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STRONG SOLUTIONS OF SDES WITH CRITICAL DISCONTINUITIES IN
DIFFUSION COEFFICIENTS

S.E.BOUTIAH AND D.KINZEBULATOV

ABSTRACT. We prove strong existence for It6 SDEs with diffusion coefficients that can introduce
strong attraction to a submanifold. We extend and strengthen the Réckner-Zhao approach, which
uses Malliavin calculus to establish compactness of the approximating solutions in Wiener-Sobolev
space. At least when the diffusion coefficients are sufficiently regular in time, this provides an
alternative to Krylov’s recent proof of strong existence via analysis of the It6-Duhamel series.

1. INTRODUCTION AND MAIN RESULT
1.1. Introduction. This paper, which continues [KM1], concerns strong existence for the It6 SDE
dX; = o(t,X;)dW;, Xo=zx € R, (1.1)

where {W;}s>¢ is a d-dimensional Brownian motion (d > 3) with diffusion coefficients that are non-
degenerate, i.e. o is bounded on R'*% and there exists x > 0 such that, for every t € R,

o(t,)o(t,)" >kl a.e.onR?, (1.2)

but can have critical discontinuities. By a critical discontinuity of o we mean a discontinuity that can
“trap” the solution, for example,

a(x)=\/11_+c[f+(\/m—1>%], 0£z€eR?, > 1. (1.3)

Here I is the d x d identity matrix, 0(0) = 0. This is a well known-example of a diffusion coefficient
that can make X, arrive at the origin and stay there a.s. if ¢ > d—2, see [DB] and [B, V.3, Sect.3]. This
attraction phenomenon can be seen at the level of the two-sided estimates on the transition density
p(t,z,y) of (1.1) with o given by (1.3), which are no longer purely Gaussian even for ¢ < d — 2 but
involve an extra polynomial factor |y|~% V 1 with power § = 6(d, c) that quantifies the strength of the
attraction to the origin introduced by o [MNS]. Such attraction mechanisms occur in some physical
models, for instance, in some models of turbulent transport the multiplicative diffusion may cause
clustering, collision, coalescence, or sticky behaviour, see [GC, GV].

See (1.6) for the definition of our class of o that includes (1.3).

The study of related problem of weak and strong well-posedness for SDEs with additive noise and
singular drift has undergone dramatic progress in the past decade; more on this below. However, less
is known about critical discontinuities of the diffusion coefficients. Compared to singular drifts, the
former present a different set of difficulties. In particular, while the problem of weak existence for (1.1)
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is straightforward and is settled using a simple tightness estimate obtained from the BDG inequalities,
the problem of strong existence is a different matter, as illustrated by the classical example of Krylov-
Zvonkin (Example 1). Recently, Krylov introduced an approach to constructing a conditionally unique
strong solution of It6 SDE (1.1) — that can also contain a singular drift as in [KM1] — as the sum of
the It6-Duhamel series. Briefly, he defines X; via the explicit formula

o0
f(X) =P f(z) + Z /A © PO’t"QZ:*l’t" .. .Q%ltl f(z) thkl’I . ..thlin,
n=1 n
obtained by iterating It6’s formula
t
f(Xy) =P f(z) + / QU f(X,) AWy,
0

where Q7' f(z) := o (t,z)V,; P! f(z) and P™! is the propagator for SDE (1.1). Krylov’s proof that
this formal series actually converges to a strong solution to SDE (1.1) uses his much earlier result with
Veretennikov [KrV] and his new functional-analytic arguments, see [Krl] and [Kr2, Kr3] regarding the
time-homogeneous case o = o(x) and the time-inhomogeneous case o = o(t, x), respectively.

The principal objective of the present work is to provide an alternative to Krylov’s proof of strong
existence for (1.1) based on the approach to constructing strong solutions via compactness on the
Wiener-Sobolev space due to [RZ] and its strengthening in [KM1]. Namely, in [RZ], Michael R6ckner
and Guohuan Zhao considered the SDE with additive noise

t
Xi=z +/ b(s,Xs)ds+ Wy —W,, telrT], (1.4)
with drift b in the Ladyzhenskaya-Prodi-Serrin class
2
b| € LY(R, LP(RY)), g+§ <1, d<p<oo, 2<q< 0. (1.5)

Building on earlier works of Bailly-Saussereau [BS], Meyer-Brandis—Proske [MP], Mohammed-Nilsen-
Proske [MNP] and Rezakhanlou [R], they constructed a strong solution to (1.4), (1.5) by showing that
the sequence of strong solutions of the SDEs with regularized drifts is compact in the Wiener-Sobolev
space. They furthermore showed that thus constructed strong solution is conditionally pathwise unique
— here and below, conditional on a reasonable occupation estimate — using Cherny’s “dual to the
Yamada-Watanabe principle” [C], exploiting the fact that (1.4) has constant diffusion coefficients.
Shortly after, [KM1] strengthened the PDE part of [RZ], which allowed the authors to establish strong
existence and conditional pathwise uniqueness for (1.4) for form-bounded drifts that, unlike (1.5), also
cover critical-order singularities that can introduce e.g. strong attraction phenomena (see Definition 2
and examples thereafter).

The present paper thus continues [RZ, KM1] and replaces the functional-analytic arguments of
Krylov by algebraic calculations involving Malliavin derivatives of solutions of the approximating
SDEs, in order to keep track of how strong solutions X;" of the approximating SDEs

dX["" = o, (t, X07)dW;, X3° ==z € RY,

with smooth o, driven the same Browninan motion, depend on Brownian paths. The heavy lifting is
still done by PDE estimates (Propositions 2 and 3), but only as a priori estimates, i.e. the PDEs have
smooth coefficients, but the constants in the estimates do not depend on the smoothness. Up to the
use of the Malliavin calculus, the proofs below arguably use only elementary probabilistic arguments.
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— At the PDE level we strengthen [RZ]:

(a) Proposition 3, the crucial simplex estimate in the approach of Rockner-Zhao needed to
verify compactness on the Wiener-Sobolev space, is proved along the lines of [KM1] —
that was the authors’ main observation in that paper — rather than [RZ].

(b) Proposition 2 provides gradient bounds for solutions of the backward Kolmogorov equa-
tion. These bounds are nontrivial because of the possible blow-up phenomena and are
proved using the approach of [KS, K1].

We also use these gradient bounds to run Moser iterations in order to construct the Feller
propagator.

— At the probabilistic level we extend [RZ]:

(c) In the case of multiplicative noise, the calculations involving the Malliavin derivatives
of solutions of the approximating SDEs are more involved; it is at this step that we
use the additional time-regularity assumption (H). Let us also add that iterating the
estimate of Proposition 3 in order to prove Proposition 4 (i.e.the actual verification of
compactness on the Wiener-Sobolev space), as was done in [RZ] and [KM1] for singular
drifts, is rather difficult since now one needs to iterate It6’s integrals, and simply using
the BDG inequality does not allow to control the convergence of the geometric series (in
the one-dimensional case there is, however, a result of Carlen-Krée [CK] that provides
the sought control on the iterated It6 integrals). Instead, to obtain Proposition 4 from
Proposition 3, we appeal to a stochastic Gronwall-type estimate.

Our main interest in this work is the spatial singularities of the diffusion coefficients o; although
our o can depend on time ¢, Krylov in [Kr2] can handle stronger singularities in ¢ (naturally, at the
moments when the drift is more regular in space). In the time-homogeneous case, our class of diffusion
coefficients is somewhat larger than the class considered by Krylov — the difference is e.g. the Chang-
Wilson-Wolff class, see examples below — at least comparing it with how Krylov’s result and proof
are written down. Let us also add that Krylov also proves other results related to SDE (1.1), such as
conditional pathwise uniqueness, that we do not attempt to discuss in the present paper.

The class of time-homogeneous matrix fields @ = oo ", where 0 = o(z) is in our class (1.6), was
treated earlier in [KS5] in the context of the weak existence/unique Feller semigroup theory of the
SDE

dX; = b(Xy)dt + \/a(X;)dW;, Xo=z € R?

having additionally form-bounded drift b € F;s (Definition 2). The present paper is of course quite
different, but it uses gradient bounds (Proposition 2) and employs the construction of the Feller
semigroup via Moser-type iterations (Theorem 1(%)) similar to those in [KS5].

Commenting further on the weak solutions (for simplicity, still for time-homogeneous a), we mention
the detailed weak solution theory of

dXt = a(Xt)th, XO =, d Z 2,
due to Krylov, with bounded, symmetric a > «I in the VMO class, that is, satisfying

we(r) =0 asr |0,
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where . .
)= 0 amldn eni= g [
The VMO is a broad condition that, unlike the class (1.6), does not impose any conditions on the
derivatives of a. Although, on the other hand, there are matrices that satisfy (1.6) but are not in
VMO, see examples before Theorem 1. Under these condition on a, Krylov proved, among many other
results, the uniqueness in law. Recently, he also included a Morrey class singular drift in this SDE,
see details in the end of Section 2.
In what follows, o, : R1*4 — R¢ denotes the j-th column of the diffusion matrix o.

1.2. Main result. In Theorem 1 we consider the class of diffusion matrices ¢ having form-bounded
derivatives:

|Vo| := (1.6)

ie.|Vo| € L2 (R'TY) and for a.e.t € R
IIVa(t,)lells < vlIVell3 +cllelli Ve e C(RY)

for some constant ¢, — the value of this constant is not so important for us in this paper, unlike the
value of the constant v (“form-bound of |Vo|”), which measures the magnitude of the singularities of
|Vaol.

Examples. 1. We have
|Vo| € L4RY) = |Vo|€F,

with v that can be chosen arbitrarily small at the expense of increasing c,, as can be easily seen by
applying Hélder inequality the Sobolev embedding theorem; we postpone the details until the examples
in the next section.

2. More generally, if [Vo| € L%*°(R?) (weak L* space), then [Vo| € F, with v & || Vo | pa.00(ra).

3. A still broader example is provided by matrices o with finite Morrey norm ||Vo||as,,. or finite
Chang-Wilson-Wolff norm, see (2.4), (2.5).

4. We now switch to examples of concrete diffusion matrices. Consider the attracting diffusion
matrix from the introduction:

a(w)=\/1l_ﬂ[1+(x/1_ﬂ—1)%], z € R

A simple calculation using Hardy’s inequality
4
-2 2\ < 2 > (R?
(o2, 6% < g IVel), pe O,
shows that
|Vo| e F, withv=38

(d—1) (Vite—1)\°
(d—2)2( Vite )

5. An example of a rapidly oscillating diffusion matrix from [KS5]:
o(z) = diag(1 + csin(alog|z|),1,...,1)
for fixed 0 < ¢ < 1. Indeed, the uniform ellipticity condition oo™ > (1 — ¢)?I is satisfied, and

c2a? cos?(alog|z|) _ c2a?
|| = e

Vol|* =
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so the Hardy inequality implies the form-boundedness of |Vo|?. This example shows that the smallness
of the form-bound (take a small) does not imply that the diffusion matrix is close to a constant matrix,
as long as one keeps the amplitude of the oscillations ¢ close to 1. Let us also note that this matrix
o is not in the VMO class of diffusion coefficients. The class has received a considerable attention in
the literature on SDEs and Kolmogorov equations, more on this in the end of this section.

6. Rotating anisotropy. Define the rotation the matrix in the first two coordinates:

cosf —sinf
Ry := ( ) @ Iio,
sinf cosf

where I;_ is the identity matrix of dimension d—2. Fix a constant diagonal matrix D := diag (A1, ..., Ad),
A; > 0, and define

U(‘T) = Relog|x|D-
It follows that o' > (min; A?)I and

e+ )

2
|VU| |£U|2 )

i.e. by Hardy’s inequality, |Vo| is form-bounded.

We could also write R = R™ @ R%~™ m > 3, and make the logarithm dependent on the first
m coordinates of z. In this case, to show the form-boundedness of |Vo|, we can refer to the Hardy
inequality in the first m variables. Alternatively, one can verify the Morrey class condition (example
3), albeit at the expense of having much less explicit expression for the form-bound.

See also examples after Theorem 2.

More generally, we can consider a series of matrices from the previous examples — properly nor-
malized to ensure the convergence of the series to a uniformly elliptic matrix — with their points of
discontinuity constituting a dense subset of R?.

We now state the main result of the paper. Set
p(x) = po(z) == (1+0a)"7}, zeRY,
where 6 > 0. We have

2
|Vp| < CVop, @ < Cop. (1.7)

We will be applying (1.7) to p with 6 chosen sufficiently small, in order to control the occurrences of
the derivatives of p.

Let LH(RY) denote the LP space with respect to measure p(z)dz. Denote by p,, y € R? the
translation py(z) := p(z — y).

Let € R%. We consider SDE

¢
th—$+/ o(s,X;)dW,, r<t<T (1.8)

on a fixed complete probability space (Q, {F}¥ }o<i:<7, P) that supports a Brownian motion {W;}:>o,
where {F}¥ }o<i<r is the filtration of W on [0, T after completion.
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Definition 1. A family {X}; | 0 <r <t < T} is a family of strong solutions if, for everyr € [0, T[ and
z € RY, the process t — XZ,, r € [r,T), is continuous and adapted to F), := o(Ws — W, | r < s < t)
(after completion), and

¢
P(Xf’t =z +/ o(s, X, ;) dW; for everyt € [r, T]) =1

Theorem 1. Let d > 3. Assume that the diffusion coefficients o € [L°°(R*)]|9%4 satisfy the uniform
ellipticity condition: for everyt € R

o(t,)o(t,)T > kI a.e.on R? for some fized k > 0

and have form-bounded derivatives, i.e. condition (1.6) holds.
We also impose the following auziliary condition on the time-dependence of o:

(H)

sup ”U(t’ ) - 0(3? ')||L2

ray < Clt—s|" t,seR,|t—s| <1
yeRr? oy (5

with the Hoélder continuity exponent vy €]0,1].
Let
o) dxd
on € [L®(R,C5° (RN [Crnifioc (R, L2(R%)))<
be a sequence of bounded matriz fields having bounded derivatives in the spatial variables,
K
||Un||L°°(R1+d) < ||U||L°°(R1+d)a UnUI > ZI
such that
On — 0 in [Li):c(Ra L?)(Rd))]dXd7

and that satisfy (1.6) and (H) uniformly in n, i.e. with the same parameters v, ¢, and C, . It is not
difficult to see that the spatial mollification of o produces such {0}, see Appendiz B. By the classical
theory, for each n, there exists a pathwise unique strong solution Xf, 1" to the approzimating equation

t
X =z+ / on(s, XZ) AW, (1.9)

considered on the same (fized) complete probability space (Q,{F} Yo<i<T, F"V,P).
Then, if the form-bound v of |Vo| in (1.6) is smaller than a certain constant that only depends on
the dimension d, the ellipticity constant k and ||0|| oo (r1+ay, the following are true:

(i) There ezists a subsequence {on, } and a continuous random field X such that, for every N > 1,

Z,Mk T
sup X" = X5 =0 P—as,
0<r<t<T,|e|<N

where X2, is a strong solution of SDE (1.8) on (0, {F" }o<i<r, F",P).
(i) The operators
Py f(z) :=E[f(X})], f€Cw, mtel0,T],r<t,
constitute a backward Feller propagator on Cw, and, furthermore, if {o,} additionally satisfies

Va, —+Va in LY (R, L2(RY)),
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where a = 00", a, = 0,(0,) " (once again, mollifying o in the spatial variables produces this
convergence, see Appendiz B), then

Pl = 5-Coo-lim P loc. uniformly in r,t € [0,T], r < t.

There is no need to pass to a subsequence of {o,}. In this sense, the law of X7 does not
depend on the choice of the subsequence in (%).

