy, x bZ. Note that
frz — frz is an almost periodic function on Z and for any 2’ € U, its supremum norm is
less than €/3. This implies that |sz (n) — Froar (n)| < €/2 for each n € bZ. In particular,
for any (x,n) € U, we have

i, m) = Fe(z. O < |Fra(n) = Frz(n)] + iz () = Jra(€)] < e

This shows that ﬁ is continuous at every w € Uy X bZ.

Now, we show that ﬂUkX{E} is holomorphic at the interior points of Uy for every
£ € bZ.

Since fk is uniformly continuous on the compact set Uy x bZ, for any € > 0 there is
ne € Z such that sup, ¢, |fk(z &) — fr(z,n)| < e. In particular, fk( €) is the limit in
C(Uy) of the sequence { fk( n1/1) }i>1 of bounded continuous functions holomorphic on

the interior of Ug. Thus, fk|ka{§} is also holomorphic on the interior of Uy.

The identity supy, vz | ful = supy, «z | fx| follows directly from the definition of -
This completes the proof of (1).

(2) Suppose that f € O(E(R,bZ)). We must show that f|s € AP»(X). For this, it
suffices to show that the function f|; is almost periodic for every line L := {z € C
Imz =t € [0,7]}. (The uniform continuity of f|x with respect to the Euclidean metric on
C follows easily from the uniform continuity of f on E(R,bZ).) By definition, the image
S:=e(L) C Risacircle, and e|r, : L — S is the universal covering. Consider the compact
set p~1(S) C E(R,bZ). Since the function flp—1(s) is continuous and bZ C bR, for any
€ > 0 a finite open cover (V;,)1<n<m of S by sets homeomorphic to open intervals in R
can be found, together with continuous almost periodic functions f, on L, 1 <n < m,
such that

(2.1) sup  |fn(2) — f(2)] <e
z€e™H(Vy)
1<n<m
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Let {pn}1<n<m be a continuous partition of unity subordinate to (V;,)1<n<m. We pull
it back to L by e and denote by g, (:=e*py), 1 <n < m, the resulting functions. Since
each p, is periodic on L, it is almost periodic. We define a function f. on L by the
formula

n=1
Then, clearly, fc is a continuous almost periodic function on L, and
sup | fe(z) — f(2)] <€
z€L

by (2.1). This shows that f admits uniform approximation on L by continuous almost
periodic functions, whence f|, is almost periodic.
The lemma is proved. g

2.3. In this part we prove the corona theorem for the algebra AP»(X). Recall that

M(APy (X)) stands for its maximal ideal space. It is well known that every f € AP»(X)

can be approximated uniformly on ¥ by polynomials in e**, A € R (see, e.g., [JT]).

Then, using the inverse limit construction for maximal ideal spaces of uniform algebras

(see [R]), we see that a base of the topology of M(APy(X)) is generated by the functions

e"?. Namely, the base of the topology on M(APp (X)) consists of open sets of the form
Ui, - A€ €) == {n € M(APo(%)) : max lex, (n) —ex, (§)] <€},

1<k<1
where e, is the extension of e** to M(APn (X)) via the Gelfand transformation.
Theorem 2.4. X is dense in M(APo(X)) in the Gelfand topology.

Proof. Assume that the corona theorem is not true for AP»(X), that is, ¥ is not dense in
M(AP»(X)). Then there exists £ € M(APop (X)) and its neighborhood U(Aq, ..., A\, &, €)
such that

UM, .., &8 e)Ncd(X) = o;

here cl(X) is the closure of ¥ in M(APp(X)). Denoting ¢, := ey, (€), 1 <k <, we have
(2.2) max e —¢p| >e>0 forall z€X.

1<k<I
Clearly, every function e*+* — ¢;, 1 < k < I, has at least one zero in . (Indeed,
otherwise, if, say, e*** — ¢, has no zeros on X, then the function gp(2) := 1/(e**** — ¢z),
z € X, obviously belongs to AP»(X) and gi(z)(e**** — ¢) = 1 for all z € X, which
contradicts our assumption.) In particular, since the solutions of the equation
= Ck, )‘k 7é 0,

ei)\kz

are given by
ilnlcg|  Arger + 27s
T Ak ’
they all belong to ¥. Next, without loss of generality we may assume that all \; are
positive. Indeed, if some )y is strictly negative, we can replace the function e**+* — ¢}, by
e nRE é (observe that ¢ # 0 by the above argument); then the new family of functions

s €7,

also satisfies (2.2) (possibly with a different €) and the extensions of these functions to
M(AP» (X)) vanish at €. Since all these functions have zeros in ¥ and satisfy (2.2) there,
we have

max le?e2 — ¢y >€>0 forall z € Hy,
1<k<
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where H, C C is the open upper half-plane, and all e**** — ¢;, Ay € R, are almost
periodic on Hy. The above inequality and the Bottcher corona theorem (see [B6]) imply
that there exist holomorphic almost periodic functions gy, ..., g; on H; such that

!
ng(z)(ei)"“z —c;) =1 forall z€ H,.
k=1

Thus, taking the restrictions of these functions to ¥, we obtain a contradiction to our
assumption.
This completes the proof of the corona theorem for APn(X). ]

Corollary 2.5. E(R,VZ) is homeomorphic to M(APp(X)).

Proof. By Lemma 2.3, there exists a continuous embedding i of E(R, bZ) in M(APp(X)).
Since ¥ is dense in E(R,bZ) and i(X) is dense in M(AP» (X)) by the corona theorem, i
is a homeomorphism. O

Remark 2.6. (1) In accordance with our construction, the closure of R in E(R, bZ) coin-
cides with bR. In fact, this closure is E(9D, bZ), the principal bundle on D with fiber
bZ obtained as the restriction of E(R,bZ) to dD. Since R is homotopically equivalent to
0D, the covering homotopy theorem shows that E(R, bZ) is homotopically equivalent to
bR = E(OD, bZ).

(2) Observe also that the covering dimension of bR is oo, because bR is the inverse
limit of real tori whose dimensions go to oo. Therefore, the covering dimension of
M(AP» (X)) = E(R,bZ) is also co.

(3) Finally, it is easy to show that the Silov boundary of APo(X) is E(R,bZ)|or, the
restriction of F(R,bZ) to the boundary R of R, and is homeomorphic to bR U bR.

83. PROOFS OF THEOREMS 1.5, 1.7 AND COROLLARY 1.6

3.1. Proof of Theorem 1.5. Let f € SAP(S). Since 0D is a compact set, for any
€ > 0 there are finitely many points z := e € 9D, numbers s; € (0,7), and almost
periodic functions f} : Ve (s1) = C, ke {-1,1}, 1 <1 < n, such that

C=

(31 (51) U (1)) = 9D\ {z1,.... 20} and

(3.1) =1 . .
esssup |f(z) — fi(2)] < 5o esssup 1f(2) — fLi(2)] < 3
ZGthl(Sz) Zevtl—l(Sz)

forall1 <1< n. Weset U; := ;1 (s1) Uy, (s1)U{z}. Then U = (U;)}, is a finite open
cover of dD. Let {p;}j~; be a continuous partition of unity subordinate to U and such
that supp p; CC U; and pi(z;) = 1, 1 <1 < n. Consider the functions f; on 9D \ {z}
defined by the formulas

fiz) = {Pl(z)fll(z) if 2 €7, (s1),
C (2)fl(2) if 2z €y (s1).