Example 1. The celebrated Krylov-Zvonkin’s counterexample to strong existence shows that the
form-bound v of |Vo| in (1.6) cannot be greater than 12 in dimension d = 4; this demonstrates that
the smallness of v assumed in Theorem 1 is necessary for strong existence (or rather than v cannot be
too large). Namely, in R*, consider SDE

dXt = O'(Xt)th, X() = 0, (110)

with diffusion matrix

r1 —T92 —T3 —T4

|~

T T —T x
O’(.’L‘) _ 2 1 4 3

8

’
| I3 T4 I —X9
Tr4 —I3 o X1

define o(0) arbitrarily. Then oo’ = I, i.e.in this case the ellipticity constant k = 1. On the other
hand, one shows, using Lévy’s characterization of Brownian motion, that

t
B; := / o (W,)dW,
0

is a Brownian motion. We have W; = f(f o(Ws)dBs, hence t — (B, W;) is a weak solution to SDE
(1.10). At the same time, (—By, W;) is also a weak solution to the same SDE. Therefore, pathwise
uniqueness fails. One can prove that every solution to this SDE is Brownian, so there is uniqueness
in law. If we had strong existence, then the uniqueness in law would imply pathwise uniqueness, a
contradiction. See details in [KrZ)].

We can evaluate the form-bound v of |Vo|. We have

4

12
2 2
Vol = ) |Vioy|* = Bk
1,J,k=1
. T s . 4 T |2 __ 3 . .
since each entry of the form [z] In o occurs exactly four times, and };_; |Vm = pE Now, invoking

the Hardy inequality on R* with sharp constant, i.e. |||z| "1¢||2 < ||V¢]|3, ¢ € C(RY), we obtain that
the form-bound v of |Vo| is exactly 12.

1.3. About the proof of Theorem 1 and its possible extension. 1. In the next Theorem 2 we
consider the SDE with additive noise and singular (form-bounded) drift. The task of combining such
drift and the diffusion coefficients as in Theorem 1 now seems to be achievable with some additional
work, given that the principal estimates — Proposition 3 and [KM1, Prop. 1] — are proved within a
compatible framework. We plan to write down the details elsewhere.

2. The proof of Theorem 1(i) follows the compactness approach of Rockner and Zhao. Proposition
3, together with the stochastic Gronwall-type estimate, yields Proposition 4, which provides uniform
estimates for the spatial and Malliavin derivatives of the approximating solutions. These estimates
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verify the hypotheses of the Wiener-Sobolev compactness criterion in Lemma 3.1. A diagonal argument
then gives, after passing to a subsequence, convergence on a fixed countable dense subset of Ao (T') x R9.

The increment estimates derived from Proposition 4, together with the Kolmogorov-Chentsov the-
orem, yield continuity of the limiting random field and stochastic equicontinuity of the approximating
random fields. A finite-net argument and the Borel-Cantelli lemma then upgrades the convergence on
the dense set to a.s. local uniform convergence on Ay (7T) x R

It remains to pass to the limit in the approximating SDEs. Proposition 2 yields the occupation
estimate used in Lemma 5.1. The construction of the limiting occupation measure then allows us to
prove convergence of the stochastic integrals and to show that the limit found at the previous step is
a strong solution.

At this last step, we could instead appeal to Krylov’s classical occupation-time estimate, which
applies to bounded uniformly nondegenerate diffusion coefficients, i.e. without requiring the form-
boundedness condition on their derivatives. Since our eventual goal is to add a singular drift to SDE
(1.1), we use the longer argument based on Proposition 2 which is more amenable for extensions in
our context.

The proof of Theorem 1(ii) uses PDE arguments only. The gradient bounds of Proposition 4
allow us to run Moser iterations for the differences of the approximating Kolmogorov equations. This
yields strong convergence in C, of the corresponding Feller propagators, locally uniformly in the time
parameters, and gives the backward Feller propagator.

Acknowledgements. We are deeply grateful to Kodjo Raphaél Madou for valuable discussions and
for his participation in the early stages of this work.

2. REMARKS ON ADDITIVE NOISE AND SINGULAR DRIFT
Let d > 3. Consider SDE
dX; = b(t, X;)dt +dW;, Xo =2z €R?, (2.1)
having form-bounded drift b:

Definition 2. A Borel measurable vector field b : R'*? — R¢ with |b| € L2 _(R'*9) is said to be

form-bounded if there exist constant § > 0 such that the following quadratic form inequality holds for
a.e.t € R:

Ibt, )ellz < 8lIVel +gs@)llel} Ve € CE(RY) (2.2)

for some function gs € L (R).

loc
This is written as b € Fs 4.

The function g5 is required to handle drifts that can be locally unbounded in time, cf. examples
below.

Examples. We mention the following examples/sub-classes of form-bounded drifts defined in elemen-
tary terms; there are some repetitions with the examples before Theorem 1.
1. The “spatial endpoint” of the Ladyzhenskaya-Prodi-Serrin class (1.5):

be L([0,00[, L*(R) + L>(R%) = b€ Fsy,
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for appropriate 6 and bounded gs; let us omit R¢ in LP(R?) from now on. Indeed, writing b = b; + by,
where b; € L®(R, L?), by € L°(R, L), we have for a.e.t € R,

162, )ell3 < (L +)[lbalts )| Za ||<P||2L% + (@ +e Dbt )< llelz:  (>0)
(apply the Sobolev embedding)
< Cs(L+e)[b1(t, )7allVepll7 + 1 +e™H)b2(t, )7 ol 72,

s0 b € Fs g; with & := sup;cp Cs(1+¢€)||b1(t,-)]12, and g5(t) = (1 + &7 1)||ba(¢, ) [|3 -

Let us note that if b is time-homogeneous, then, by considering cutoff of b, we can find, for every
€ > 0, vector fields b; and by as above such that ||b1]z« < €, and so the form-bound § of b is, in fact,
arbitrarily small; this comes at the expense of having ||b2||L~ large.

2. Recall that a Borel measurable function h : R — R is in L& if ||| pa.cc 1= sup,sq s|{z € R%:
|h(z)| > s}|'/¢ < co. By the Strichartz inequality with sharp constants [KPS, Prop. 2.5, 2.6, Cor. 2.9],
if, say, b = b(z) with |b| € L%, then

beFs, o with /3 = [|[Bj(A = A)~% |20

_1
< 181,002, 1] HO = A) 7 F |22
d—2 9

_1 I‘( ) _1
< ”b”d,ooﬂd 42 11_‘(%) = ”b”d,oon dm’

where Qg4 = W%I‘(g + 1) is the volume of the unit ball in R
3. Extending the previous example, we obtain that

| € L®(R, LY (R%) = b€ Fsp,

with § ~ sup,cp ||b(t, ')”%d,oo(Rd)' This class contains the class |b| € L>®(R, L¢(R?)) from the first exam-
ple. The set-theoretic difference between the latter and L (R, L%*°(R%)) contains e.g. the attracting
drift .

— x
that, by the Hardy inequality or by the calculation in 2, is in F5 . This drift provides a counterexample
to the weak existence if the “strength of attraction to the origin” ¢ is too large, see Section 2.1 for
details.

The counterexample to weak existence discussed in that section already shows that there is an
important distinction between the class |[b| € L>®°(R, L¢(R%)) and the class of form-bounded drifts
b € F5. Namely, the former does not cover such strong attraction/blow-up phenomena, despite being
critical under the diffusive scaling.

4. The weighted Hardy inequality of Hoffmann-Ostenhof-Laptev [HL]. Fix

_ 92
OS(I)ELS(Sd_l) for some s > %"‘17
where S9! is the unit sphere in R?. If
—2)2 d—1|1
|b(z)|? < 5(d 2) C<I>(:v/|2w|), where ¢ := M,
4 |z| [@]|2e(52-1)

then b € Fs with g5 = 0.
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5.Let K € F.(R?). Then the many-particle drift b = (by,...,bx) : R — R with components
defined by

N
1 . . o
bi(zt,...,zN) = N Z K(z' —x7), z',27 € R?
Jj=1,j#i
is in F5(R) with § = (NA_,—;)ZH.
6. Fix a small € > 0. If sup,cp ||b(%, -)|| a2, < 00, then b € Fs with 0 proportional to the supremum,
and gs = 0. Here

1fllatay, = sup r(i /B ()|f(x)|2+6dw)2+€ (2.4)

r>0,z€R4 rd
is the Morrey norm. The inclusion is a consequence of the Adams inequality [A, Theorem 7.3].
We note that, for each 0 < & < g, there exist vector fields b = b(z) in the Morrey class My, such
that |b| ¢ LZte0 (RY).
7. Chang-Wilson-Wolff [CWW] identified a larger than U.>oMay. sub-class of Fs N {b = b(z)}.
That is, they demonstrated that if |b| € L2 (R?) and

loc

sup b(y) 1 r2¢(Ib(y)|? r?)dy < oo, (2.5)

r>0,z€R IBT | B, (z)

where £ : Ry — [1, 00 is a fixed increasing function such that

/°°£<oo
1 8&(s) ’

then b € Fs with appropriate 6. For instance, one can take £(s) = 1+ (log® s)'*€ or £(s) = 1+
log™ s(loglog™ s)'*€ for some € > 0 (but not £(s) = 1+ log™ s).

8. In Theorem 2 we impose a more restrictive condition on gs, namely, it must be in L'*¢(R) for
some arbitrarily small but fixed € > 0. For instance,

b(t, z)| < |t — to| 21" for some &, > 0, for ¢, fixed,

satisfies this requirement. Note that, due to this € > 0, the Ladyzhenskaya-Prodi-Serrin class of drifts
(1.5) handled by [RZ] is not entirely contained in the class of form-bounded drifts of Theorem 2 unless
g = oo in (1.5), i.e. one focuses on the maximal admissible spatial singularities of the drift.

The following theorem strengthens the result in [RZ] and yields strong existence/conditional unique-
ness for drifts that can introduce strong attraction phenomena, e.g. as in example 3.

The authors of [RZ], in turn, strengthened Krylov-Rockner [KrR], i.e.replaced the sub-critical
Ladyzhenskaya-Prodi-Serrin class (< 1) with the critical one (= 1), see (1.5), with the exception of the
pathwise uniqueness since, in the setting of [KrR], one can prove unconditional pathwise uniqueness,
see Zhang [Z].

Let us also add that the strong solutions to SDE (2.1) with b in the Ladyzhenskaya-Prodi-Serrin
class (1.5), but only for a.e.initial point z € R% — possibly excluding the singular set of the drift —
were constructed earlier in [BFGM] via the regularity theory of the stochastic transport/continuity
equations.!

1We note that the authors of [KSS] extended the relevant parts of [BFGM] to time-homogeneous form-bounded
drifts, so, strictly speaking, the extension of [RZ] to form-bounded drifts in [KM1] was consistent with what was
done earlier.
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In Theorem 2 we work on a finite time interval, so, without loss of generality, we impose from now
on the global L! condition on g;s.

Theorem 2 ([KM1], but with a few technical conditions on the drift removed, see remark below). Let
d>3, T >0. Assume that b € Fs5 4 and that there ezists € > 0 such that the function gs from (2.2)
additionally satisfies

gs € L'T5(R).
Let {b,} C (C™® N L>®)(R**9 RY) be a sequence of vector fields such that

by = b in [L},.(R, L2(R?))]%,

loc

are form-bounded with the same form-bound & having sup,, ||gsn||L1+sr) < 0o. (For exzample, the
standard mollifier in R1*? applied to b yields b,,, see Appendiz A for details.)
If the form-bound § of drift b is sufficiently small, then the following are true:

(i) There exists a subsequence {b,,} such that for any initial time r € [0,T[ and every initial
point & € R? the approzimating strong solutions {Xﬁ PRI | to

t
X3 =z + / bu(s, XZ0)ds + Wy — Wy,

considered on a fized complete probability space (Q,{F} Yo<i<T, FW,P), converge for every
t € [r,T] P-a.s. to a strong solution X[, of SDE

t
X,”f’tzzc—k/ b(s, Xy 5)ds + Wy —W,, te|[r,T].

1) The constructed strong solution XZ*, satisfies the following Krylov-type bound. For every q €
( ) 7t
d,571/2) and any vector field f € Fg, B < oo, there exists a constant C, depending only on
B
d, q, 9, g5, B, gg8 and T, such that
2/q
L2([r,T],L2(R%))

T
E/ |fh(r, X2,) |dr < C Hf|h|‘1/2‘ foralth e C.([r,TIxRY).  (26)
(i) The constructed solution X7, is pathwise unique among strong solutions to (2.1) that satisfy
(2.6) for some q € (d,d6~/2), with |f| =1 and with |f| = |b|.
(iv) The operators
T, f(2) =E[f(X])], f€Cx, (2.7)

constitute a backward Feller propagator on Cs, and, furthermore, we have
)t = §-Coo-1lim Tl;r: loc. uniformly in r,t € [0, T

regardless of the choice of the sequence {b,} as long as it satisfies the preceeding uniform form-
boundedness assumptions. In this sense, the law of X7, does not depend on the choice of the
subsequence in (7).

Remark 1. Assertion (iv) was proved in [K1]. Its proof uses the analogue of the gradient bounds of
Proposition 2 on the solution to Cauchy problem for the Kolmogorov equation (9; — %A +b-Vu) =F,
U|t=0 =f.

The proofs of the Krylov-type bound (i) and the conditional pathwise uniqueness (iif) remain
unchanged. The Krylov-type bound was proved in [KM2]. The proof of the conditional pathwise
uniqueness follows the idea of Rockner and Zhao and uses:
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— Chernyi’s theorem [C], which can be viewed as a dual of the Yamada-Watanabe principle; its
application here exploits the fact that the diffusion coefficients in (2.1) are constant;

— conditional weak uniqueness for (2.1) established in [KM2].

The proof of the strong existence (i) repeats the proof in [KM1] with one essential addition. The
simplex estimate [KM1, Prop.1] (= the drift analogue of Proposition 3 in the proof of Theorem 1)
imposes the compact support assumption on the drift b (i.e.function f; in the estimate below) and
assumes that the function g in the form-boundedness condition on b is identically zero®. In Section 8
we state and prove [KM1, Prop. 1] in complete generality, as is needed to obtain assertion (7).

2.1. Weak solutions. If one is interested in the weak solution theory of SDE (2.1), then one can go
beyond the setting of Theorem 2 in several directions. Let us focus for simplicity on b = b(z), although
the results cited below are, in general, valid for time-inhomogeneous drifts as well; we also ignore the
behaviour of the drift at infinity and focus on admissible local singularities.

1. Theorem 2 requires the form-bound of b to be smaller than a certain dimension-dependent con-
stant. One can, however, prove weak existence/strong Markov property (in fact, one obtains a strongly
continuous Feller semigroup), plus some conditional weak uniqueness results, for b € Fs, § < 4
[KS4, KS3, KV]. One thus arrives at completely dimension-independent conditions on the drift, which
is important for applications to particle systems [K4]. The value § = 4 corresponds to the first critical
threshold in the following table, that is, until the PDE methods work. Specifically, consider SDE

dX; = _d=25 X gy VoW, X, =0,
2 X
with drift set to zero at the origin. We have the following tetrachotomy:

TABLE 1. Weak solvability for b(z) = —452+/5 #

Values of § Proof of weak existence
[0,4] Via PDEs with (2.3) viewed as a form-bounded drift [KS4, KS3]
[0, 4(%)2[ Tightness via SDE exploiting special form of (2.3) [FJ]
[4(%)2, 4 ﬁ)z[ Via X; — | X;|2X; or via distributional drift, using special form of (2.3) [FJ, T]
[4(6%2)2, &) No weak solution

The nonexistence of a weak solution is due to the strong attraction to the origin, see the detailed
discussion of the counterexample for § > 4((1%‘12)2 in [BFGM, FJJ; in fact, even started away from the

origin, if § surpasses the threshold 4(#‘12)2, the solution arrives at the origin with positive probability
and stays there; the proof is an application of the theory of Bessel processes.
2. There is weak solution theory to SDE

dX; = b(X;)dt +V2W;,, Xo=z€R? d>2,

with the same level of detail as in Theorem 2 for a larger class of weakly form-bounded drifts [KS6,
K3, KY]: |b] € LL (R%) and

loc
(8], %) < 6(I(A — A) 5 ]?) for all p € C(RY),

2These simplifying assumptions do not affect the class of admissible local singularities of b, which was the
authors’ main interest in [KM1].
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for some sufficiently small § > 0, for some A > 0, or for the broad subclass of drifts having sufficiently
small Morrey norm

13 sup ( ! |b|1+€)ﬁ
Miy . — T 7 N1
" z€RL r>0 |B’f‘(m)| B, (z)

for some fixed 0 < ¢ < 1 (the smaller it is, the broader is the class). For example, the many-

particle drift in the finite-particle approximation of the celebrated Keller-Segel model of chemotaxis,
ie.b=(b,...,bN) : R2V 5 R2N

: K r —x
bl(it):N E m, .’L‘Z(.’Zfl,...,il}N) ER2N,
J=1j#i

belongs to these classes, but does not belong to Fs5 since its square is not locally summable, or, one
could also say, because there is no non-trivial Hardy inequality in R2. In this setting, additionally
having discontinuous diffusion coefficients seems to be impossible, at least within the existing approach
of [KS6, K3, KY].

3. At the other end of the range (or, perhaps, convex body) of possible results, there are recent
results of Krylov on detailed weak solution theory of

dX, = b(X})dt + /a(X)dW;, Xo==z, d>2

with bounded, symmetric a > kI in the VMO class (see the introduction) and drift satisfying, for
some g, > do(d, k) > g,
b € M,, with sufficiently small Morrey norm.

Under these assumptions, Krylov proves existence and conditional weak uniqueness in Krylov class
(=reasonable occupation time estimate). The conditions on the drift b are more restrictive than
in the results described in the previous paragraph. Indeed, to deal with the VMO coefficients (in
presence of a singular drift) one needs to establish regularity of the second derivatives of solutions of
the corresponding Kolmogorov backward equation; see [BKRS, D, Kr3] and the references therein for
the relevant regularity theory. The classes of form-bounded or weakly form-bounded drifts, on the
other hand, destroy any non-trivial estimate on the second derivatives, but these are not needed when
the diffusion coefficients in the SDE are constant or satisfy (1.6); in small dimensions the situation is
better, see more detailed discussion in [K2].

3. NOTATIONS AND AUXILIARY RESULTS

3.1. Notations.

e Let B(X,Y) denote the space of bounded linear operators between Banach spaces X — Y,
endowed with the operator norm || - ||x—y, and set B(X) := B(X, X).
e We write T' = s-Y-lim,, T}, for T, T,, € B(X,Y) if

lim ||Tf —Toflly =0 for every f € X.

e Let [X]? and [X]?*™ denote the spaces of d-vectors and d x m-matrices with entries in X.
e Put

(f,9) = (fg) = / F@)g(a)dz.
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Given a weight p on R%, we write

(£,9)0 =(f9)p = /R f(@)g(@)p(w)dz.

e Given a matrix 4 = (a;;) € R%*?, we denote by |A| its Euclidean norm, i.e. |4|? := szzl a;.

e Put a Ab:= min{a,b}, a Vb := max{a,b}.

o Set V, :=0,,.

o Let LP = LP(R%,dx), WP = WLP(R?, dx) denote the usual Lebesgue and Sobolev spaces,
respectively.

o Coo :={f € Cy(R?) | limy| 00 f(2)=0} endowed with the sup-norm.

e For any p > 1, we use p’ to denote its conjugate p/(p — 1); if p = 1, then p’ = oco.
e For a given matrix field a = (aij);.i, o1t R?¢ — R4*4  we define its row divergence vector field
Va : R? — R? by the formula

d
(Va)j = Z Viaij.
i=1

e Given Ty < Ti, define the temporal simplex
An(To,Tl) = {(tl, ce ,tn) eR™: To<t1 <---<t, < Tl}, An(T) = An(O, T)

e Denote by Ex, the conditional expectation with respect to the o-algebra F;.

e Recall that a family of operators {P"'}o<,<t<1 C B(Cx) is a backward Feller propagator if
1°) PmsPst = P" for every s € [r,t] (reproduction property).
2°) P™" =1d (identity operator),
3°) IP™ flloo < [Ifllos, P™[CE] C CF,
4°) for every f € C, the function (r,t) — P™tf 0 <r <t < T, is continuous in Cq.
The last property also follows from the separate continuity: for each fixed r the function

[r,T] > t — P™'f is continuous, and for each fixed ¢t the function [0,¢{] > r — P"'f is

continuous [GvC, Theorem 2.1].

3.2. Compactness for L? random vector fields.

Lemma 3.1 ([RZ, Lemma 3.1]). Let U C R? be a bounded smooth domain. Let {F,, = F,(z,w)} be a
sequence of random fields in L?(U x Q,dx x P). Assume that

E/ (1Fu(@)? + Vo Fo(@))dz < K (3.1)
U
T
E / / |D,F(z)|*dsdz < K, (3.2)
UJO
T T 2
|Dan(x) _DS’Fn(w)| /
E/U/o /0 s — 5|12 dsds'de < K (3.3)

for some B > 0 and K < oo independent of n. Then the sequence {F,} is relatively compact in
L2(U x Q).

We refer to [RZ] for the discussion of the history of this type of results. Regarding the definition of
the Malliavin derivative and its properties, see [H, N].
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4. PDE ESTIMATES

In this section, the entries of o and of the other functions have bounded derivatives in the spa-
tial variables, uniformly in ¢, in order to justify the manipulations with the equations; however, the
constants in the estimates will not depend on the smoothness of o(¢,-). In the next section we will
apply our PDE estimates to matrices ¢, from the statement of Theorem 1, and so the constants in
the resulting estimates will be independent of n.

4.1. Contractivity and gradient bounds for the Kolmogorov equation. The following simple
observation makes the proofs of the results of this section — Propositions 1 and 2 — more transparent.
Since the matrix of diffusion coefficients ¢ is bounded, the conditions of Theorem 1 imply that

(Veaan)t, €F,, forallr,l, VacFs, (4.1)

with 4 < Cv, §, < Cv. It therefore suffices to show that, if v,;, d, are sufficiently small, then the
assertions of Propositions 1, 2 hold.

Proposition 1. Under the conditions of Theorem 1, for every p > 1, provided that the form-bound
v of the derivatives of o is sufficiently small, and 0 is fixed sufficiently small, the solution to the

terminal-value problem
(O +2a-VHu=0 in]0,T[xRY, (42)
uls=r = f € CX(RY),

T

where a = oo ', satisfies

lu®llzs < < TIfllzs, ¢ e0,T],
where w = w(cs,0). The same estimate holds in the non-weighted case p =1, i.e.0 = 0.
Proof. We will only need Va € Fs_, see the remark in the beginning of Section 4.1. The proof given
below is standard, but we nevertheless include the details for the reader’s convenience.
It will be convenient to re-denote u(T —t,-), a(T —t,-) by u(t,-), a(t, -), respectively, and carry out
the proof for the initial-value problem

Ou—ta-V2u=0,

(4.3)
ult=0 = f.
Let us rewrite the equation in the divergence form
1 1
8tu—§V-a-Vu+§(Va)'Vu=0.
We now multiply this equation by p|u|P~2u and, after integrating by parts, obtain,
1d 2(p—1) 2 2
5%<|U|pp> + p—2<a - V|ulP/2, V|ul?/?p)
]. b b ]. 4 p
= {Va- VIulz, [ul?p) = {a - Viul%, [u]> Vp).
Multiplying by p and using the ellipticity of a, we obtain
d 2(p—1
ulo) + 22D vluppr2p) (1.4

< [(Va- V|2, ul%p)| + (@ V]ul?, [ul2Vp)| =: I + L.
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Let us handle I first. By the Cauchy-Schwarz inequality,
1 v
I < afa- Vil (VulF)p) + 4o fa- Vo, = Zlul?)

llallo

< aflaloo(|VIul?*0) + =,

(apply (1.7))

P || oo
< afalloo{[V1ulf ) + 120 op(juir),

(IVol?, ul)

where ||a]|oo < |lo||%,. Next,

1 2
L < B(Val, [ulp) + g5 (IVIul* Pp)
(use Va € Fy,)

< 8 (8a(V(ul? VAP +cs. ([ulp) ) + %avw% ).

The term (|V(|u|2,/p)|?) is bounded from above by the sum of (|V|u|%|2p) and, via (1.7), (|u|?p).
Applying these estimates in (4.4) and optimizing in a and 3, we arrive at the inequality

%(|U(t)|pp> + [@n — contribution from Il,Iz] (IVulP’?|2p) < w(|ulPp).

Provided that §, is sufficiently small, we can select 6 sufficiently small so that the expression in the
square brackets, i.e. the multiple of the energy term, is positive. Discarding the positive energy term,
we arrive at the sought bound. O

Proposition 2 (A priori gradient bounds). Under the conditions of Theorem 1, for every q > d,
provided that the form-bound v of the derivatives of o is sufficiently small, and 6 is fixed sufficiently
small, the solution to

(0 + 2a- Vv =—|F| in]0,T[xR,
(4.5)
U|t=T =fe Cgo(Rd)v

where F' € F,, for some pu < oo (here, additionally, bounded and smooth), satisfies

a2
”v”Lw(OT L9) + ||Vv”L°°([0,T],L" + ||V|VU|2||L2([0,T],L§)
< CIFagomu +I9F1% + 1),

with constant C = C(T,0,d,q, K, ||0] o, ¥, Cv, i, cu) tndependent of the smoothness of o, f or F. In
particular, by the Sobolev embedding theorem, for every z € 7.4

1012w o7y 510 ey < Cx B oz a2y + IV AL + 1F1%,)- (4.6)

The same estimates hold in the non-weighted case p = 1, in which case, in the last estimate, one has
simply ||U||L°°([0,T],Rd)-

We prove Proposition 2 in Section 6; see Section 1.3 for the discussion of the role of this proposition
in the proof of Theorem 1.
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4.2. Simplex estimate. Since o is assumed to be smooth in this section, by classical theory there
exists a unique strong solution X7 to SDE

¢
X =z +/ o(r, X7)dW,. (4.7)
0

LetOST()STlST

At the risk of annoying the reader, we will carry out the proof of the next proposition in a greater
generality that is needed for the proof of Theorem 1. Namely, we will assume that the functions g,
appearing in the form-boundedness condition on Vo (t,-) can be locally unbounded. For the proof of
Theorem 1 we only need g, to be bounded, and thus can replace them with constant c,. However,
keeping in mind possible extensions of Theorem 1 and the importance of the next proposition, we
opt for greater generality. (We will also need this generality when we discuss Theorem 2 dealing with
singular drift.)

Proposition 3. Let f; € ¥, (i > 1) with the same
g, € L'T¢(R)

for some fized € > 0. Assuming that the constant 0 in the definition of weight p is fixed sufficiently
small, there exist positive constants Cy, K (independent of the smoothness of o and f;) such that, for
every n > 2, for all Ty < T satisfying 0 <Toy <T1 <T,
2

< CoKn_2(T1 — T()) 1‘?'5 .
L%(]R{d)

E/ I £k, X2)Pdty ... dtn
A

n(To,T1) =1

(4.8)

Moreover, K can be made as small as needed by assuming that the form-bound v of f; is sufficiently
small.
If g, € L*°(R), then

E/ filts, XF 2dt1...dtn
| At [T 15, Xx2)

T1) ;=1

2
< CoK™ 3(Ty — Ty). (4.9)

L2(R4)

Corollary 1. For every integer n > 2,
2

t n
/ [E (/ Vo (r, Xff)|2ds> ] p(z)dz < Co(n!)2 K™ 2T,
R 0
If, moreover, g, € L*(R), then t75= s replaced with t.
Proof of Corollary 1. This follows from

([ o) T

_ /R d [n!E ﬁ Vo (ri, X7)

AR (0,t) ;=1

2
2dry,- -+ ,drn| p(z)dz.

O

Remark 2. The assertions of Proposition 3 and Corollary 1 remain valid if we replace weight p by its
translation p,, for any y € R? fixed, defined by p,(z) := p(z —y). In particular, the constants in these
estimates do not depend on y since the form-boundedness condition on f; and b does not involve any
special points.
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Proof of Proposition 3. Put u,4+1 = 1 and define consecutively
hi = fPupr1, k=1,...,n,
where uy, solves the terminal-value problem on [Tp, 7]
Oruy, + %a V2up +hp =0, ug(T1, ) =0. (4.10)

Then, repeating the proof of [RZ, Lemma 4.2], we obtain

Ef%/ 11

An(To,T1) =1

2
dtl e dtn = ’Ull(To,ijwo).

fits, X))

Therefore,
2

E/ H |fi(ti,XZ)|2dt1 ...dt,| dxr = / |Eu1(TO7X%O)|2dx.
A Rd

n(To,T1) ;1

J.

The goal is to control u; in terms of us (Step 1), ug in terms of uz (Step 2), and so on, until u, (Step
n). Note that u,, can be estimated explicitly because u,+1 = 1.
1. Let us first consider the special case:

9s, = g» = 0 in conditions Va € Fs_, f; € F,, and p = 1.
The latter forces us to impose an additional temporary condition on the f;:
all f; have supports in [0, 7] x Bg for some fixed R independent of n. (A)

Below we will exclude this condition using non-constant (i.e. polynomially vanishing at infinity) weight
p.

Remark 3. This proposition plays a crucial role in the proof of Theorem 1. Specifically, we will
be applying it to f; = Vioy. If we put condition (A) in the assumptions of Proposition 3, this will
require us to assume that the matrix of diffusion coefficients has form o = ocopst + 0¢, where Teopst 1S
a constant matrix and o, has compact support. Since we are interested in describing admissible local
discontinuities of ¢, this would not be a deal breaking extra condition on o, but with a few additional
efforts we will avoid it by means of the weight p.

What we will obtain for us, ..., u, are the following two inequalities

/ Vi) < K2 / 1Vl (4.11)

To To
where 0 < K < 1 can be made as small as needed by assuming that the form-bounds §, and v are
sufficiently small, and

/T [V (s)[2)ds < C(Th — To) (4.12)

whose proof is basically the energy inequality for (4.10). The relationship between u; and ws is
different: we need to prove inequality

T
/Rd |Eu1(TO,X;O)|2dx§/T (|Vuz|?). (4.13)

Proposition 3 for g5, = g, = 0 and p = 1 follows right away from (4.11)-(4.13).
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Let us prove (4.11)-(4.13). Recall that the action of the row-divergence operator V on a = oo is
defined as the vector field Va : R**¢ — R? with components (Va); := 3% ; (V;asx). The boundedness
of o and the hypothesis of form-boundedness of |Vo| of Theorem 1 ensure that

Va € Fs, for §, = Cv. (4.14)

Step 1 (proof of (4.13)). Set v(t,x) := Ex,—,u1(To, X7, ). The function v satisfies the terminal-value
problem on [0, Tp]

o + %a Vv =0, v(Tp,-)=ui(Tp,).
We need to bound (|v(0, -)|?), where v(0,-) = Ex,=u1(To, X5, ) = Eu1(To, X3, ). So, we define
i) — { o(t,r)  t€[0,Ty)
ui(t,-) te [Ty, 1.
Then @ satisfies on the whole interval [0, 7;] the terminal-value problem
Oy + %a V2u+h=0, @T,-)=0, (4.15)

where

il(t )_ 0 tG[O,To],
T hl(t, ) t E]To,Tl].