Since f; is continuous outside z; and coincides with f'; and f! in a neighborhood of z,
f1 belongs to SAP(S). Moreover,

(32) 1F =D fllecom) < 5-

1=1

Thus, to prove the theorem it suffices to approximate every f; by polynomials in g;, and
AL

e ke {-1,1}, A eR.
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First, suppose that z; € S. Since f is continuous outside the compact set S, we can
choose the above cover U and the family of functions { f}" }1<m<n, k € {—1,1}, so that in
U, the two functions fi, k € {—1,1}, have the same limit at z;. This implies the continuity
of f; on D. Next, consider the uniform algebra C(gy,) over C generated by the function
gt,- Since by our definition g¢;, separates points on 9D \ {z}, the maximal ideal space
of C(g¢,) is homeomorphic to the closed interval (0D \ {#}) U {z}, k € {—1,1}, with
endpoints z;1 and z;-1 identified with the counterclockwise and clockwise orientations
at z;. Clearly, every continuous function on 9D extends to the maximal ideal space of
C(g+,) as a continuous function having the same values at z;1 and z;-1. Thus, by the
Stone—Weierstrass theorem, f; can be uniformly approximated on 0D \ {z;} by complex
polynomials in g,.

Now, suppose that z; € S. Choose some s € (0, s;). Let SAP . ;(s) denote the uniform
algebra of complex continuous functions on 9D \ {z} almost periodic on the open arcs
Yer(s), k € {~1,1}. (Since s € (0,7), the closures of these arcs are disjoint.) We denote
by My.,3(s) the maximal ideal space of SAP1(s). Then 0D\ {2} is dense in My 3(s)
(in the Gelfand topology). Note that the space M., (s) is constructed as follows.

Consider the Bohr compactification bR of R. We identify the negative ray R_ in
R C bR with v, (s) C D via the map t — eiltitse’) ¢ ¢ R_. Similarly, consider
another copy of bR and identify R_(C R) in this copy with v;,_,(s) C 0D via the map

t— ei(tl*“f’), t € R_. The identified sets are equipped with the topology induced from
bR, and on 9D\ (yz,_, (s) Uz, (s)) the topology is induced from 9D. Then, under these
identifications, the quotient space of bR L bR LI D) coincides with M.y (s).

Next, we recall that, by definition, the algebra SAP({z;}) is the uniform closure in
C(OD \ {z}) of the algebra generated by the algebras SAPy.y(s), s € (0,5). Let
M(SAP({z})) denote the maximal ideal space of SAP({z;}). Since for any s” < s
we have inclusions isvs @ SAPy.1(s") < SAPy.1(s”), the space M(SAP({2})) is the
inverse limit of the spaces My;,(s) (here the maps psrge @ My 3 (") — My y(s)
in the definition of this limit are defined as the maps dual to isrg). Also, 9D\ {z}
is dense in M(SAP({z})) in the Gelfand topology. Since, by definition, the func-

iA IOgtlk

tions fi, e and g, admit continuous extensions (denoted by the same symbols)
iXlog, &

to M(SAP({z})), it suffices to show that the extended functions e ik gy, sepa-
rate points on M(SAP({#})). Then we can apply the Stone—Weierstrass theorem to

. . . i 1 .
get a complex polynomial p; in the variables et and gy, that approximates f; on

M(SAP({z})) uniformly with an error less that ¢/2n. Therefore, > ;" | p; will approxi-
mate f in L°°(0D) with an error less than e.

So, we show that the functions eMlog”f, gt, separate points on M(SAP({z})). Let
ps + M(SAP({z1})) — My.,;(s) denote the continuous surjection determined by the
inverse limit construction. First, we consider distinct points z,y € M(SAP({z})) for
which there is s € (0, s;) such that ps(x) and ps(y) are distinct and belong to one of the
Bohr compactifications of R in M., (s), say, to the compactification obtained by gluing

R_ with 7, (s). Since in this case the functions ™% extended to bR are identified

A oon R, ey := €29 the classical Bohr

o log,

with the extensions to bR of the functions cyse

theorem says that for some Ay € R the extension of e i to bR separates ps(x) and
ps(y). Thus, the extension of 1% o M(SAP({z})) separates = and y.

Suppose now that = and y are such that ps(z) and ps(y) belong to different Bohr
compactifications of R for all s. This implies that x and y are limit points of the sets
’yt;cm(s) and g (s) for some s € (0,s;), with k(z) # k(y) and k(z),k(y) € {—1,1}.
Then the function ¢, is equal to 1 at one of the points x, y and to 0 at the other point.
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Finally, assume that x € M(SAP({#})) \ 0D and y € dD \ {z}. Then g, (z) is
equal either to 0 or to 1, and g4, (y) differs from these numbers because g, is monotone
decreasing on 0D\ {z;}.

Thus, we have proved that the family of functions ei)\ to8f , gt, separates points on
M(SAP({z})). This completes the proof of the theorem. O

3.2. Proof of Corollary 1.6. By Theorem 1.5, it suffices to check that for the functions
gt, and eMlogt’S, A ER, zg:= et € §:=¢(S), k € {—1,1}, the corresponding functions
?*(gt,) and f = d)*(eMlog‘t’?) belong to SAP(S). Since gi, € Ry}, the statement
is trivial for ¢*(g+,). Without loss of generality we may assume that ¢ preserves the
orientation on dD. Let e := ¢~ (). Then we have

p(eifott)y = ¢iltot() ¢ ¢ [0, 27,

where ¢ : [0,27] — [0,27] is a C'-diffeomorphism and ¢(0) = 0. We set ¢ := ¢'(0). By
the definition on the open arcs vz (s), for t € (—00,0) we obtain

f(t) — f(ei(foJrkset)) _ ei/\ln(d;(set)) — i In(cse’+o(se’)) _ i3 In(es)+o(1)) Hit
as s — 0.
Since f is continuous outside ei®, this implies that f € SAP(S). a
3.3. Proof of Theorem 1.7. We begin with the following statement.

Lemma 3.1. The algebra Rg is the uniform closure of the algebra generated by the
algebras Ry, for all possible z € S.

(For S = 0D, a similar statement was proved for the first time by Dieudonne [D].)