So, what we need to bound is (|%(0,-)|?). To this end, we multiply the equation in (4.15) by @ and
integrate over [0, T}] x R%:

%<|a(o,-)|2>—%/o 1(a~V2'&,ﬁ)=/0 (). (4.16)

We now use our hypothesis on a:

T T T
—/ (a- V2, i) = —/ (V-a- Vi, i) +/ ((Va) - Vi, i)
0 0 0
(integrate by parts and use a > &I in the first term,

apply Cauchy-Schwarz in the second term)

> vty - (e [ varan + X2 [ gear))

(use (4.14), where, recall, for now gs, = 0)

T
> (x= VE) [ (Vi) (4.17)
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Next, we estimate the RHS of (4.16):

/OTI (R, @) = /TT (hyyur) = /TT (flqu,uﬂ

T 1
<B . (ff ud) + 2 <f17u2>

48 Jr,
(use fz € Fu)

< v /T (V) / (Vs ?)

<o [ war) + 2 [ vup) (4.9
0 4[3 T
Applying these estimates in (4.16), we arrive at
1 T]_ Tl
L. + ¢ / (Vi) < [ (vl (4.19)
0
where C1 = 2(k — /8,) — Bv, C2 = %. So, 0 < 02 < 1 can be made arbitrarily small by assuming

that the form-bound é, and v are sufﬁc1ently small. So, we get

T
[ Bl (T, X5, )Pds <262 [ (Vual)
R4

To
i.e. we have proved (4.13). (At this step we actually did not need the term with V& in (4.19), but since
we will be repeating this calculation below, we kept it.)

Step 2 (proof of (4.11)). Now, we repeat the same procedure for us in place of @. That is, we multiply
equation (4.10) (for k = 2) by u, and integrate over [T, Ti] x R¢ to obtain

;(Uz(To) )+ 5 (’i \/_)/ (IVug| )‘/T:Fl(thz),

where

Tl Tl

<h2,U2>d8 = / <f22U3,U2>

T() TO

o o LMy s
<p (fz,“3>+4_/ (f3,u3)
To 'B TO
(we are using f; € F,)

T1 Tl

<o [ qvum@ + 5 [ (o)
To

Thus, we arrive at

o 2 . Co [T 2
(Vusl) < 22 [ (Vusl)
1JT,

To
If n > 3, we repeat this n — 3 more times:

o oy o (C2\" T 2
| avet < () [ 0w,
TO 1 TO

i.e. we have (4.11).
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Step 3 (proof of (4.12)). Finally, we estimate f:,z;l(|Vun|2). Arguing as above, we have (recall that
Up+1 = 1)

/ N Vu) < G / 2 )

To To
(we apply the Cauchy-Schwarz inequality)

T1 1 Tl
<ci [ ey | )
To To

™ T
<a [ ey 19wk

To
(using assumption (A),

Tl Tl
we apply f, € F, in / (f29%) > | (f2) for a smooth ¢ > 1p, ()
To

To
v [
> (IVual?).

< Cs(Th —To) +
2 To

Thus, (1 - %) ,};1(|Vun|2) < C5(Th — Tp), i-e.since v is small, we obtain (4.12).

2. We now explain what needs to be modified in the previous calculations to handle the case
gs,,9» € L**¢(R), but still assuming for now p = 1.

Every time we were applying the form-boundedness condition on Va or f;, we were getting terms
with bad sign that needed to be absorbed by the dispersion term in the equation, cf. (4.17). Now,
with gs,,9, # 0, we will be getting additional bad terms fOTl gs, (%) and f;;l g, {@?). These terms,
however, can be dealt with simply by introducing in the equation a time-dependent exponential factor.
In detail, the following are the extensions of Steps 1-3 from above:

Step 1’: Put
Ft) == A /0 (5. (5) + g, (8] ds,

where A is to be fixed sufficiently large (depending on the values of §, and v). We multiply (4.15) by

eF:

1 -
or(ef'i) — Fef'ii + 3¢ V2eFi+efh=0, e™g(Ty,-)=0.

After multiplying the previous equation by 4 and integrating over [0, T3] x R¢, one sees that the second
term from the left

/ M ey = » / " (5, + )6 (@)

will absorb the new terms #5* fOT *(gs, eF1?) and B f(;‘r ' (g,ef4?) that now appear in (4.17) and (4.18)
as long as we fix \ > #&f + B. This will give us, instead of (4.19), the following estimate (note that
eF0) = 1):

1, 2 i F ~12 v F 2 F 2
st . < —
0,0 01 [ ergva < g5 | er vl + g5 [ eFotd)
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where C = 1(k — /8,) — Bv is as before. Hence

Euy (To, X5,) < c( / N P (V) + / " ng,,(u%>). (4.20)

To TO
Step 2’: Set
t
G(t) = A / (95, (5) + g (s))ds
To
We multiply (4.10) for k = 2 by e“:
1
0y (e%ug) — G'eCuy + 3¢ V2e%uy 4+ €Chy =0, uy(Ty,:) =0.
Next, we multiply it by uo and integrate over [Ty, Ti] x R%, obtaining (note that e“(T0) = 1)

L@ + (5 ) / 9. (ud) + (5= Vs = ) | e (T

1 T G T G
< —(1// e <|Vu3|2> +/ e gy(ug)).
4/3 To To
Since we are going to iterate this inequality (us and wug4, then us and us, etc), we need to be more

precise when specifying the constants, including A. Discarding the first (positive) term and assuming
that v <1, we get

——,6’)/ 9% (u3) + (k — /3 — ﬂm/ & (|Vusl?)

i TlG 9 TlG 2)
34/3(/% S (| Vus| >+/TO eSg,(u3) ).

So, we take Cs := 4 , C1 := k— /8, — fv and ﬁx > 8 so that — B = C;. Note that by selecting
sufficiently large we can make Cs arbitrarily small. Accordlngly, we will have to select v small to have
C1, say, C1 > 5 and have 0 < g—f < 1. This gives us inequality

iy T
| Cvual)+ [ e
To TO
Cy n G 2 n G 2
< ol e (|Vus|?) + e” g, (u3)
1\J1, To
which we can iterate (since the selection of the parameters 3, A, d,, v does not depend on n), obtaining
T1 Tl
| e vus) + / el
T() TO
C2 n G 2 n G 2
< e(IVual?) + | €7gu(uz) ). (4.21)
Cl To To
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Step 3’: Finally, we estimate sz; ' e (| Vu,|?) + Iz, T ¢Gg, (u2). Arguing as above, we obtain (recall
that up+1 = 1)

Tl Tl T1
/ (| Vun[?) + / G (u2) < Cs [ (€ F2 un)
To

T() TO
(we are applying Cauchy-Schwarz inequality)

T1 1 Tl
<Cy <er2>+§/ (f3,eCul)

To

<cy <ern / (I Vunl?) + > / gve(u2)

<c <er2 (/ (9 Vun ) + / e lu)).

T T T
| vuly+ [ eCa) <acu [ s,
To To To

We are now using the compact support assumption (A), i.e. we apply f, € F, in f;; (f2p%) > 1::;1 (f?)
for a smooth ¢ > 1p, (o), obtaining

[ e+ [ Cand<os [ara

To To To
< Cs[Ty — To + (Ty — To) 7], (4.22)

Thus,

where at the last step we have applied g, € LL7¢(R).

loc

Now, combining (4.20), (4.21) and (4.22), and noting that both F', G are non-negative continuous
functions that are, thus, bounded on [Ty, T1], we obtain the assertion of Proposition 3 in the case
p=1.

3. We finally pass to the weighted space L2(R%) and remove assumption (A). We write

(), = | h@)ola)da.

We first note that the weight p works very well together with the form-boundedness condition. Namely,
for every fixed > 0, applying the form-boundedness of f; to test function ,/pu yields

(f2u%), <v(IV(VPWI®) + 9. (u?),
< (L +mu{[Vul®), + (g0 + Cypb)(u?),.
Similarly,
(IVal?,u?), < (1+n0)da(|Vul®), + (g5, + Cndab)(u?),.
Also,

—{a - V?u,u), = (aVu, Vu), + ((Va) - Vu,u), + / aVu - Vpudz.
]Rd
Since the matrix field a is bounded and |vp_§|2 < (40, the last term satisfies

< 77<|Vu|2>p + Cn9<u2>ﬂ'

/ aVu - Vpudz
R4
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Thus, after first fixing n > 0 sufficiently small, the terms containing Vp only produce an arbitrarily
small perturbation of the energy term (|Vu|?),, as well as an additional term of the form C,0(u?),.
Now, we define

¢

t
F(t) == A / (95, (5) + 9, () + Cy6] ds, G(t) == A / (5. (5) + g, (5) + C,6] ds.
0 To
Multiplying the equations by e¥% p and e“uy, p, respectively, repeat Steps 1’-3’. The previous estimates
show that, provided 7 and then 6 are chosen sufficiently small, the constants C; and Cy are changed
only by arbitrarily small values. In particular, they can still be chosen so that 0 < g—f < 1,and Cy/Cy
can still be made arbitrarily small by requiring the form-bounds J, and v to be sufficiently small. We

therefore obtain
T

T
(la(0))*), < C (/T €% (|Vuz|?) dt +/

To

gl/eG <u% > P)
and

T1 Tl
| TPy dt+ [ g )
To

To

02 n—2 T G 2 h G/, 2
< (=2 e (| Vun|?)pdt + | g,eC(u2),dt|.
C1 To To

It remains to estimate the last expression. The weighted version of Step 3’ gives

T

T1 Tl
/ eG(|Vun|2)pdt + / gueG(ui)pdt <C eG(f,zl),J dt.
To

To To

Here we no longer need the compact support assumption of f;. Namely, applying the form-boundedness
inequality for f, to ,/p, we obtain

(F2@®) o < v(IVVAI) + 9.(8)(0)
< Cv + Cg, (t),

where we used (p) < oo and |V, /p|*> = % < CBp. Since G is non-negative and bounded on [Ty, T1],
Holder’s inequality now yields
T

T
/ €S (f2),dt < C

To

vo(Ty — To) + /

To

gu(t)dt]
< O(Ty — Ty) ™,

where T is fixed and g, € L5 (R).

loc
Combining the previous estimates, we obtain

2

< CoK"¥(Ty — Tp) ™=,
Lf,(Rd)

HE/ H |fi(ti, X;,)Pdty ... dty
A

n(To,T1) ;—1

with K = C3/C4. The proof of Proposition 3 is completed. O
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5. PROOF OF THEOREM 1(I): STRONG EXISTENCE

Proposition 4. Let Xi = Xg, be the strong solution to (4.7). Then, for every integer p > 2, there
exist constants K1, Ko independent of the smoothness of o such that

(4)
1
sup ||VXY — I||L20(B, (y), Lr () < K1t (5.1)
yER
forall0<t<T;
()
sup [[DsXF — 0(s, X2)|| 120 (B, (v), Lo () < K|t — 8|7 (5.2)

y€ER?

fora.e. s€[0,T) and0<s<t<T;

(ii)

sup |Ds X — Do XE | 120 (Br ), Lo () < Ko (|8 — 5|5 + |s' — s|) (5.3)
ye

for a.e. 5,8 €[0,T] and0<s,8 <t<T.
Proof of Proposition 4. We will be applying Corollary 1. Without loss of generality, y = 0. (In the
general case y € R% we would have to apply Corollary 1 with the translated weight p,, see Remark 2.)
(7) We will consider initial time 0 < s < T, i.e. X{ = x; this will allow us to reuse the proof of

() in the proof of (). Since o : [0,T] x R? — R?¥9 is smooth with bounded derivatives, we can
differentiate (4.7) in x:

t
VXZ, —I= / Vo(r, X?) - VXZ,dW,, (5.4)
S

where Vo (r,z) = Vy0(r,z) = (00ik(r, %)), <; j <4 a0d, in coordinates,

=1

d
(Voo )(r, X7) - Vo X2, = (Z Aok (r, X%) ajxg;j) :
1<14,5,k<d
So, with the Brownian motion, we have

d d
(Vo) (r, XE) - Vo X2, dW, = (Z Za,azk(r X7)0; X% ldW’°> )
k=11=1 1<4,5<d

Put for brevity

? =V XE, Ji =1
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We estimate

Jz, — 1|2, ) =/ E|J?, — I|P)*dz
“ )t ||L2 ((B1(0),LP(£)) Bl(o)[ | ’t | ]

(we use (5.4) and then apply the BDG inequality)

t 512
<cC [E(/ |Va(r,X§r)|2|J:T|2dr) ] dz
B1(0) S

2
E sup | ”|p(/ |Vo(r, X5 ,) 2dr> ] dx

B;(0) |: s<r<t
(use Cauchy-Schwarz twice)

t P
<C E sup |Jf’r|2pE(/ |VU(T,X;7.)|2dr) dx

Bi(0) s<r<t

<C

-2 1 t P72 2
< C’(/ E sup |J¥,|*P dm) (/ [E(/ |Vo(r, Xfr)|2dr) ] da:)
By(0) L s<r<t _ B;1(0) s ’

(apply Corollary 1 the the second factor)

12\ 2
< C’(/ E sup |J7 |2p d:z:) C’lt%,
B1(0)L s<r<t |

1 —
where C; = Cjp!K =N (since p is fixed, the growth of C; in p plays no role here). This yields
assertion (i) once we prove that the first factor is bounded from above by a constant independent of
the smoothness of 0. To this end, we will use the following stochastic Gronwall-type estimate:

Claim 1.

[E sup |J7 |2P] < CpEeCprIVG(T,Xf,T)Isz_
s<r<t

Proof of Claim 1. Put for brevity J; := JZ, and V; := |J;|, where x € B;(0) is fixed. Our goal is to
estimate Esup,<,<;|V-|P. Identity (5.4) becomes dJ; = & ALL,dW!, where AL = (V,0.)(t, XZ4)
(a d x d matrix field). By It6’s formula,

d d
v, =23 J;- (Ath) awl + 3 |ALT 2dt, (5.5)
1=1 =1
where - is the Euclidean inner product in R¢%¢, i.e.in coordinates,
d
o+ (A1) dWl = 7 (10)ig (Ad)ig (Ji)gs AW}
i,j,q:l

d
D 0 XTi0g0u(t, X ,)0; X AW
%,J,q=1
Since o is smooth, J; is invertible (for the proof, if needed, see Appendix C) and so V; > 0. Therefore,
the identity (5.5) can be rewritten as

d‘Q::(h‘th4“QdA4ﬂ
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where

= ’fJ—P < |Vo(t, X2, (5.6)

and

Jy - AL,
PAEN

Since Vo is bounded, cf.the beginning of this section, and thus so is |c|, the Itd integral M; =

fst e - dW, = Y, fst cl. dW!, t < T, is a continuous square-integrable martingale. Applying Itd’s

formula to log V4,

dM; := cedW;, ¢ =(cl,...,c) withcl:=2 lee|? < 4|Vo(t, XZ,)I%. (5.7)

1 1
dlogV; = th% - Wd[v]t
1 1
=% (g: Vi dt + VidMy) — thzd[M]t

1

Then, we obtain the following representation for V;:
V, = V,eMe=Mo— 5 ((Mle—[M]o)+ [} grdr
Hence
VP = Vspep(Mt—Ms)—§ [M]e—[M]s)+p ! grdr
which we rewrite, for a A > 0 to be chosen, as
‘/tp = ‘/Sp(Zt)‘)%e%(pA—p)([M]t_[M]s)'i‘pf: qrdr,
where Z} = eA(Mt_MS)_g([M]f_[M]S). The process Z* is a positive continuous martingale, Z} = 1 —

Novikov’s condition is trivially satisfied for M; due to d[M]; = |c;|?dt, the estimates in (5.6), (5.7) and
the boundedness |Vo|. Also by (5.6), (5.7),

VP < VP(Z)) ke [ IVo KT e,

It easily follows that
y
x
sup VTP < VSP ( sup Zﬁ‘) ecr fst |VU(7’7X:,T)|2‘1’".
s<r<t s<r<t

Recalling that J; = I, that V; is a dimension-dependent constant, and applying the Cauchy-Schwarz
inequality, we obtain

2p 1 1

T\ 2 . . 3

E sup VP < C’(E( sup Zﬁ‘) ) (Eech’fs |V”(T’str)|2dr> . (5.8)
s<r<t s<r<t

Since Z* is a positive continuous martingale with Z2 = 1, Doob’s weak maximal inequality yields

EZ} 1
P(sup Z?Za)ﬁ = a > 0.

s<r<t a a
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Furthermore, clearly, P (sup,<,<; Z; > a) < 1AL. Now, applying the Cavalieri principle to sup,<,<; Z;

gives
2y e
E( sup Zﬁ‘) = Tp/ a¥-1p ( sup Z) > a) da
s<r<t 0 s<r<t

2 Lo, 2 ® 2
Syp ; an_lda+7p/1 a*>"2dq

2p

_ 2
Py

This, and the previous estimate (5.8), yield Claim 1, provided that \ is fixed sufficiently large. O

Armed with Claim 1, we can now show that Esup, <, <, |JZ,|? is bounded by a constant independent
of smoothness of o. Namely, we bound the right-hand side of the estimate in Claim 1 as follows. Write
" 5 oo cn t n
et {1V Xear — 50 ([ 9a(r, X, )Par )
n=0 " s
Then, using Cauchy-Schwarz,

4 ) © on ) t n-2 5
/ Eece [5 Vo (rXs o) Pdr g, < Z —pﬂBl(O)lE (/ |:E (/ |Vo(r, Xs,¢)|2d7‘) ] d:c)
B1(0) n=0"" B1(0) s
(apply Corollary 1 to the n > 2 terms)
> CZ 1 n—2 1
< (term n=0) + (term n = 1) + Z —B1(0)|CynlK = t2.
= n!
The term corresponding to n = 0 is, clearly, finite and independent of the smoothness of o. The term
n = 1 is bounded by the term for n = 2 by applying elementary inequality oo < 1 + o2 for all a > 0.
Regarding the terms corresponding to n > 2, i.e. the convergence of the series, it only remains to note
that, by Corollary 1, the constant K can be made as small as needed assuming that the form-bound
v is sufficiently small.
Thus, Esup,<,<;|J?,[*’dz is bounded by a constant independent of the smoothness of o, from

which assertion (%) follows upon selecting everywhere above s = 0.

(#) The Malliavin derivative Ds XF, 0 < s <t < T, satisfies SDE of the same type as (5.4):
t
D, X} =o0(s,X7) +/ Vo(r,XE) - Ds XZdW,.
So, we can repeat the proof of (i) word by word, except that now the analogue of Claim 1 takes form

2
E sup |DSX:|2P] < Cpllo]| 2 Eec [31ve(r, X3 )2 dr
s<r<t
since the initial value for D, X* at r = s is o (s, X7).
(#i7) Set f;ﬁt = th: .Let 0 < s < s <t<T. We note the standard identities

T _ Tz T
D,XT = JZ ,D,X*



STRONG SOLUTIONS AND DISCONTINUOUS DIFFUSION COEFFICIENTS 29

and
DyX? = Juso(s', X2). (5.9)
Hence
D X{ — Dy X{ = J% (D X% — o(s', X2)).
Apply the Cauchy-Schwarz inequality to the right-hand side,

175+ (D X3 = o (s', X3) | L2v (5 (0), Lo ()
<15 el (81 (0) 2o @) |1 Ds X5 = o (8", X3l v (84 (0), L20 (9) - (5.10)
1. The norm of the first factor ||j;”,t|| Lé4» (B, (0),L2r(q2)) is bounded from above by a constant in-
dependent of the smoothness of o, which follows, via (5.9), from the uniform ellipticity condition

oo’ > k>0, and thus ||0™!||s < k™2, and the bound on | D XF || La» (B, (0,227 (2)) Stemming from
assertion (i¢) with p replaced by 2p.

2. Next, we estimate the second factor in (5.10):
1Ds X5 — o (s's X3 | v (31 0) 27 (2))
< NIDs X5 = 0(8, X3 ) ar (B, 0), 220 () + o (8, X7) — 0 (8', X)) Lor (1 (0), 120 () (5:11)

(a) The first term in (5.11) has the Malliavin derivative and o evaluated at the same time s. So,
this term can be estimated by applying assertion (77) with p replaced by 2p:

||D3X:f/ —_ 0'(3, .X;E)”Lélp(Bl(O),LZp(Q)) S K1|3 — Sllﬁ.
(b) Let us handle the second term in (5.11):

T Ty 4
lo(s, X5) = o (s, X o (3, 0y, 120 (00

< llo(s, X3) —o(s', X9l +lo(s', X2) = a(s', X2

L*2(B1(0),L%7(Q))

+ ||a(s’, X5) — ‘7(5/’ X?)”iap(]gl(o),mp(g))

4p
L*P(B1(0),L27 (%))
< 2%2||o | 2=((Blo(s, X2) - o(s', X3)])")
=: I1 + I2~

z€B1(0)

b.1 We have

(constant times) I; < Co{(E|o(s, X7) — 0(3’,Xf)|)2p(w)>weRd = ||P%®*|o(s,-) — o(s, ')|||2L,2,(Rd)
(apply Proposition 1))
< Cllo(s,) = o(s', )7z may
(use (H) in Theorem 1)
< C2|3 - 3,|2’y7
where the constant C' does not depend on the smoothness of o.

b.2 Next, let us estimate Is. Once again, we are looking for an upper bound in terms of a positive
power of |s — s’|, with constants that do not depend on the smoothness of o. Denote by o,
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1 | 0, the standard mollifier in the spatial variable applied to 0. We write

lo(s', X$) — o (s, X3l Lar (B, (0), 120 ()

<lo(s', X3) — on(s', X3 | Lar (B, (0),L27 (2)) (K1)
+ ||Un(3/’Xf) - Un(SI,X?)”L%(Bl(o),mp(ﬂ)) (K2)
+ llog(s', X3) — (s, X3) | L2r (B, (0), 227 (2))- (K3)

The terms (K7) and (K3) are estimated by essentially arguing as in (b.1), e.g. for (K;):
T z\|4 - - s s ’
lo(s', X5) = ou(s', XM 5, 00,220 () < 27 Mol (Blo(s', X7) = o', X7)]) Jeepi0
= 202 g 22 PO (s, ) — (', V2o 0
< CIP**lo(s,-) = on(s's )17 2 ey
(use Proposition 1)
< Cllo(s',-) — oy(s, ')”if,(Rd)
(use Lemma B.1)
< Cn.

Therefore,
(K1) < Cin%.
Similarly,
(Ks) < Can.
Let us deal with (K5). We have
lon(s', X3) = on(s', X3)| < [Von(s', )l may | X5 — X3

1

Hence, using [|Vo,(s', )|l rey < C1n~  |o(8) || o (ray < Cn~ ', we obtain

Eloy(s', X7) — on(s', X3) [P < C*Pn~*PE|X] — X3 |*

’

/ o(r, X7 )dW,

< Con~?P|s' — slP.

2p

= C*n~E (apply BDG inequality)

We arrive at the following estimate:
(K2) < Csn~ |8’ — s2.
Combining the estimates on (K7)-(K3), we obtain
1
L* < 2C1n% + Con~Y|s’ — s|2.
The latter, and the estimate on I, allow us to bound the second term in (5.11) as follows:
i1
lo(s, X3) — o(s', Xg) I Ler(By o), L2r () < 117 + 1"
<C(s' — 5|7 +n% +n71s —s|3).
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The left-hand side does not depend on 7, so it is for us to select. We take n = |s’ — s|%, thus arriving
at
o (s, X3) — a(s’, X5l 4w (B, (0), 220 (2)) < C(I8" — 5% +|s' — 5|5 +|s' — s|7)
(use the fact that we work on a finite time interval)
< Ca(ls’ — | + |5’ —s|%).
Finally, returning to (5.11), we can estimate
1D X5 = o(s', Xl oo 0y, 220(@)) < Kals' = s[5 + C1(|s" — 5% + ' — s5%).
It remains to use this in (5.10) to end the proof of (). O

Armed with Propositions 2 and 4, we can now prove Theorem 1(%), i.e. strong existence. We follow
the approach of [RZ]. Since 0., are smooth, by classical theory there exists a unique continuous random
field X™ : Ao(T) x R% x Q — R9 such that

¢
X" :x+/ Om(r, X5 AW, 0<s<t<T, zeR% (5.12)
S

Remark 4. We will use the follow standard properties of the approximating SDEs which are obtained
from the Picard construction and pathwise uniqueness. For every m, the continuous version of the
random field {Xf’ T0<r<t<T,ze Rd} may be chosen so that, on an event of probability one,

x,m
XT’S ,m

X5 = X200 0<r<s<t<T, zeR- (5.13)

Moreover, for every r < t and = € R%, X: »™ is measurable with respect to ]-'X‘{ =o(W,—-W, |r<
u < t) after completion. In particular, for fixed s < ¢, the random map

R% 3y — XV
is measurable with respect to .7-"8"}1 as a [Cloc(R?)]%-valued random variable and is independent of FY.

Step 1. We make a few preliminary observations. By the standard Burkholder-Davis-Gundy in-
equality and the uniform (in m) boundedness of o, on R?,

12
/ O (t, XZ™) AW,

t1

T

E|IXZ" — X2 = E

s,ta s,t1

<CE /tZ |om (t, X dt’ < C(ty —t1)%. (5.14)
¢
In particular, for 0 < s <t < T, 1
sup sup E| X" —z|" < C(t - s). (5.15)
m geRd
Next, one has
sup sup sup E |V X0 |"dz < oo. (5.16)

m 0<s<t<TyeRd JB;(y)
Indeed,

1
2

o, o 2 1 m
E/ Vo Xy ["dz < (/ (EIV.X5/"") dx) 1Bi(W)|? = Call VX 72 (B, (), 27 @))»
Bi(y) B1(y)

so it remains to apply Proposition 4(7).
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Let now r > d. (At Steps 4 and 5 we will have to fix r even larger).

Step 2. Let us compare solutions with different initial points, but the same initial time. Applying
the Sobolev embedding theorem to (5.16), we obtain the following bound on the Holder seminorm

sup sup sup E[X;7']" < 00,
m 0<s<t<T yeRd " CTT T (Bu(y)

Therefore, for all 0 < s <t < T, z,y € R? with |z — y| < 1,
E|X" - XU <Clz—y["™% r—d>0.
For |z — y| > 1, we estimate, using (5.15)
E|X7 = X0 < Cr(lz —yl" + BIXJ)" —af" + EIXJ" —y|") < Clo —yl".
Combining the last two bounds, we obtain, for all 0 < s <t < T, z,y € R¢,
E|X]" — XU < Cle — gy + [z —yI"). (5.17)

Step 3. Next, we compare solutions with the same initial points, but different initial times. That
is, assume that 0 < s; < s9 < t. By the flow property of the approximating solutions (see Remark 4),
Xom = X

81,89 ,ym
s1,t S2,t :

Moreover, the map y — X"} ot 1S independent of FY/ s, » While X5, is }"gf -measurable. Therefore,

E’XsmlT_X:QT =E[E[XYT - X20,- X:l";z]’
Hence
S2
BT - XY < (Bl oo, X5 Wl 48] [ o0, X5) — s XEDIaWA )
S1

(apply (5.14) to the first term) (5.18)

<C, ((32 —51)% + E|/ [om (s, ijsl 32) —om(s, X30)] dWS|T)

(reuse the SDE in the second term) (5.19)

<c, (|s2 — 51l +E|X 1 - x5 ) (5.20)
YA

(use (5.17) in the second term) (5.21)

<|32 — 51|% + CE(|XZm, — a4+ | X2 — .7:|’")) (use again (5.14))

< Ci,r(s2 — 81)%(1

(there is additional (s — s1)? term, but, since we work on a finite time interval, it is dominated by

(52— 1)),
To summarize: estimates (5.14), (5.17), (5.18) yield, for all r > d,
x.m r r r— r r—d
EIX; — X0 m < Cuplta —tal2 + e — g™+ |z — gl + 52 — 51| 7)) (5.22)

for all (s;,t;) € Ao(T), i =1,2.
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Step 4. Proposition 4(¢)- () yields

Claim 2. For fizedy € R? and 0 < r < t < T, the random fields Xff, ", & € By(y) verify conditions of
Lemma 3.1 where we take Fr(z) := X7}, U := Bi(y).

For the reader’s convenience, we included the proof of Claim 2 in Appendix D.

Claim 2 and Lemma 3.1 yield that, for every fixed (s,t) € QN Ay(T) and every integer N > 1, the
sequence

By x Q3 (z,w) = X7 (W), m=12,...

has a convergent subsequence in L?(Bx(0) x Q) (i.e. we cover ball By(0) by a finite number of balls
of radius 1 and pass to a convergent subsequence finitely many times). Further, since Q% N Ay (T) is
countable, a diagonal argument yields a subsequence of {X_"}m>1 (without loss of generality, still
denoted by {X_7"}), and random fields Ys; € L} (R* x Q), (s,t) € Q2 N Ay(T) such that, for every
N and all (s,t) € Q2N Ax(T)

X7 =Y, inL*(ByxQ)asm— .

Passing to a further subsequence, we may additionally assume that

oo
M IXT — Y
m=1

It follows that there exists a Borel measurable set G C R¢ such that its complement R? — G is of
measure zero and such that

|%2(BN><Q) <oo, (st)€ Q2 NA(T), N2>1.

© 2
S E \X;i;;” - Ys,t(x)\ <00, z€G. (5.23)
m=1
Fix a countable subset D C G that is dense in R%. Then there exists Qg C Q, P(€) = 1, such that
XJ" 5 Yeu(x) onQforallze D, (s,t) € QN A(T). (5.24)
Now, define the sought limiting process, so far on a countable dense set of times and starting points:
XZ, =Y (z) for (s,t) € Q*°NA(T), s<t, z€D, and X7, := 2.

Clearly, (5.23) yields convergence X;3" — X7, in L?(Q) for all (s,t) € Q* N Ay(T). Interpolating
with (5.15), one has
XM= Xg, inL'(Q) Vr>2.
Next, fix an even integer r > 3d + 4 (this will be needed at the next step). Applying the previous
convergence in (5.22), we obtain

r r _ r—d
En =Xl ol <Cip(te—talf +lz -yl + |z —y| 451 — 52| 7)) (5.25)

for all (s;,t;) € Q2N Ax(T), z,y € D.

Step 5. Since T;d > d + 2 (= dimension of Ay(T) x R?), the Kolmogorov-Chentsov theorem (or,
rather, its version due to Kunita [Ku, Theorem 1.4.1], see Appendix E) allows us to extend X7, to a
continuous random field on Ay (T) x R4, which we still denote by X st- Let us show that, after passing

to a subsequence of {X™} (as usual, re-denoted as {X™})
X™ — X P-as. locally uniformly on Ay(T) x R (5.26)

The rest of Step 5 is the proof of (5.26).
We will need to introduce a few notations that will save us some space later.