Proof. Consider a regulated function f € Rg. Since 0D is a compact set, the definition
of Rg implies that for any € > 0 there are finitely many points z; := ¢t € 9D, numbers
s, € (0,7), and constant functions f} : fyt;c(sl) —C, ke{-1,1}, 1 <1< mn, such that

s

(-1 (51) U (1)) = 9D\ {z1,. .., 20} and
1

esssup |f(z) — fi(2)| <€, esssup |f(z)— fLi(2)] <e
ZEthl(SL) ZE’Ytl—l(Sl)

1

forall1 <1< n. Weset U := ;1 (s1) U’Ytlfl(S[) U{z}. Then U = (U;)}, is a finite open
cover of OD. Let {p;}]; be a continuous partition of unity subordinate to U and such
that supp p; CC U; and pi(z) = 1, 1 <1 < n. Consider the functions f; on 9D \ {z}
defined by the formulas

pi(2)fLi(z) if 2 €y, (s1),
filz) = ; . :
a()f() if 2 €y (50).
If z; € S, then f; € Ry, by definition. If 2; ¢ S, then, since f is continuous outside the
compact set S, we can choose the above cover U and the family of functions { " }1<m<n,

k € {—1,1}, so that in U, the two functions f}, k € {—1,1}, have the same limit at 2.
This implies the continuity of f; on dD; i.e., f; € Ry.,;. Also, we have

n
1F =" fille~(om) <.

1=1
This completes the proof of the lemma. O
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Let Fy C F» be finite subsets of S. Then we have the natural injection ip, f, : Ry, —
Rp,. Passing to the map dual to i, f,, we obtain a continuous map pg, r, : M(Rp,) —
M(Rp,) of the corresponding maximal ideal spaces. Now the family {(M(Rp,),
M(RE,),pr ) P crycs determines an inverse limit system whose limit coincides with
M(Rs) by Lemma 3.1. By pr : M(Rs) — M(RF), where F' C S is finite, we denote
the limit maps determined by this limit. Then

(3.3) CF OPF = CS.

Suppose F' consists of n points. Then 9D \ F is a disjoint union of open arcs 7,
1 < k < n. Consider a real function gr on JD that has discontinuities of the first kind
at points of F, is continuous outside F', and is such that gp : 0D\ F' — R is an injection
and gp(OD\ F) is the union of open intervals whose closures are mutually disjoint. Then
an argument similar to that in the proof of Theorem 1.5 (see the case of z; ¢ S there)
shows that Rp = C(gr), the uniform algebra in L>°(9D) generated by gp. This implies
that M(Rp) is naturally homeomorphic to the disjoint union of the closures 7, of v,
1<k <mn,and cp: M(Rp) — 0D maps every 7 in this union identically to v, C ID.
Since cp is continuous, for every z € F the preimage c}l(z) consists of two points z4 and
z_ that can be identified naturally with the counterclockwise and clockwise orientations
of D at z. Thus, we obtain proofs of statements (1)—(3) of the theorem for a finite
subset F' C S. To prove the general case, we use (3.3).

Assume that for some z € 9D the preimage cgl(z) contains at least three points x1,
9, and x3. Then, by the definition of the inverse limit, there is a finite subset F' C S
such that pp(z1), pr(z2), and pp(x3) are distinet points in M(Rp). Since by (3.3) the
images of these points under c¢p coincide with z, the case settled above for M(Rp) shows
that c}l(z) consists of at most two points, a contradiction. Thus, cgl(z) consists of at
most 2 points for every z € dD.

Now, assume that z € S. Let FF C S be a finite subset containing z. Then the
preimage c,' () consists of two points. Since cg'(z) = pr'(cz'(2)) by (3.3), the preimage
cgl(z) also consists of two points. (As before, they can be identified naturally with the
counterclockwise and clockwise orientations of 0D at z.)

This proves statement (1) of the theorem.

Next, cg'(z) is a single point for z ¢ S. (Otherwise, for some finite F the set c5'(z)
consists of at least 2 points, a contradiction.) Since cgl(S ) is compact, the latter implies
that cg : M(Rg) \ cg'(S) — 0D\ S is a homeomorphism.

The proof of statement (2) is complete.

To prove (3), we assume that S is infinite (for finite S the statement has already been
proved). Let F' C S be a finite subset consisting of n points, n > 2. Let 0D\ F be the
disjoint union of open arcs y;, 1 < k < n. Let x,, denote the characteristic function
of 7. Then every x,, belongs to Rr. The same symbols will denote the continuous
extensions of x~, to M(Rp) via the Gelfand transformation. We define a continuous
map Kp : M(Rp) — Zo(F) := {0,1}" by the formula

KF(m) = (X'Yl(m)""7X'Yn(m))7 mEM(RF)
Setting Z(S) := [[pcg Z2(F), we introduce a map Ks : M(Rs) — Z(S) by the formula
Ks(m) :={Kr(pr(m))}rcs.

We equip Z(S) with the Tychonoff topology. Then Z(S) is a totally disconnected compact
Hausdorff space, and the map Kg is continuous.
We show that ’C5|c§1(5) :¢g'(S) — Z(9) is an injection. Indeed, for distinct points

z, ¥y in cgl(S ) there exists a finite subset F' C S consisting of at least two points and
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such that pp(z) # pr(y) and pr(z),pr(y) € ci' (F). Then, by the definition of the map
Kr, we have

Kr(pr(x)) # Kr(pr(y)).
This implies that Kg(z) # Ks(y). Since cgl(S ) is a compact set, injectivity implies that
cg'(9) is homeomorphic to Ks(cg'(S)). The latter space is totally disconnected, being
a compact subset of the totally disconnected space Z(S5).

This completes the proof of (3).

(4) In accordance with (3.2), the maximal ideal space M(SAP(S)) of the algebra
SAP(S) is homeomorphic to the inverse limit of the compact spaces M(SAP(F')) with
F C S finite. Let pp, g, : M(SAP(Fy)) — M(SAP(F1)), Fi C Fy, be continuous maps
determining this limit, and let pp : M(SAP(S)) — M(SAP(F)) be the corresponding
limit maps. Since each SAP(F) is a selfadjoint algebra, 0D \ F is dense in M(SAP(F))
by the Stone-Weierstrass theorem. Hence, pp, r, and pr are surjective maps.

We begin with the description of M(SAP(F')). Suppose that F := {z1,...,2,} and
F; := F\ {2z}, 1 <i<mn. Consider the disjoint union

X = || (MEAP(=)\ F).

Note that each component of X contains 0D\ F as an open subset. By h; : 0D\ F —
M(SAP({z;})) \ F; we denote the corresponding embeddings. Then for each z € 9D\ F
we sew together the points h;(z), 1 <14 < n, and identify the resulting point with z. As
a result, we obtain a quotient space X of X and a “sewing” map m: X — X. We equip
X with the quotient topology:

UcX isopen < 7 Y(U)CX isopen.
Lemma 3.2. X is homeomorphic to M(SAP(F)).

Proof. By definition, each V; := m(M(SAP({z;}))\ F;) is an open subset of X homeomor-
phic to M(SAP({z})) \ F;. Since the latter spaces are Hausdorff, X is also Hausdorff.
We cover 9D by closed arcs 71, ..., 7, such that v; N F = {z;}, 1 <1i <n, and denote by
7i the closure of ; in M(SAP({z;})). Then 7; is a compact subset of M(SAP({z;}))\ F3,
and U; := 7(7;) is a compact subset of V. It is easily seen that X = Ui<i<nU;. Thus, X
is a compact space. Next, by (3.2), each function in SAP(F') extends continuously to X ,

and the algebra of these extensions separates points on X. Hence, X is homeomorphic
to M(SAP(F)) by the Stone-Weierstrass theorem. O

As a consequence of the above construction, we immediately obtain the following
statement.
Let Fy C F5 be finite subsets of S. Consider the commutative diagram

M(SAP(S)) = (Rs) =% 0D

’rr | "F2 | |
(3.4) M(SAP(F)) 2 M(Rp,) =2 oD
P | PRLE | |

CFy

M(SAP(F)) 2% M(Rp) 25 oD.