E’X”” —xv
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Set KN = A2(T) X BN(O), N >1.
Define the distance between the time-space parameters £ = (s,t, ), n = (s',t',y) € Az(T) x R? by

d(§,n) :=ls =5+t —t'|+ |z —yl.
Using this distance, we define the modulus of continuity of the approximating random field X™ on
K N by

wm, N () := sup | X™ (&) = X™ (),
§NEKN 7d(£»77)§6

where, in the rest of Step 5, we write
X™(s,t,x) = X"
We divide the rest of Step 5 into a few parts. In the first part we deal with random fields X™ and in
the second part with X.
1. Inequality (5.22) implies that, whenever £,n € Ky and d(&,7n) < 1,
sup E|X™(§) — X™(n)|" < C1,rd(§,m)
m

r—d
2,

This inequality and supgc g, sup,, E|[X™(§)|[" < oo, which follows from (5.15), allow us to apply the
Kolmogorov—Chentsov theorem of [Ku, Theorem 1.4.7] (Appendix E) that yields the tightness of the
laws of X™|k, in C(Ky). In turn, this yields, for every ¢ > 0,

%i}})l sup Plwp, n(6) > €] =0 (5.27)

for every € > 0 and every N. Indeed, the tightness of X™ |k, implies that, for any small o > 0, there
is a compact set M C C(K ) such that the probability that a realization of X™ |k, is in M

PX"|ky € M]>1—a.

Since M must be equicontinuous, there exists § > 0 such that sup s¢ s SUPe e iy d(e,n <6 | F(§) —F(n)]| <
€, and so

P| sup  [X™(©)-X"(m)]<e| >PX"|x, € M]>1-a.
EnEKN,d(€,m) <6

It follows that Plsupg ;e ace,m<s [X™(§) — X™(n)| > €] < a. Since a could be chosen arbitrarily
small, we obtain (5.27).
2. Define the modulus of continuity of the limiting field X by

wn (6) = sup [ X (&) = X ().
fsWEKN:d(fJI)S(S

Since X is already a.s. continuous on compact Ky, we have
wn(d) >0 P-as. asd 0. (5.28)

3. Fix some § > 0 and put for brevity D := (Q2 N Ay(T)) x D. Note that since D N Ky is dense
in K, there exists a finite d-net I'y 5 C DN Ky. So, for every £ € Ky there exists ¢(§) € I'y,s such
that

d(€,q(§)) < 6.

Now we estimate

| X™(€) = X (&) < [X™(&) = X™(a(&)| + [X™(a(&)) — X (a(&))] + [X(a(€)) — X(E)]-
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Taking the maximum over £ € K, we further obtain
IX™ = Xy < wm(®) + max [X™() = X(@)] +wn(0).

Hence

P[“Xm — X”C(KN) > 36] < P[wm,N(é) > E] +P[qI€I}‘a‘1\}f5 |Xm(q) — X(q)l > 6] + P[OJN((S) > E].

For a fixed § > 0, the second term on the right tends to zero as m — oo since the d-net I'y 5 is finite
and X™(q) — X(q) almost surely for every ¢ € D. Hence, by (5.27),

limsup P[[|X™ — X | c(xy) > 3¢] < supPlwm,n(6) > €] + Plwn(8) > ¢].
m—»o0 m

Taking ¢ | 0 and using (5.27) and (5.28), we arrive at
X™ — X in probability in C(Ky), for every N > 1. (5.29)

4. We finally extract a subsequence that converges a.s.on every Ky. By (5.29), passing to a
subsequence,

P[|X™ - X|cx,) >277] <277

By the Borel-Cantelli lemma, on an event of probability one, || X™ — X||c(k,) < 277 starting with
some j. Hence, for every fixed NN,

sup ’X:”tmj - X3,
(s,t)€B2(T),|z|<N

—0 P-as.

Thus, after passing to a subsequence, we arrive at (5.26).

Step 6. Next, we show that X7, z € R, is a family of strong solutions (Definition 1) to SDE
t
Xoi=x +/ o(r,Xg,)dW,, s<t<T (5.30)

In view of (5.26), and since X7, are by construction adapted to the increment filtration of the Brownian
motion, to end the proof it suffices for us to show that

t t
/ O (T, X2T") AW, — / o(r,XZ,)dW, in L*(Q,[C[s, T]]%). (5.31)
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Indeed, using the BDG inequality, we have

t t 2
E sup /om(T,X;”,’Tm)dWT—/ o(r, X5, )dW;
s<t<T|Js s
¢ 2
< 9E sup / (Om — o) (1, XZM) AW, (5.32)
s<t<T|Js

¢ t 2
+2E sup / ak('r,Xf,’;”)dWT—/ or (T, X5 )dW,
s<t<T|Js s
¢ 2
+2E sup /(Gk—U)(T,X;T)dWT
s<t<T|Js

2

T T
< 2CE/ |lom — o%|* (1, XZ)dr + 2C’E/ or(T, X5") —ok(1, X5 )| dr (5.33)

T
+ 2C’E/ lox — o* (1, X2, )dr. (5.34)

We now apply the following consequence of Proposition 2. In what follows, without loss of generality,
T € Blo(O).

Lemma 5.1. Define occupation measures: for a Borel measurable set A C [s,t] X R9, set
t
st (A) = E/ 1a(r, X5)dr, m=1,2,...
S
and .
17 (4) = E / 14(r, X7, )dr.
S

The following are true:
(i) For every function 0 < F € C.([s,t] x R} NF,,,

t
/Fd,uf,f =E/ F(r, X35")dr

t ¢
— / Fdp®® = E/ F(r, X3, )dr asm — oo
s JRd s

and . .
2
E / F(r, X7%)dr, B / Fr, X2,)dr < CIFllfagy g 220y (5.35)

where constant C' depends on p, but does not depend on the smoothness or the support of F'.
(%) The limiting occupation measure p*® is absolutely continuous with respect to the weighted
Lebesgque measure dr x p(z)dz on [s,t] x R?,

(éi) For every function 0 < F € L*([s,t] x L2(R%)) NF,,

t 2
B [ FrX3,)dr < OF| g 300

Proof. (i) The first estimate in (5.35) is an immediate consequence of Proposition 2, i.e. (4.6), that
we apply (on the interval [s, t] rather than [0,7]) with initial function f = 0. The convergence in (%)
follows from (5.26) via the Dominated convergence theorem. This convergence transforms the first
estimate into the second estimate.
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(i7) Our goal is to show that p*® < drx p(z)dz. Let K C [s,t] x R? be a compact set of dr x p(x)dz-
measure zero. There exists a decreasing sequence of open sets Uy, D K such that (dr x p(z)dz)(Uy) { 0.
By Urysohn’s theorem, there exists a sequence of continuous functions ; having sprt{y C Uy and
identically equal to 1 on K. Now, we estimate:

poe(k) < [ Guaus

2

Hence, p*®(K) = 0. Since p** is a Radon measure, by the regularity p®®(A) = 0 for all dr x p(x)dz
measure zero A.

(#i7) We use (i7) to pass from the second estimate in (%) to (7). Let F), := ngw x 1, F, where 7.,
is a mollifier on R'*¢ with €, | 0 and 1,, := {(r,z) € [s,t] x R? | |z| < n, F(r,z) < n}. Then F, € F,
with the same c, as F, see Appendix A where we show that, selecting €, | 0 sufficiently fast, we have

1Fn = FllL2((s,4,L2(ray) = 0,
hence there exists a subsequence (without loss of generality, {F,,} itself) such that
F, = F dr x p(x)dz-a.e.on [s,t] x R%.
By (i),
F,— F p®®ae.on [s,t] x R<.
We can apply Fatou’s lemma in n — oo in the second estimate in (4) applied to F,, to obtain (#i7). O
Let us now use Lemma 5.1 to send (5.33), (5.34) to zero, as m — oo, by selecting k appropriately.

The first term in the first term in (5.33) is bounded, upon selecting F' := |0}, — 0|? in Lemma 5.1, as
follows:

T
E/ |om — okl*(1, X2V dr < Cllom — okl Zao,11,12 me))-

The right-hand side can be made smaller than any given €, assuming that m > m,., by fixing k
sufficiently large. The same holds, upon selecting F' := |0y, — 0| in Lemma 5.1, for (5.34) — select k
even larger, if needed, to make (5.34) smaller than given €. Finally, for thus fixed k, the second term
in (5.33) goes to zero as m — oo by the Dominated convergence theorem. O

Remark 5. At the last step we could appeal instead to Krylov’s occupation-time estimate. See Section
1.3 for the discussion.

6. PROOF OF PROPOSITION 2

We carry out the proof, which is a rather direct combination of the proofs of the analogous results
in [K1] and [KS5], taking into account the remark on (V,a;)% ; and Va in the beginning of Section
4.1. Without loss of generality, we assume throughout the proof that the ellipticity constant k = 1.

1. We first consider the case of the right-hand side F' = 0 and the constant weight p = 1. We will
explain in the end what needs to be modified in the proof to include non-zero F' with p vanishing
polynomially at infinity.
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We reverse time and carry out the proof for solutions of the corresponding initial-value problem
that we write in the divergence form:

du—3V-a-V+1iVa -Vu=0 in 0, 7] x R<,
(6.1)
u|t=s = f’
where 0 < s < T. Here a — Va is the row-divergence operator defined by

d
(Va)k = Z(Viaik), k= 1, ey d.

i=1
Below we will first select s close to T, but then will remove this constraint and will be able to take
s=0.
Set

wy = Vou, w:=(w,)l, = Vu,

d ,r T
=3 [ (@l = [Vl Pl

S

d T T
I = Z/ (Vow - a-Vow)|lw??)dt, J¢:= / (V|w| - a- V|w|)|w|T2)dt.
r=1v$ s
Define the commutator:
[F,G] := FG — GF.
Set A:=—-V.a-V.
We will be using the test function due to Kovalenko-Seménov [KS]:

¢r = —0p(w,|w]|?72).

Remark 6. The use of this test function allows for a fine control of the admissible form-bounds.
There are alternative rougher arguments that involve differentiating the equation and integrating by
parts in a more straightforward way, see [K2]. One challenging part of the proof given below — not
handled in the elliptic setting of [KS] — is dealing with the time derivative of the solution; we deal with
it arguing as in [K1].

That is, we multiply the parabolic equation in (6.1) by ¢,, integrate in space and time (from the
initial time s up to time 7), and then sum over r to get :

1 q—l g 1 i w, wlw|?2)dt =
a(lW(T)I) q<|Vf|>+2/s (Aw, wlw|?™%)dt

1< [T - 14T
_57;1/3 (Ve Alu, wyw|? 2>dt_5,;1/5 ((Va) - w, ¢y)dt,

where we have used Y%, (AV .u, w,|w|9~2)dt = [T (Aw, w|lw|?=2)dt, with A applied to vector field w
componentwise. We evaluate:

/ (Aw, wlw|t=2)dt = I° + (g — 2)J°

S
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Since a > I (i.e. the ellipticity condition with x = 1), and so I > I, and Jg > J,;, we obtain inequality

1 S D N (et
@) = (VA + 51+ 452,

d T d T
g_;; / <[vT,A1u,wr|w|q-2>dt—§; (0w (62

Thus, our goal is to estimate the two terms in the right-hand side of (6.2) in terms of I, and J;. This
will be done in the next two claims.

Claim 3.
d .r d r
> [ (T A wrlwl2)dt] < ML+ MaTy+C S [ gr (@)l
r=1v38 rl=1"%
where
M, = L Nj := alfyf +(q@—-2) (ozzfyf + L) Ci = (o1 + (g — 2)az)
4051, ) 4 4 40(2 ’ ’ ’

where a1, e > 0 are arbitrary, and
d
Y= Z Yri-
rd=1
Note that M; and N; can be made as small as needed by assuming that the form-bounds é, and

vri’s are sufficiently small (provided o, s > 0 are first chosen to be sufficiently large).

Proof of Claim 3. We have [V,., A] =V, Z?,lzl Vi(aaV)) — Z:‘i,lzl Vi(aqaViV,), so, using integration
by parts, we evaluate:

d
Z / ((Vraq)wi, (Viw,)|w|?2)dt

S

d
> [ Al wule=2)a =
r=17$

ryi,l=1
d  r
+@=2) 3 [ (Vrawnwlolt Vi ful

ril=1"%

(use Cauchy-Schwarz)

d
T 1
< §: V,a.?|w|dt + —1
<o /(| a.|*lwl|?) +4a1q

rl=1"v%
d T 1
+(q—-2) [a2 > / (IVraq?|w|?)dt + _Jq]'
rl=1"S% 4a2
Since V,a; € F,,,,

d T d 2,7 d T
> [ Vailtuiae < 30 a0 [ (el de+ 3 e [ uita

rl=1Y% rl=1 rl=1

2 d T
q
—1%a+ Y e [ (it

rl=1
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Thus,
4o 1 ¢ 1
q—2 < 1 _ =
Tgl ) [V, Alu, we|w|T*)dt < 4aqu+ [a174 +(q 2)(0@74 +4a )]J
d T
+ (a1 + (g — 2)a2) Z c%l/ (|lw|?)dt,
r,l=1
which is the claimed inequality. 0
Claim 4.
((Va) - w, ¢r)dt‘ < Mol + NaoJ, + Cacs, / (|lw|?)dt
S
where
n 45 q 12 4 1 1 ¢? 0o ¢?
My= S hi—qra = qo- q+ﬂq %( 2)+y14%+%q |t
1 -2
Co=—+ q ,
141 41/2

where »x > % and v1, v > 0 are arbitrary.

Again, we can make My, No arbitrarily small by assuming that the form-bound §, of the vector
field Va is sufficiently small (provided that v, v, are first chosen to be sufficiently small).

Proof of Claim 4. Write Y°%_, [7{(Va) - w,¢,)dt = [[{(Va) - w, ¢)dt, where

d
$:=Y ¢ =V (whw|*?).
r=1
Now, instead of integrating by parts right away as we did in Claim 3, we first evaluate the test function

¢:
¢ = (—Au)|w|?2 —w - V]w|?72, (6.3)

/T ((Va) - w,¢)dt = — /T {(Va) - w, Au|w|?2)dt — /T ((Va) - w,w - V]w|9~2)dt

=W, + Ws. (64)

The rest goes in two steps:
1. We estimate W3 using Cauchy-Schwarz and applying Va € Fs_:

T 1 T
Wil <% [ Guir2aaf)de+ - [ (VaPhu) d
v [T 1 2 4
gi/qwﬂmwm+—Pﬁw+%/qMﬂ

In turn, representing |Au|? = (V - w)? and integrating by parts twice, we obtain:

/ (lw|? 2| Au|?)dt = / (w- Vw972, Au) dt—l—Z/ {(w- Vw,, V,|w|? %) dt + I,

= —F+H+I,
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where we estimate

FI<@-2) (g [ Gl 2auPyie+ ), 1H1<@-2) (3h+ 5%)

S

Hence

q_2 T _ 1 1 q—2

S0
v 4 1 1 1 2 T
[W1| < 114%_—“_2 (Iq +(q-2) (%Jq t5let §Jq>) +o [5anJq +cs, / (|u;|‘1)dt] :
2. We estimate Wo:

Wa| < (q—2)/ (Jw]Z" |V]w|||Valw|*)dt

<=2 [oa [ (ol (ol Py + o [ (alulr

6a 1 T
<(g-2) [VzJ f g T / (|w|‘-’)dt] .
It remains to apply these estimates on |W1|, |W2| in (6.4) to end the proof. O
We now apply Claims 3 and 4 in (6.2):

<|w(T)| 1—ZMI+q 5_ ZNJ< (|Vf| +K/ (w|)d

K :=C, Z Cy., + Cnga,

rl=1

where, in view of the remarks after the claims, 1 — Zle M; >0and g—2— Z?Zl N; > 0, provided
that the form-bounds ~,; and é, are sufficiently small.
The previous inequality holds for all s < 7 < T. In fact, since I;(7), J4(7) and the last term are
monotonically increasing in 7, we have
2

2 sup ([u(nl") + (1= 3 ML(T) + (g = 2= 3 N)J(T) < (V1Y

q rels,T]
T
+K [ (ui

2 sup (u(nl") + (1= 3 ML(T) + (g =2 = 3 N)J(T) < (VA1)

Hence

q r¢[s,T]

+K(T - s) :EPT]<|w(T)|q>.

Assuming that the interval [s, T is sufﬁciently small, we obtain

Co sup <|w(r)|q>+ 1—ZM () + (g—2- ZN )Jo(T) < (IVfI">

T€[s,T] i=1 i=1
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where

C’0:=§—K(T—s)>0.

Further, applying elementary inequality I, > J,;, we arrive at

Co sup (jw(r)|?) +CJ, < §<|Vf|q>.

T€[s,T)

for C > 0, which yields the sought inequality with K; = C and Kz = -5 — but so far only on a small
interval [s,T]. We can, however, extend the previous inequality to the interval of arbitrary length
using the semigroup property at the expense of increasing the constants K, K. This ends the proof
in the case F' =0 and p = 1.

3. Let us now handle non-zero right-hand side F' # 0. Since p = 1 for now, we assume that

F € L%([0,T), L*(R%)). In this case, after multiplying the parabolic equation by the test function ¢,
summing in 1 < r < d and integrating, we obtain the following term

d ,r
> [ 4FLo=s.

We need to estimate it from above in terms of I; and J;. To this end, we repeat the argument from
[KM2, Proof of Theorem 2.2], namely, using (6.3), we write

S= [ (ul2a0 1P + [ fw- Vi, )
= Zl + Z2.
Applying Cauchy-Schwarz, we have

a T 1 (7
2<% [ Qi aoP)de+ o [ (ol FRE (@ >0

(we are using (6.5))
o

1
S Po—— q—{—2[I + (¢ —2)(5edy + I+ J)] aqu

where

L, := / (lw|?=2|F|?)dt.

Next,
Zo<(¢-2) / (w3 V], [w] ©D2|F]) (an > 0)
S

1
S (q — 2) |:02Jq =+ ELq] .
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It remains to estimate L,:

T P 1
Ly= [ (FP-3hi21p1)

(apply Young’s inequality)

-2 [T 2 _a [T
<1 2wt [ (PPl + 2e 7t [ (PR)
q s q s

(we are using F € F,)
_2 q 2 T 2 a T
7w gu [ (uin] + 268 [ (PP)

This completes the estimate of the right-hand side term S = Zle fsT(|F|, ).

Q

<

4. Next, in the weighted setting, i.e. when the weight p is non-constant, after we multiply the
equation by the test function ¢,, we integrate with respect to the measure p(z)dz. All occurrences of
Vp resulting from the integration by parts are removed using (1.7). In the previous estimate we will
have [ (|F|?p), as claimed, instead of [ (|F|?). For details, if needed, see [KM2], or refer to the end
of the proof of Proposition 3 below.

7. PROOF OF THEOREM 1(1I): FELLER PROPAGATOR

T

The assumptions of Theorem 1(4) imply that the symmetric matrix fields a = o0 ', a, = 0,0,

satisfy
a,a, € [L®(RFH]9xd g q, > kI for some fixed k > 0,

an = a in [L{ (R, L2(RY)]%4,

Va, = Va in [L} (R, Li(Rd)]d
and
(Veani)l, €F,, foralrl=1,...,d, Va,€F;

with the same constants cs5,, ¢,. The form-bounds d, and ~,; are bounded from above by Cv for
appropriate C > 0, where v is the form-bound of |Vo| — this follows from the product rule and
lonlloo < |lolloc < 00. So, it suffices for us to show that if §, and +,; are sufficiently small, then
assertion (#i) of Theorem 1 holds.

Without loss of generality, the ellipticity constant x = 1. We can reverse the direction of time and
carry out the proof for solutions of the corresponding initial-value problem written in the divergence

form:
Ou — %V'an‘V—i—%Van~Vun =0 in ]s, co[xRY, (71)
un|t=s = f

It suffices to construct the forward Feller propagator for f € C° and then use the density argument
and the L* contractivity.
We subtract the approximating equations in (7.1):

(6 + %An + %Van -V)g = %V “(an —am) - Vg — %(V‘ln = Var) - Vun (7.2)

where, recall, A, = -V -a, - V, and we set g := U, — Up,.



44 S.E.BOUTIAH AND D.KINZEBULATOV

Lemma 7.1 (Iteration inequality). Fiz some 0 < a <1 and s, A > 1 such that

d
¢ < d—2+2a’
and
1/1-a) d/(d—2+2a)
A - S ’
Then there exist 0 > 0, k > 1 and mg such that for all m,n > mg, for all r > ro > #ﬁ’ we have
lwm — un|

T rd
LT3 ([s,5+6], LT-2+23)
1

2 T2k L 1-2
S (Col|vum||L2)\’([S’s+0]’L2c’)) (’r )T ||um - un||L(T_2)>‘([S,s+9],L(T_2)<)’ (7‘3)
for a constant Cy that does not depend on m or s. Here, as usual, % + €_1, =1, % + % =1.

The proof repeats the proof of [K1, Lemma 2], see also [KS2], and consists of applying Cauchy-
Schwarz inequality and using the form-boundedness of Va,. The only new term that we get, after
multiplying (7.2) by g = um — Up, is

/ <V : (an - am) : Vum,77|77|1_%)

where 7 := g|g|%2. It is estimated, after integrating by parts and applying Cauchy-Schwarz, using
the uniform boundedness of a,, (in (¢,z) and n).

Now, one can iterate the inequality in Lemma 7.1; these are Moser’s iterations. The crucial point
here is that we can appeal to the gradient bound of Proposition 2, after applying the Sobolev embedding
theorem and using the interpolation inequality, to establish that in (7.3)

sgp ”vum“i”‘/([s,s+9],L2</) < o0.
Set
Dp={(s,t) |0<s<t<T}, Drg:=Drn{(st)|0<t—s<6}, 0<T.

Let U, = {U%*}o<s<t<r denote the (forward) Feller propagator corresponding to the initial-value
problem (7.1).

Lemma 7.2. For any rg > #{T there exist @ > 0, constants B < oo and

cd cd 2¢ -1
=(1-—)(1-"4+2
7= )( d+2+r0> >0

1<s< d%;z) independent of m,n such that

”Umf - Unf”Lm(DT,ede) < Bogfgg—e ”Umf - Unf||zro([s,s+9],LT0) for all n,m. (7'4)

See [K1, proof of Lemma 3], see also [KS2].

That {U,, f} indeed converges in L™ ([s, s+ 6], L") is proved in the same way as in [K1, Lemma 4].
That is, it suffices to prove that {U,,f} is a Cauchy sequence in L?([s, s+ 6] x R?) and then interpolate
with the L° contractivity bound for w,, . In turn, the proof of convergence in L?([s, s + 6], L?)
consists of two steps:
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1) Subtracting again the equations for u,,, u, and applying Cauchy-Schwarz and the uniform in n
form-boundedness of Va,,, but this time working in the weighted space Lf,. The only new term that
we get is

/T(V “(an — am) - Vi, p(Um — up)).

We need to show that it tends to zero as n, m — oo. This is done using the integration by parts
where the property (1.7) plays a crucial role, invoking the gradient bound of Proposition 2 and the
convergence a, — am, — 0 in L2 (R, L%(Rd)).

2) “cutting tails” of u,, i.e. working with weight 1 — p and using the compact support assumption

on the initial function f (so u, must be small, uniformly in n, when considered away from the support

of f).
This yields the existence of the limit
35-Coo- lim Ub$ = U f (uniformly in (s,t) € D1,4),

which can then be extended to D by showing the consistency of the limits. The sought backward
Feller propagator is now obtained as P™t := UT—T—¢, O

8. PROOF OF THEOREM 2

Following the discussion after Theorem 2, we only need to comment on the proof of the strong
existence part (7).

In the next estimate, assume that the functions f; € L2 (R4*!) (i > 1) are form-bounded

1£:t,)ell3 < vlIVel3 + 9o @)llell3 (8.1)
for some v > 0, with 0 < g, € L1T¢(R).
By the assumptions of the theorem,

beFs, with0<gs € L'e(R). (8.2)

Everywhere below, drift b and functions f; are additionally assumed to be smooth. However, the
constants in the estimates will not depend on smoothness or boundedness of b and f;.
By classical theory, there exists a unique strong solution X7 to

¢
Xf”:a:—k/ b(r, X%)dr + Wy.
0

Let 0 < Ty <Ti < T where T is fixed.

Proposition 3'. Assume that 0 > 0 in the definition of p is fized sufficiently small. There exist
positive constants Cy and K, independent of the smoothness and boundedness of b and f;, such that,
foreveryn >1, every 0 <To <Ty <T, and every 1 < a; < d,

2

< CoKn(Tl — T()) The .
L2(R9)

“E / I Ve filts, X)) dty - dtn (8.3)
An(To,T1) ;=1

Moreover, K can be made arbitrarily small by requiring the form-bounds § and v in (8.2) and (8.1) to
be sufficiently small.
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Proof. 1. We first assume
sprt f; C R x BR(O), 1> 1, (Ab)

for some R > 0 independent of ¢, and work with p = 1. Fix n, put u,+1 = 1, and define consecutively
hk = (vakfk)uk-l-l; k’ = 1,...,7?,,
where uy, solves the terminal-value problem
1
Osug + §AU]C +b-Vug+ h =0, uk(Tl, ) =0 on [T(),Tl]. (84)

As in [RZ, Proof of Lemma 4.2],

Ey / TT Ve e, X2) ity - by, = s (T, X5,). (8.5)
0 JAL(To,Th) ;=1
Set

v(t,z) := Bui(To, X7,), 0<t< Ty,
and define

. <t< - <

i) {th(’t,)’), ;O_St t_ST;:h Mt} = {2’1 (t,")s ;O_St :ST;:L
Then
Oy + %Aﬂ—i—b-Vﬁ—i—ﬁ:O, a(Ty,-) =0,

and

@(0, z) =E/ 1 Ve filts, XZ) dty - - - dtn.
An(To,T1) j—1

Put, as in the proof of Proposition 3,

t t
F(O) = [ os(9) + 0u(o)] ds, GO) =2 | [os(s) + 9u(6)] s (56)
0 0
In particular,
eF®) — eF(To)eG(t), To <t<T.
Fix M, 3 > 0. Multiplying the equation for @ by ef'@ and integrating over [0, T3] x R%, we obtain

1 1

@O+ [ ervaPyae+ 5 [ s+ en @) a

Tl Tl
=/ eF<b-va,a>dt+/ €7 (Voo f1 )iz, 1) .
0

To

The drift term satisfies

T1 Tl Tl
/ ef(b- Vi, 4y dt < \/<_S/ ef(|Va|?) dt + L/ gsel’ (@?) dt.
0 0 2v/5 Jo
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Integrating by parts in the last term of the preceding energy identity and applying the Cauchy-Schwarz
inequality twice, we get

T
/ e ((Vay f1)uz, u1) dt

To

T1 Tl
= —/ eF(fl(Va1U2),u1) dt — / eF<f1uQ,Va1u1) dt

To To
<M eF(ff,u%) dt + m/ €F<|VUQ|2> dt

T(] TO

Tl 1 Tl
+8 [ LU addi+ o [ (V) dt
To 413 To

1 Top 2
< (Mu—i— E)/ e’ (|Vuq|®) dt

To
1 o F 2
+ (,BV+ m) /TO € <|V’u,2| )dt

T1 Tl

+ M grel’ (u?)dt + B gvef’ (u) dt.
TO TO

Set

1 1
E, Cg = ﬂl/—{-m

We first choose M and S sufficiently large, then choose a constant ¢ > 0 sufficiently large, and finally
require ¢ and v to be sufficiently small, so that C; > 0 and K := g—f \Y % < 1. We can furthermore
choose the aforementioned constants to make K as small as needed. Fix A sufficiently large that

é—L>0 A—MZCCL

2 o2y~ 7 2

1 :=%—\/5—M1/—

Then
T

To

@2(0)) < CK ( /T " V) i+ e / 9veC (1) dt) , (8.7)

where the factor ef'(70) has been absorbed into C.
We next apply the same calculation to ux, 2 < k < n—1. Multiplying (8.4) by e“u; and integrating
over [To, T1] x R¢ gives

Th A T;
Cl/ eG(|Vuk|2)dt+<§—M)/ g.e% (u2) dt

To To
A1 ) /Tl G 2
+|=—-— e”{uz) dt
(2 2\/5 - gs ( k>
T1 Tl
< 02/ eC(|Vupsa|?) dt + B 9u€G<Ui+1> dt.
To To

Consequently,

| (v +cantud)) dt <K [ S (Vurial) +ogludi) dr (8:8)
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For n > 2, iteration gives

T T
/ e ((|Vua|?) + c g (ud)) dt < K”_2/T €% ((|Vun|?) + c g (u2)) dt.

To
It remains to estimate the last integral. Since u,+1 = 1, we have h, = V,, f,. The energy inequality
for u,, and the integration by parts give

/ "6 (|Vunl?) + cgu(u2)) dt

To

T
gc/ €% (Va, fr, tn) dt

To

T
=C’/ eG(fn,Vanun)dt

To

1 T T
< / ¢ (IVaunl®) + cgn(@2)) dt+C [ e9(f2) dt.

=2 Ty To
Hence, n o
/T ¢ (([Vunl) + cg, (2)) dt < C /T €S (f2) dt. (8.9)

Choose ¢ € C°(R%) such that ¢ > 1 on Bg(0). By (A;) and (8.1),
(fa@®) < (fa(®),¢%) < v(IVel?) + g0 () (p%).
Since G is bounded on [Tp,T;], Holder’s inequality yields

T
/ S(f2ydt < C

To

T
A +/ gll(t) dt] < C(Tl - TO)1L+5, (810)
To
where we used that T is fixed.
Combining (8.7)-(8.10), we obtain, for n > 2,
2
< CK" YTy — Tp) ™.
2

E/ I Ve fitti, X)) dty - dtn
A

n(To,T1) ;—1

After changing the constant C, this has the asserted form CoK™ (T} — Tp) ™.
When n = 1, the same conclusion follows directly by applying the energy inequality to % and using

T1 Tl
/ eF (Vo fr, @) dt = — / e (f1,Va, @) dt,
TO TO

followed by the preceding cutoff estimate for f;. Taking Cj large, if necessary, gives the sought estimate

for n =1.

2. Let us remove the assumption (A;). We repeat the preceding calculation in L%(Rd). Applying
the form-boundedness condition on f; to “test function” /pu gives, for every fixed n > 0,

(f2,u%)p < L+ (|Vul?), + (g0 + Cur) (u?),,

and the analogous estimate holds for b (with 0 and gs). Here we have used (1.7). The integration by
parts in the diffusion term produces additional terms bounded by

(| Vul?) + Cob(u?),.
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In addition, integration by parts in ((Va, fk)uk+1,uk), produces

—/Rd frupt1ur Vo, pdx.

This term is estimated by

'/Rd fruks1ug Vo, pde

Vpl|?
Sn<fl§a“i+1>ﬂ+0”7<| ,02| ’ui>
P

< 77<f13, Uz+1>p + Cvﬂ(“%)p-
Thus, after first fixing 1 and 6 sufficiently small, all the additional terms are absorbed by the preceding
argument, with gs + g, in (8.6) replaced by gs + g, + C6.
Finally, using (8.1) with ,/p as a test function,
(fa@®)p < v(IVVP*) + 90 (8)(p) < CV8 + Cyu (t).
It follows that

/T1 e (f2 (1)), dt < C(Ty — Tp) <.

To
The weighted versions of (8.7)-(8.10) now give the asserted L2(R¢) estimate. O

The next proposition, which is a consequence of Proposition 3’, verifies compactness of the Wiener-

Sobolev space following [RZ]; the reader can compare it with Proposition 4 in the proof of Theorem
1.