Here pr, = Prr, © PR, and pr, = prF, © pr,. We set Fy := (cp orp ) L(F1) and
S; = (cp, orp) " 1(S), i =1,2. Then
(A)

§F1F2 : ﬁ;‘}Fg (Fl) — F
is a homeomorphism; and
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(B)
CFy OTFy

MSAP(F )\ S =" oD\ §

PFiFy
—

M(SAP(F))\ S,
are the identity maps.
Recalling the definition of the inverse limit, we see that
(A1)
PF 55}11(?71) — R
is a homeomorphism; and
(B1)

pry CF 0T Fy

M(SAP(S))\ (cg ors) 1 (S) 25 M(SAP(F))\ S 5™ oD\ S
are the identity maps.
Now, assume that F; = {z} C S. Then, by Theorem 1.5 (1), the set c}ll (Fy) = cg'(F1)
consists of two points {z;} and {z_} identified with the counterclockwise and clockwise

orientations at z. Thus, to prove (4) we must show (by (3.4) and statements (A), (Al))
that each set 7"{;1} (z+) is homeomorphic to bR.

For this, we recall that in the proof of Theorem 1.5 we established that M (SAP({z}))
is the inverse limit of the maximal ideal spaces My.y(s) of the algebras SAPy.y(s) of
continuous functions on 9D\ {z} almost periodic on the open arcs v« (s), where z := e
and s € (0, 7). Also in that proof, the structure of each M., (s) was described.

For every pair 0 < s” < 5" < m, let pory : My4(s") — M.1(s") be the continuous
surjective map dual to the embedding isrs : SAPf.y(s") < SAP.3(s”). From the
proof of Theorem 1.5 we know that every M.} (s) is obtained by gluing 0D \ {2z} with
two copies of bR, where one copy (denoted by bR;) is obtained by gluing with = (s)
and another copy (denoted by bR_;) is obtained by gluing with ~;-1(s). Suppose that
§ € bRy C Myy(s”). We compute pyrgr(§) € DRy C My;3(s"). Let {zo} C v (s”) be
a net converging to . This means that the net {¢,/(z,)} C R_ converges to £ in the
topology of the Bohr compactification on bR; here ¢z is the map inverse to the map
Vot R_ = 41 (8"), 2 — elt+5"¢") Next, by definition, the net {¢ (zq)} converges to
psvsr(€). A straightforward computation shows that

!/

Os (20) = Ps(24) +In (%) for all z,.

Thus, we have
!/

S
(3.5) pers(€) =€+ 1n (?) € € bR;.
Here the sum refers to the group operation on bR. Similarly,
S/
(3.6) Pos(©) =€+ (), E€R 1.

Using these formulas, now we prove that each r{_zl} (z4) is homeomorphic to bR. We
shall prove the statement for z; (for z_ the argument is similar).

For a fixed sy € (0,7), consider the limit map p,, : M(SAP({2})) — My.}(s0). Then
Ps, MAPS r{_zl} (z4) into X, := bRy C My.y(s0). Moreover, by definition, r{_zl} (z4) is the
inverse limit of the system {(Xg», Xo,psrs)}, where we write X for bRy C M. (s).
Since, in accordance with (3.5), every pgry : Xov — Xy is a homeomorphism (even an
automorphism of bR), the definition of the inverse limit shows that p, : 7"{_;} (z24) — X,
is a homeomorphism.

This completes the proof of statement (4).

(5) This follows from (B1) and Theorem 1.7 (2).
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The proof of Theorem 1.7 is complete. O

Remark 3.3. Tt is well known that the covering dimension of bR is oo, because this group
is the inverse limit of compact Abelian Lie groups whose dimensions tend to co. Since
bR C M(SAP(S)), the covering dimension of M(SAP(S)) is also infinite (statement (6)).
Also, statement (7) follows from the fact that cg'(S) is totally disconnected. Indeed,
the image of rg o ¢ is a single point for a continuous map ¢ : T'— (cs o rg)~1(S) of a
connected topological space T'. This implies the claim.

§4. PROOFS OF THEOREM 1.8 AND EXAMPLE 1.10

4.1. In this section we formulate and prove some auxiliary results used in the proof of
the theorem.

Notation. Let zy € 0D, and lei U, be the intersection of an open disk of radius not
exceeding 1 centered at zg with D\ {z9}. We call such U,, a circular neighborhood of z.

Next, we define almost periodic functions continuous on a circular neighborhood U,,
of zp and holomorphic in the interior of U, as follows.

Let ¢, : D — Hy,
 2i(z0 — 2)
(4'1) Gz (Z) = W
be a conformal map of D onto the upper half-plane H.. Then ¢,, is continuous on
0D \ {—%0} and maps this set diffeomorphically onto R (the boundary of H,) so that
¢2(z0) = 0. Let Xy be the interior of the strip ¥ := {# € C : Im z € [0,7]}.
Consider the conformal map Log : Hy — X, z — Log(z) := In|z| 4+ iArg(z), where
Arg : C\R_ — (—m,m) is the principal branch of the multifunction arg, the argument
of a complex number. The function Log extends to a homeomorphism of H \ {0} onto
¥; here H stands for the closure of H.

We denote by AP:(X) the algebra of uniformly continuous almost periodic functions
on ¥ (i.e., they are almost periodic on any line parallel to the z-axis). Clearly, we have
APo(X) C AP¢(Y). Then, by Theorem 2.4 (the corona theorem for AP» (X)), the max-
imal ideal space M(AP¢ (X)) of the algebra AP (%) is homeomorphic to M(AP»(X)).
In what follows we identify these spaces.

, ze€D,

Definition 4.1. We say that f : U,, — C is a (continuous) almost periodic function if
there is a function f € AP¢(X) such that

o~

f(z) = f(Log(¢.,(2))) forall ze U,,.
If fe APo(X), then f is called a holomorphic almost periodic function.

Suppose that 2y = €. For s € (0,7) we set v1(20,5) := Log(¢z,(7,1(5))) C R and
~v-1(z0, 8) := Log(¢., (’)/t;l (s))) C R+ im.

Lemma 4.2. Let f € SAP({—z20,20}). We set fr := f|, ,(x) and consider the functions
o
hip = fr o 502*01 o Log™! on vk(z0,5), k € {—1,1}. Then for any € > 0 there are points
se € (0,s) and almost periodic functions by on R and h’_y on R +im such that
(4.2) sup  |hi(z) — hy(2)| <€ for each k€ {—1,1}.
2E€7k (20,8¢)

Proof. We prove the result for f; only. The proof for f_; is similar. By Theorem 1.5,

. Al
it suffices to prove the lemma for f; = ¢, or f1 = e Ogt}), A € R. In the first case
we can choose a sufficiently small s. such that on 'yt[l)(sﬁ) the function gy, is uniformly
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approximated with an error less than € by a constant function. Then for the role of A}
we can choose the corresponding constant function on 1 (2o, s¢). In the second case, by
definition,

T

hi(z) =™ In(Arg(3i75) A I(F24z +o(e™)) _ Lia(z+o(e™))

as r — —0o0

This implies that

|hi(x) — | < € for all = € (20, 5.)
if s, is sufficiently small. O

We also use the following well-known result.

Lemma 4.3. Suppose that fi and f2 are continuous almost periodic functions on R and
R + i, respectively. Then there exists a function F € AP:(X) harmonic in Yo whose
boundary values are f1 and fs.

Proof. Let F be a function harmonic in ¥ with boundary values f; and fs. Since f;
and fy are almost periodic, for any € > 0 there exists [(e) > 0 such that every interval
[to, to + L(€)] contains a common e-period of f1 and fa, say, ¢ (see, e.g., [LZ]). Thus,

sup |fi(x + 1) — fi(z)] < e and sup|fe(x + im 4+ 7c) — fa(x +im)| < e.
zeR x€R

Now, by the maximum principle for harmonic functions,

sup |F(z +iy+ 1) — F(z + iy)| < e for each y € [0,7],
z€R

that is, F' is almost periodic on every line R + iy, y € [0, 7. O

Let A(U,,) be the algebra of functions continuous on I and almost periodic on the
circular neighborhood U, of zyp. Let A,, denote the uniform closure of the algebra
generated by all A(U,,) and by the closure M, of D in the maximal ideal space of
A.,. Since the algebra A, is selfadjoint, the Stone-Weierstrass theorem shows that
M., coincides with the maximal ideal space of A.,. Next, let p,, : M,, — D be the
continuous surjective map dual to the natural embedding C(D) < A,,.

Lemma 4.4. (a) For every neighborhood U of the compact set F,, = p;ol(zo), there
1s a circular neighborhood U, of zy such that U,, "D C U ND.
(b) F,, is homeomorphic to M(APo(X)).
(c) Each function f € SAP(S) N H™ belongs to the algebra (), cyp A--

Proof. (a), (b). Since the algebra A(U,,) is selfadjoint, D is dense in the maximal ideal
space M(U,,). Then M, is the inverse limit of the compact spaces M(U,,) (because
A, is the uniform closure of the algebra generated by the algebras A(U,,)); see, e.g., [R].
For U, C V,, we denote by py. v., : M(U,,) — M(Vy,) the maps in this limit system
and by pu. : Mz, — M(U,,) the corresponding (continuous and surjective) limit maps.
Then, by the definition of the inverse limit, the base of topology on M., consists of the
sets pazlo (U), where U € M(U,,) is open and U, is a circular neighborhood of z,. In
particular, since F,, is a compact set, for a neighborhood U of F}, there is a circular
neighborhood U, of z and a neighborhood U ¢ M(U.,) of F(U.,) := Py, (F,,) such

that pgzlo (U) C U. Recall that D is a dense subset of M(U.,) and of M.,. Also, plijzlo (D)

contains D C M,,. Thus, to prove (a) it suffices to show that there is U, C 1720 such
that U,, "D c U ND.
First, we study the structure of M(U,,). Let A*(U,,) be the pullback to ¥ via the

map (Logo ¢.,)~! of the algebra A(U., ). Then A*(U.,) consists of continuous functions
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on Yo such that on (Logo ¢,,)(Us,) they are restrictions of almost periodic functions on
%. Since A*(U.,) is isomorphic to A(U.,), we can naturally identify the maximal ideal
spaces of these algebras.

Next, observe that there is 7 < 0 such that (Log o ¢.,)(U.,) contains the subset
Yp:={z€ X : Rez < T} of the strip ¥. By the definition of the topology on
M(APo (%)) (sce §2), Ly is dense in M(APo(X)). Hence, the space M(U.,) contains
M(APz(2))(= M(APp(X))). Let K be the intersection of the closures of U, and
of D\ U,, in C. Then K’ := Log o ¢, (K) is a compact subset of X. In particular,
AP¢(E)| g = C(K'). This implies (by the Tietze extension theorem) that every bounded
continuous function on (D\ U,,) UK can be extended to a function of class A(U.,) with
the same supremum norm. Now, we can describe M(ﬁZO) explicitly as follows (cf. the
proof of Theorem 1.5 for a similar construction).

Let M be the maximal ideal space of the algebra of bounded continuous functions on
(D\ U.,) UK. We identify K ¢ M with K’ C M(APo (X)) with the help of Log o ¢.,.
Under this identification, the quotient space of M U M(AP»(X)) is homeomorphic to
M(Us,).

By definition, the fiber F}, over 2y consists of the limit points in M, of all nets con-
verging to {zo} inside D. This and the above construction of M(U.,) show that F(U.,)
is homeomorphic to M(APp(X)). Moreover, F., is the inverse limit of the compact sets
F(ﬁZO), where the limit system is determined by the maps pu, v., |F(Uzo) for U,, C Vs,.
We show that the maps pu. v, |rw.,) : £ (Uz,) — F(Vz,) are homeomorphisms. Indeed,
let {zo} C U,, be a net converging to a point £ € F(U,,). Since U,, — V,,, in our
definitions of M(U,,) and M(V,), the net {z,} converges to the same point £ € F(V,,),
which gives the required statement. Since all maps DU, Vay | F(U.,) are homeomorphisms,

the definition of the inverse limit implies that the map Py, |F., + Fzy — F(Us,) is also a
homeomorphism. This completes the proof of (b).

Now, observe that in our model of M((NJZO) the intersection of U with D contains
U., N D, which completes the proof of (a).

(c) Fix a point z, € 9D. We must show that every f € SAP(S) N H> belongs to A, .
By (3.2) and Lemma 4.2, each f € SAP(0D)N H* can be approximated locally on open
arcs of the form . (s), k € {—1,1}, s € (0,7), z := e € 9D, by pullbacks of almost
periodic functions on the boundary of 3. Using the compactness of 9D, for any € > 0
we can find finitely many points z1,...,2, € 0D, arcs ’ytf(sl), ke {-1,1}, s; € (0,7),
z = e and functions f': 0D\ {—z, 2} — C which are pullbacks of almost periodic
functions on 9% by means of Logo ¢,,, 1 <1 <n, such that

aD\{Zh...’Zn}: U (’Yt;lU’Ytll)a and

1<i<n

esssup  |f(z) - ()l < e
2€7, (SL)Uth—l (s1)

for all 1 <1 < n. Without loss of generality we may assume that z, € {z1,...,2,}. Next,
set V; = Vet Uy U {#1}. Then (V})], is a finite open cover of 0D. Let {p;}}, be a

smooth partition of unity subordinate to this cover and such that p;(z;) = 1. Consider
the functions f; on 9D\ {2} defined by the formulas

fi=pft, 1<i<n.
Let F' be the harmonic function on D such that Flsp = ", ,~,, fi. Then
IIf = F||Loc(m>) <€
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We prove that F' € A,,. Since € > 0 is arbitrary, this will complete the proof of (c).

Let Fj; and Fj2 be the harmonic functions on I with the boundary values f; and
f' — fi, respectively. Then F} := F, 1 + Fj o is the harmonic function with the boundary
values f!. By Lemma 4.3, every Fj is almost periodic on D\ {£z;}. Thus, if z; = z,, then
Fy e A,,. If z1 # z,, then F} is continuous at z,, and so F; € A,_, by the definition of A,, .
Next, for a point z; distinct from z,, the function F}; extends continuously to an open
disk centered at z, (because the support of f; does not contain z,.). Hence, Fj; € A,,.
Assume now that z; = z, for some [. Then the function Fj s extends continuously to
an open disk centered at z, (because the support of f! — f; does not contain z,). Thus,
Fi2 € A, and in this case F;; := F; — Fj5 € A,,_. Since F':= ), ., Fi 1, combining
the cases considered above, we see that F' € A, . o

This completes the proof of Lemma 4.4. O

Theorem 4.5. Let f € SAP(S)NH®™. Then for each zo € 0D and any € > 0 there is a
circular neighborhood U, := U,,(f,€) of zo and a holomorphic almost periodic function
fz on Uy, such that

sup [f(2) = [ (2)] <e
2€U,,ND
Proof. Fix a point 2y € 9D. By Lemma 4.4(c), the function f € SAP(S)NH®> belongs to
A, so that it extends via the Gelfand transformation up to a continuous function f on

M. We use the description of M, presented in the proof of Lemma 4.4. Recall that in
that construction the fiber F,, C M, over zg is identified naturally with M(APp(X)).

Lemma 4.6. The function ﬂon s holomorphic.

Proof. In the proof we use the results of §2. Consider the map i¢ : 39 — M(APn (X)),
& € bZ. We must show that fo t¢ is holomorphic.

For this, we transfer the function f with the help of the map (Logo ¢,,)~* to ¥ and
denote by fthe function pulled back. Fix a point n € i¢(2o), say, n := i¢(w), w € Xo.
Then there is a straight line R + iy C 3o, y € (0,7), and a net {z,} C R + iy forming
an infinite discrete subset of R + iy and such that {z,} converges to 7 in the topology of

M(AP»(X)). Let B C C be an open disk such that {R+iy}+ B C Xy. By the definition
of i¢, for each z € B the net {z, + 2} converges in M(APp(X)) to i¢(w + z). Also, by
the definition of M, we have

lim f(zq +2) = (foig)w+2), z€B.

But the holomorphic functions fu () := f(z4+2) form a normal family on B. Therefore,
using an argument similar to that in the proof of Lemma 2.3 (1), we see that f oi¢|p is
holomorphic. Since £ and 7 are arbitrary, this implies that f| F., is holomorphic. (|

Now, Lemma 2.3 shows theA existence of a function sz € APp(X) whose extension to
M(APo (X)) coincides with f|r, . Consider the function f,, € A, whose pullback to
¥ via (Logo ¢.,)~ ! coincides with :f;o. Then, by the definition of the topology of M.,
the extension fZO of f,, to M, satisfies J?Z()|Fz0 = ﬂan' Since F}, is a compact set, the
latter implies that there is a neighborhood U of F, in M, such that |f,,(z) — f(x)]| <€

for all x € U. Finally, by Lemma 4.4(a), there is a circular neighborhood U, such that
U, ND C UND, whence |f.,(z) — f(2)] < e for all z € U,, ND. O
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4.2. Proof of Theorem 1.8. We must show that Ag = SAP(S) N H*. We split the
proof into several parts. First, we prove the following statement.

Lemma 4.7. SAP(S)NH®™ is the uniform closure of the algebra generated by all possible
subalgebras SAP(F) N H*> with finite FF C S.

Then we shall prove that Ap = SAP(F) N H™ for every finite subset F C ID.
Combined with the above lemma and the fact that Ag is the uniform closure of the
algebra generated by all possible subalgebras Ap with finite F' C S, this will clearly
complete the proof of the theorem.

Proof. By Theorem 4.5, for a given f € SAP(S) N H* we can find finitely many points
Z1,...,%n, circular neighborhoods U, ,...,U,, , and holomorphic almost periodic func-
tions fi,..., fn defined on U,,, ..., U,, , respectively, such that (U, )1<i<, forms an open
cover of D\ {z1,...,2,} and

w1, — filliw <

Since the discontinuities of f|sp belong to the closed set S, each function f; with z; ¢ S
can be chosen also to be continuous on the closure U ,.

Next, we form a cocycle {c;;} on the intersections of sets from the above cover by the
formula

cij(z) = fi(z) = fi(2), ze€U,NU,.

Reducing, if necessary, the sets of the above cover, we may assume without loss of
generality that all U,, N U,,, 1 # j, do not contain the points 21,...,2,. Then each
U.,NU,, i # j,is a compact subset of D, and the corresponding ¢;;j are continuous and
holomorphic in the interior of U,, N U,.

Let {p;} be a smooth partition of unity subordinate to the cover (Uy,)1<i<n. We can
require that every p; be the restriction to Uzi of a C*°-function on C and that p;(z) = 1.
As usual, we employ this partition of unity to resolve the cocycle {c;;} by the formulas

(4.3) 5 =Y pleenlz), €T,
k=1

Hence,
cij(z) = fi(z) = fi(2), ze€U,NU,.
In particular, since the ¢;; are holomorphic in D N U,, N U,,, the formula
ofi(z
h(z) := ‘g—;), ze U, ND,
determines a smooth bounded function in an open annulus A C U, U, with the outer
boundary 0. Also, by our choice of the partition of unity, h extends continuously to

the closure A of A.
Consider the function

_ h(Q) 7 i

Passing in (4.4) to polar coordinates with origin at z, we easily obtain

(4.5) sup |H(z)| < Cw(A) sup |h(z)],
z€A z€A
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where w(A) is the width of A and C > 0 is an absolute constant. Moreover, H € C(A)
and OH/0Z = hin A (see, e.g., [G, Chapter VIII]). We can replace A by a similar annulus
of a smaller width such that for this new A
sup |H(z)| < e.
z€EA
Now, we set _
ci(z) == fi(z) — H(z), z€U, NA.
Then each ¢; is continuous on U,, N A and holomorphic at the interior points of this set,
and
ci(z) —cj(z) = cij(2), z€U,NU,.
Since |c;;(2)| < 2¢ for all z € U,, NU.,, we have
lci(2)] <3¢, ze€U,,NU,,.
We define a global function f. on A\ {z1,...,2,} by the formulas
fe(2) == fi(2) —ci(z), z€UNA.

Since for z; € S the function f; is continuous on ﬁzi, the above construction shows that
fe € H*(A)NSAP(F), where F :={z1,...,2,} N S. Also,

I[f = fellLe(a) < 4e.

Let B be an open disk centered at 0 whose intersection with A is an annulus of width
less than e. Consider the cocycle ¢ on B N A defined by

c(z) = f(z) — fe(2), z€ BNA.
By definition, |c(z)| < 4e for all z € BN A. Let A’ be the open annulus with the
interior boundary coinciding with the interior boundary of A and with the outer boundary
{z € C : |z] =2}. Then AN B = AN B. Consider a smooth partition of unity
subordinate to the cover {A’, B} of D and consisting of smooth radial functions p; and
p2 such that _ _
mzax||Vpi||Loo(C) <Cw(BnNA)<Ce

for some absolute constant C' > 0. Then using arguments similar to the above and based
on versions of (4.3), (4.4), and (4.5) for the cocycle ¢ and the partition of unity {p1, p2},
we can find holomorphic functions ¢, on B and ¢ on A continuous on the corresponding
boundaries and such that

t1(z) —C2(2) =¢(z), z€ BNA, and

max{|[e1]| g~ (B), [[e2]| o~ (a)} < Cllel|mr=(anm):

where C' > 0 is an absolute constant. Finally, we define

F(2) = f(2) —E_l(z) ?f z € B,

fe(z) —C2(z) ifzeD\B.
Clearly,
||f - F5||LOO(D) < Ce.

for some absolute constant ¢ > 0, and F, € SAP(F)N H*, where F :={z1,...,2,}NS.
Since € is arbitrary, this completes the proof of the lemma. O

As the next step of the proof we establish Theorem 1.8 for SAP(F) N H* with a finite
set I C 0S8, say, F = {z1,...,2n}.

Lemma 4.8.
Ap =SAP(F)n H*™.
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Proof. We show that SAP(F) N H*® C Ap. First, suppose that F' contains at least two
points.

Let 91 : 0D — 0D be the restriction to the boundary of a Moébius transformation of D
that maps —z1 to a point of F' distinct from z; and preserves z;. Then, by the definition of
the M&bius transformations, 1)y is a C! diffeomorphism of OD. In particular, by Corollary
1.6, for any f € SAP(F) N H> we have f o, € SAP(Fy) N H*®, where F} := ¢y '(F).
Since z1 € Fj, we can argue as in the proof of Theorem 4.5 to find an almost periodic
holomorphic function g; on D\ {#21} such that the function f o1); — g1 is continuous
and equals 0 at z;. We set

o , zeﬁ\{zl}.

51 (Z) =
Then g has a discontinuity at 27 only. We show that g; € A¢_. ). Indeed, the
definition of g; implies that the function g7 o (;5;11 oLog™! belongs to APy (X). Therefore,
it can be uniformly approximated on ¥ by polynomials in variables e***, X € R, see, e.g.,
[JT]. In its turn, g; can be uniformly approximated on D\ {#2;} by complex polynomials
in variables e**°8°¢1 Now, for z € 9D we have

0 if 0<Arg(z/z) <,
m if 0<Arg(z1/z) <.

Im{(Logo ¢,,)(2)} := {

This implies that every function e**°2°®1 X\ € R, belongs to A{_., 2}, whence g1 €

Af_. 2y Since (z + 21)/221 € Ap, we have g1 € Ay_., .,y by definition. Thus, the
function hy : =gy o wfl belongs to Ap and is continuous outside z1, and f, := f — hy €
SAP(FY)NH®>, where F! := F\{21}. By using similar arguments, we can find a function
hy € Ap continuous outside z and such that fo := f1 — ha € SAP(F?) N H*®, where
F? := F'\ {2} etc. After n steps we obtain functions hi,...,h, € Ar such that hy, is
continuous outside zx, 1 < k < n, and the function

(4.6) hni1=Ff— Y h
k=1

has no discontinuities on 9D, that is, hyy1 € Ag. Therefore, f € Ap.

Next, if F' consists of a single point, say zp, then for any f € SAP(F) N H® the above
argument yields a function h € Ay, .,y with a fixed 21 € 9D such that f—h is continuous
on F. Let g € Ag be a function equal to 1 on F' and to 0 at z;. Then f — gh € Ay. This
completes the first part of the proof.

Now we show that Ap C SAP(F) N H>. Again, assume first that F' contains at
least two points. Let e’ € Ap, A € R, where Re f is the characteristic function of an
arc, say [z,y], with z,y € F. Let ¢ : 0D — 0D be the restriction to D of a Mébius
transformation sending 1 to « and —1 to y. Then

i
(fowod)(z) = ——Logz+C, z€H.,
for some constant C. Thus, we have
e()\fo’lbO(Logo’lZn)*l)(z) _ e/\Ce—i)\z/Tr7 e,
This means that e*°¥ € SAP({—1,1}) N H>. Then e* € SAP(F) N H> by Corollary
1.6. Since Ap is generated by Ag and such functions e*f, we arrive at the required
implication.

If F is a single point, then we must show that ge’ € SAP(F)N H*>, X\ € R, where
Re f is the characteristic function of an arc with endpoint F, and g € Ag is such that
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gel has discontinuity at F only. The result follows easily from the preceding part of the
proof, because e* is almost periodic on 9D \ {F,y} for some y and is continuous at y.
This completes the proof of the lemma. ]

As was mentioned above, the required statement of the theorem follows from Lemmas
4.7 and 4.8. O

4.3. Proof of Example 1.10. Using the bilinear transformation ¢; : D — H, (see
(4.1)) that maps 1 to 0 € R and —1 to oo, we can transform the problem to a similar one
for functions on Hy. Namely, let {z}ren C R4 be the sequence converging to 0 that is
the image of the sequence {e'** } ey C 0D in Example 1.10 under ¢1. Let H : R — {0,1}
be the Heaviside function (i.e., the characteristic function of [0,00)). Then the pullback
by ¢! of the function v in Example 1.10 to the boundary R of H is the function

u(x) = ZakH(:c —xr), z€R.
k=1

We extend u up to a harmonic function on H, by the Poisson integral. Let v be the
harmonic conjugate to the extended function, determined on R by the formula

oo

~ In |z — x|
4.7 = _— R.
(4.7) v(x) ;ak — €

We set h := @ + iv. Then h is the pullback by #7! of a holomorphic function h on D
such that Re h|pp = u. Assume, to the contrary, that e € Ag. Since e* € Rg, this
assumption implies that e® € SAP(S), where v = ¢}(v|g). Then, by the definition of
the topology on M(SAP(S)), see Subsection 3.3, the functions cos(v(e?)) and sin(v(e?)),
t € R, admit continuous extensions to bR; these extensions are determined as follows.

If {sq} C R is a net converging in bR to a point n € bR, then the values at n of the
extended functions are

lim cos(v(e®*)) and limsin(v(e®*)),
« «

respectively. In particular, this definition requires the existence of these limits.
Now, by (4.7), there are sequences of points {z} }ren and {z} }ren in R4 such that i,
and z are sufficiently close to xj and

/

. x
lim —,k,
k—o0 $k

=1, cos(¥(z})) =0, cos(v(zy))=1, keN.

We set ¢}, = Inzj, and ¢} :=Ina), k € N. Without loss of generality, we assume that {¢} }
forms a net converging in the topology of bR to a point £ € bR (otherwise we replace {tx }
by a proper subset satisfying this property). Since limy_. [t} — t}/| = 0 by definition,
and almost periodic functions on R are uniformly continuous, the family {¢/} forms a
net with the same indices as for the net formed by {t¢}} whose limit in bR is £&. Hence,
we have

lim cos(T(e"*)) = lim cos(3(e'%)),

a contradiction. Therefore, e" ¢ Ag.

Now, let f € Ay be such that f(1) = 0. Then the function (fe")|sp is continuous
at 1. Thus, ( feh)|aD can be uniformly approximated by constant functions on open
arcs containing 1. The same is true for each point e**. This implies immediately that
feh € As. O
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§5. PROOFS OF THEOREMS 1.12 AND 1.14

5.1. Proof of Theorem 1.12. We recall that Ag is the uniform closure of the algebra
generated by all possible Ap with finite ' C S. Therefore, the maximal ideal space
M (Ag) of Ag is the inverse limit of the maximal ideal spaces M(Af) of Ap. In particular,
if we prove that D is dense in each M(Ap), then, by the definition of the inverse limit,
this will imply that D is dense in M(Ag), as required. Thus, it suffices to prove the
theorem for Ap with F = {z1,...,2,} C OD.

Theorem 5.1. D is dense in M(AF).

Proof. Let Z;; C Ar be the closed ideal consisting of all functions that are continuous
and equal to 0 at z. Let Ay denote the quotient Banach algebra Ap/T; equipped with
the quotient norm. We recall that M., is the maximal ideal space of the algebra A, ,
which is the uniform closure of the algebra of functions continuous on I and almost
periodic in circular neighborhoods of z;. Also, by Lemma 4.4 (b), there is a natural
continuous projection p., : M., — D, and p_!(2x) is homeomorphic to M(APo(X)).
Moreover, by Lemma 4.4 (c), each f € Ap extends to a function continuous on M, and
holomorphic on p_!(z). Hence, there is a continuous map Hy : M., — M(Ar) whose
image coincides with the closure of ). Moreover, in accordance with the decomposition
obtained in the proof of Lemma 4.8, see (4.6), Hy maps pz_kl(zk) homeomorphically onto
its image.

Lemma 5.2. Let ¢ : Ap — APo(X) be the composition of the homomorphism of
extension of functions in Ap to M, and the homomorphism of restriction of functions
on M, to pz_kl(zk). Then Ker ¢, = Ij, and Ay, is isomorphic to APp(%).

Proof. Clearly, T, C Ker¢g. We check the reverse inclusion. Let f € Ker¢g. The
proof of Lemma 4.8, see (4.6), shows that there are continuous linear operators T}, :
APy (%) — Ag,y C Ap such that ¢y, 0Ty = id. Moreover, Ty := I — ", Tj 0 ¢, where
I is the identity map, maps Ap onto Ag. In particular, we have Ty (¢ (f)) = 0. Thus,
f==To(f) + Xsur Ts(#s(f)). Since ¢x(f) = 0, this implies that f is continuous and
equal to 0 at zx. Now from the formula ¢y o Ty, = id, it follows that Ay is isomorphic to
APp(X). d

Let i : Ag — Ap be the natural inclusion. Its dual determines a continuous surjective
map ar : M(Afp) — D. Next, taking the dual map to ¢, we see that each M(APo (X))
is embedded in M(AF), its image coincides with Hy(p;,!(zx)), and ap maps Hy(p; ' (z1))
to zg.

Let £ € M(AF), and let m := Ker £ C Ap be the corresponding maximal ideal.
First, assume that there exists k such that Z, C m. Then mj = ¢r(m) is a maximal
ideal of Ap. Let & € M(AP»(X)) denote the character corresponding to my. Then
£ = ¢*(&) € Hi(p,!'(zx)). Now, by the definition of Hy, the point ¢ belongs to the
closure of D in M(Ap). We continue with the following lemma.

Lemma 5.3. Assume that a mazimal ideal m of Ap contains none of Iy,. Then m does
not contain Ni<k<nZy.

Proof. Suppose, to the contrary, that Ni<rp<pZr C m. Let 2, € I, 1 < k < n, be such
that z, & m. Since 7 are ideals, z1 - - 2, € Ni<k<nZr. Thus, z; - -2, € m. Since m is
a prime ideal, there is some k such that x; € m, a contradiction. O

This lemma shows that for the proof of the theorem it remains to consider the case
where m ¢ Mi<k<pZi. Observe that Ni<r<,Zy consists of all functions in A that vanish
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on F. Thus, there is f € Ni<k<nZy such that f(€) # 0. This implies that ap(§) & F.
For every g € Ap, consider the function gf. By definition, gf € Ap. Thus, we have

9(ar(§))f(ar(§)) = (9f)(ar(§)) = (9)(&) = g(£)f(§) = 9(§) f(ar(§))-
Equivalently,

9(&) = g(ar(§)) forall ge Ap.
This implies that a'(ar(¢)) = {¢}. Therefore, ap : M(Ap) \ ap'(F) — D\ Fis a
homeomorphism. In particular, £ belongs to the closure of D.
The proof of Theorem 1.12 is complete. (|

5.2. Proof of Theorem 1.14. Statements (1) and (3) of the theorem follow easily
from similar statements for ar with a finite subset F' C .S, proved in Subsection 5.1, and
the properties of the inverse limit. To prove (3), we start with the case of a finite subset
Fcs.

Since Ay C Ar and the modulus of each function in Ag attains its maximum on 0D,
we have Kr C az'(0D). Theorem 1.8 shows that Ar < SAP(F). Also, the extensions
of functions in Ap to M(SAP(F')) separate points there. Therefore, M(SAP(F')) em-
beds in M(AF). Identifying M(SAP(F')) with its image under this embedding, we have
M(SAP(F)) C az'(0D). Since az'(dD) \ ap'(F) — OD\ F is a homeomorphism and
each z € JD is a peak point for Ay, the set K contains the closure of D\ F', which, by
definition, coincides with M(SAP(F')). Assume that there exists £ € Kp \ M(SAP(F)).
Then ap(§) := 2* € F. Next, identifying ag'(z*) with M(APo (X)), from our assump-
tion we deduce that & € 4,(3g) for some 1 € bZ, see §2; here ¥y is the interior of X.
Then, since i,(X0) is dense in M(APp (X)), each function f € Ap with maxp |f| = |f(£)]
is constant on agl(z*) by the maximum modulus principle. Thus, such f attains the
maximum of the modulus also on M(SAP(F')). This contradicts the minimality of Kp.
Therefore, Kp = M(SAP(F)).

Furthermore, M(SAP(S)) is the inverse limit of compact sets M(SAP(F)) for all
finite F* C S. As before, we naturally identify M(SAP(S)) with a subset of M(Ag).
Then, since Ag is the uniform closure of the algebra generated by all possible Ap with
finite ' C S, we have Kg C M(SAP(S)) by the definition of the inverse limit. But in
fact the set Kg coincides with M(SAP(S)), because otherwise its projection to some of
M(AF) is a boundary of Ap and a proper subset of M(SAP(F)), a contradiction. [
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