Proposition 4'. For every r > 1, there exist constants K1, Ko (independent of smoothness or bound-
edness of b) such that

(i) supyera [VXF — I\l ror(By ), or()) < Kit¥ 7 for all 0 <t < T;
(#) supyega |Ds XF — Il L2 (B, (y),Lm () < Ki(t — s)ﬁlaﬁ fora.e.s€[0,T) and0< s <t<T;

(#) supycpa [|Ds XF — Dot X || L2r (B, (y),L7 () < Ko|s— /|57 for a.e.s,5' € [0,T] and 0 < 5,5’ <
t<T.

In detail, since b is bounded and smooth, one has
t
VX —-1= / Vb(s, X?) - VXZds. (8.11)
0

We iterate this identity,

VX?—I= Z/ I] Vot X3 )dts ... dt,
n=1"An(t) ;=1

SO

/ T] Vb(ts, X2 )dts ... dt, (8.12)
A

n(t) =1

IVXF — I||erra, o)) < D

n=1

L2T(Rd,LT(Q))

It is at this step that we apply Proposition 3’ with f; taken to be the derivatives of the components of
b. The Malliavin derivatives satisfy an SDE of the same type as (8.11) and are controlled in the same
way using Proposition 3’. The remainder of the proof is identical to [KM1, Proof of Theorem 1] and
follows closely the proof of Theorem 1.
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APPENDIX A. EXAMPLE OF {b,}

In Theorem 2, we consider a bounded smooth approximation {b,,} of form-bounded b € F; g4, that
satisfies
1) {b,,} are form-bounded with the same ¢ and sup,,, ||gsm | L1+ ®) < 00;
2)
bm = b in [LE (R, L?,(Rd))]d as m — oo. (A1)

loc

One straightforward way to construct {b,,} is as follows.
Let {7. } denote the standard mollifier on R i.e. a family of positive smooth functions in C°(R!*%)
defined by

1e(5,0) = er(s/eufe), (s,0) € BRI
with [piay =1
Lemma A.1. The vector fields
bm =", *b,
where * is the convolution on Rt and &, | 0, satisfy 1), 2).
Remark 7. It is easy to see that {b,,} defined slightly differently,
bm = Ye,, * (Imb),
where 1,, is the indicator function of the set {(t,z) € R'*? | |t| < m,|z| < m,|b(t,z)| < m}, are
form-bounded with form-bound slightly larger — but still independent of m — than § (not a problem

since all our conditions on all form-bounds are strict inequalities), provided that we choose €., | 0
sufficiently rapidly. Indeed, we can write

b := L+ (Ve,, * 1mb — 1,b).

The first term in the RHS, i.e. vector field 1,,b, is obviously form-bounded with the same § and even
with the same function gs. The second term is a difference between a bounded vector field with compact
support and its mollification; it is not difficult to modify the first example in Section 2 dealing with
the Lebesgue class drifts to show that, provided that e,, | 0 sufficiently rapidly, the form-bound of
Ve, * Lb—1,,b goes to zero as m — oco. Finally, we can use the fact that the sum of two form-bounded
vector fields is a form-bounded vector field.

Proof of Lemma A.1. The boundedness and smoothness of b, follow from the standard properties of
mollifiers.
1. Let us prove 1). For every t € R and ¢ € C°(R9),

b2, oll2 < / / e (5,9) / bt — 5,2 — 3)P|oo(z) Pddyds.
R JR2 R4
Hence

b2, ll2 < / / e (5,9) / bt — 5, 2)Plo(z + y) Pdzdyds.
R JR2 Rd

Applying the form-boundedness of b(t — s, -) to (- +y) and using the translation-invariance of the L?
norm, we obtain

b (2, )3 < 81IVll3 + gom 113, (A.2)
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where g5, is the convolution of ¢t — [ 7Ve,. (-, y)dy and ¢ — gs(t). Since the former is itself a mollifier
(on R), and the mollification preserves the L'*¢ norm, we have

1g5,mllz1+e®) < llgsllzr+e(m),
i.e. we have verified 1).
2. To verify 2), we first note that, by the standard properties of mollifiers,

bm — b in [L2 (R1F9)]4. (A.3)

loc

Our goal now is to upgrade this convergence to (A.1).
To this end, for each R > 0, define functions

0, 0<r <R,
nr(y) =&r(lyl),  &r(r):=qr—R, R<r<R+1,
1, r>R+1.
Then
le\BR+1 < 77%?, and |V77R| < ]'BR+1\BR'

Next, it is easily seen that b,, — b is form-bounded with parameters 46 and 2(gs,m + gs5), where, by the
argument in the previous step, sup,, [|2(gs,m + gs)||1(r) < 0o (note that we have L' here, not L'*¢,
although this is insignificant at this step). Therefore, using the form-boundedness of b, — b with test
function nr./p, we have

/0 /Rd\B |bm(t,y)—b(t,y)l2p(y)dydt§46T||V(77R\/ﬁ)||§+2/0 (95,m (%) + 95(8))dt |1/ 5-

Since p is in L' (R?), vanishes at infinity and satisfies (1.7), we have ||nr/p||, = 0 and ||V (nr/p)|, =
0 as R — oo. Therefore,

T
lim sup / / 1bun ) — Bt )% ply) dy dt = 0. (A4)
0 JRA\Bgri:

R—oo m

On the other hand, for each R > 0, we have by (A.3)
T
/ / b (2, y) — b(t, )1 p(y) dy dt
0 JBgrt1

T
< ol B / / Bon(t, ) — B(t, )| dy dt — 0
0 Br+1

as m — oo. This, and the previous convergence, yield (A.1). O
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APPENDIX B. EXAMPLE OF {o,}

Let o be as in Theorem 1, i.e. for every t € R,

1) o(t,") € [L=(RT)] 9,

2) o(t,-)o(t,")T > kI a.e.on RY,

3) the form-boundedness condition (1.6) on the derivatives of o holds, i.e. for a.e.t € R

IIVa(t, el < vIVels +clieli Ve e CERY,

4) (H) holds for o, i.e. o is locally uniformly Holder continuous as a [L%(R?))]4*“-valued function.

Let {n.} denote the standard (spatial) mollifier on R, i.e. for a fixed 0 < n € C°(By), [pa n(z)dz =
1, put 7e(z) := e~ %n(z/e).

Lemma B.1. Assuming that the form-bound v is sufficiently small, the sequence o¢(t,-) := n.*xo(t,-),
satisfies, for all € sufficiently small, uniformly in a.e.t € R,

1) 0%, Y e oy < Nt poe ey

2') o%(t,)(0°(t, )T > 515

3’) (1.6) holds for o° with the same form-bound v and constant c,, i.e. independent of €;

4') (H) holds for o with the same Holder continuity exponent and constant.

5)
lle(t, ) — (¢, ')”L%(Rd) < Cie, teR.
6') Seta=o00", a® =0°(0°)". Then
Via® = Via in [L], (R, L2(R)]™% ase L 0
for all1 < k < d. That is, we have componentwise convergence of the derivatives of a®, which in

particular implies the convergence of the row-divergence operators Va* — Va in [LZ (R, L2(R%))]4.

Proof. 1') is straightforward. Let us prove 3'). We have Vo*(t,:) = n. * Vo(t,-). Therefore, by
Cauchy-Schwarz,

[Vos(t, ) < ne * [Va(t, ).
Now, we verify form-boundedness of |Vo© (¢, )| uniformly in ¢:
(Ve (t, )%, %) < (ne x [Vo(t, )], ¢)
= (|Va(t, )| ne * ¢?)
(use form-boundedness (1.6) of |Vo(t,-)|)
S UIVVne + 07) + eu (ne + 0%)
(Cauchy-Schwarz yields [V /7. * 02| < e % [V|?)
< U{[Vel?) + e fe?),
as claimed (see e.g. [KS1, Sect. 4.4] for details, if needed).

Proof of 2'). We will use 3'), i.e. uniform in & form-boundedness of |Vo¢|. Let t € R. Our goal is to

show that the minimal eigenvalue Amin of 0°(¢t,2)(0°(t,x)) " is greater or equal to %. To this end, we
first note that there exists y € B.(z) such that

lo€(t, ) — o(t,y)|o < CV v+ ce? (B.1)
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for a universal constant C, where |A|, := max,cpd |y|=1 |Av| (0 stands for “operator norm”); the
operator norm and the Euclidean norms of A are equivalent, but it will be convenient to work with
the operator norm. We prove (B.1) below. With (B.1) at hand, we can estimate

\/)\min(o'5 (t, CE) (Us(ta -'L'))T) > \/)\min(a(ta y)U(t, y)T) - |UE (ta IB) - U(ta y) |0a

which is, taking into account the variational characterization of eigenvalues of oo ', simply the in-
equality

min |o° (¢, z)v| > min |o(t,y)v| — max|(c®(t, z) — o(t, y))v|.
|[v]=1 |lv]=1 |lv]=1

Therefore,

VAuin (05 (,2) (0°(t,2))T) = V& — OVw + ¢, €2
NG

> Vver
- 2

provided v is sufficiently small, starting with some small ¢, as claimed.
It remains to prove (B.1). To this end, we compare o°(¢,z) and o(¢,y) to a common average:

0B, (a)(t) == m fBE(w) o(t, z)dz.
Step 1: We have
2

0 (t,2) — 05, (1) % = \ / L 1ee = 2)(e,2) = o, (1)

< / ne(@ — 2)|o(t, 2) — o, (t) 2dz
B.(z)

(use [[7e]loo < cs™%)

< e /B ICCEREORE

(apply the Poincaré inequality)
< Cer / Vol(t, 2)Pdz = Ce2~4 / 15.)|Vo(t, 2)2dz
Bs(w) R4

(apply form-boundedness of |Vo(t, )| after replacing 1p_(4)
by non-negative smooth function . = 1 on B.(z), ¢. = 0 on R? — By (z))
< C1e? H(vet 2 + ¢, = C1 (v + ce?).

Step 2: Let us now compare o(t,y), for some choice of y € B.(z), and op_(t). By the estimates
above,

6_d/ |lo(t,z) — 0B, (t)|2dz < C(v + c,€?).
B.(z

Therefore,

1 2
< — o(t,z) —op_(t)|5dz
T 2C(v + cue?) /BE(:L')| (%) = . (o

;EdC(V—FC e?) = i
T 2C0(v +cue?) v ’

{z € B(2) | lo(t, 2) — 5. ()5 > 2C (v + cue?)}|

2



54 S.E.BOUTIAH AND D.KINZEBULATOV

Since the set of 2 where the ellipticity condition o(t,z)o(t,z)" > kI is violated, if non-empty, has
measure zero, by the previous estimate there exist (plenty of) y € B.(x) such that

lo(t,y) — o, (D2 < 20(v + c,€?).
Combining the estimates of Step 1 and Step 2, we arrive at (B.1), up to re-denoting C.

Proof of 5'). Fix t € R. We have

lo(t,z) — o°(t, 2)* =

/B n(z)(o(t, z) — o(t,z —€2)) dz
1
< /B n(2)|o(t,z) — o(t,z — e2)|* dz, (B.2)
1
where, in turn, o(¢,z) — o(t,x —ez) =¢ fol(Va) (t,x — sez) zds. Then
o(t,2) — o(t, x — )% < 2|2 /0 \Volt,z — sex)|ds, (B.3)
so, multiplying (B.2) by p, integrating over R¢ and using (B.3), we obtain

1
lott,) = 0t Wipua <<° [ 0@l [ [ pla)| Vot - sea)Pdodsd
° B 0 JRrd

Making the change of variables y = z — sez for fixed z, and using |2| < 1 and 0 < s¢ < 1, so that
|sez| <1, we have p(y + sez) < Cyp(y). Hence we arrive at

lo(t,-) —o°(t, .)||%2(Rd) < Cy4é? (/B |2n(2) dz) /Rd p(y)|Vo(t,y)2dy
S CE2||VO'(t, ')”%g(Rd)'

It remains to apply the form-boundedness (1.6) of [Vo(¢,-)| and use the fact that both p and |Vp| are
square integrable, to arrive at the claimed inequality |o(t,-) — 0°(¢, )| L2 (ra) < Che.

Proof of 4'). Note first that, given a function (or matrix field) h on R?, we have
17 % Bl T2 gay S C | me(2) | p()|h(z — 2)|*dzdz
L”(R ) Rd Ra

= C/ ns(Z)/ p(y + 2)|h(y)[*dydz
R R
(use that if |z| < 1, then p(y + 2) < Cap(y), y € RY)
< ClIhlZz (gay-
Applying this inequality to h(-) = o(t,-) — o(s,-), we see that the locally uniform Hoélder continuity of
o in time as a Lf,—valued function is preserved by the mollification in the spatial variables.

Proof of 6'). Fix 1 < k < d. We need to establish convergence of Va® to Via in L2([to, t1], L2(R%)).
We assume that %, ¢; are fixed from now on. We have

Via = (Vio)o' +0(Vio)T,

Similarly,
Via® = (VkO'E)(O'E)T + UE(V]CO'E)T.
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Subtracting these two identities from each other, we obtain
Via® — Via =(Vio® — Vo) (0°) T + (Vio)(o® — o)
+ (0% = 0)(Vio) " +0°(Vio® — Vo).
Therefore, using ||0°||cc < ||0]|0o, We obtain
IVka® = ViallLa(o,121,22) < 200 llo0 Vi = Vil L2 (tg 121,22) + 2/ Vk1 0% = 0ll| 2 g4 111, 12)-

We can show that the first term in the RHS goes to zero as € | 0 by adapting the proof of 2) in Lemma
A.1. (Namely, if a sequence of uniformly in ¢ form-bounded vector fields converges locally in L? —
which, in our case, in a standard property of mollifiers — then we can upgrade this convergence to the
global convergence with respect to weight p.) The second term goes to zero by o°(t,-) — o(t,-) a.e.on
R9 (this is a standard property of mollifiers) for a.e.t € R, upon applying the Dominated convergence
theorem. O

APPENDIX C. PROOF THAT J IS INVERTIBLE (IN THE PROOF OF THE STOCHASTIC GRONWALL
CLAIM 1)

Step 1. Let us make a preliminary observation regarding evaluating f(J;), where f is a C? function
of d? variables. The matrix identity dJ; = Zle ALJ,dW} yields scalar identities

d
dJy = (ALJ,)dw} (C.1)
=1

The It6’s formula therefore yields

d d
FI) = 3 0N+ 5 S Bude f(IALTY, T,

ij=1 i,jk,r=1

where the square brackets denote the cross-variation. Now, invoking identity (C.1) and its immediate
consequence d[J, JkT], = % (ALJ,)1 (ALJ,)kdt, we obtain

d d d d
y 1 .
df(Je) =D D Ouf(J)AI)TAW; + 5> 0 Y 050k f (J) (ALJe) 7 (AL )" dt.
1=11,j=1 1=11,j,k,r=1

It is convenient to rewrite the right-hand side in compact form in terms of the directional derivatives
of f (V is the gradient on R?X4, so the direction is a d x d matrix):

d d

1

df (Je) =DV arg, FIAW; + 5> Vo5, a5, £ ()t (C2)
=1 =1

Step 2. Now, armed with identity (C.2), we take f(X) := det X. Our goal is to obtain, using (C.2),
the SDE satisfied by det(J;). The use of (C.2) thus requires evaluating directional derivatives of the
determinant. These are given by well-known formulas obtained using Taylor polynomial expansion of
det X as a function of X € R4*4:

Vex det(X) = det(X)trB, V3 px det(X) = det X ((tr B)® — tr B?).
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Importantly, there is no X under the trace sign: we arrive at the following linear SDE for D; := det J;:

d d
1
dDy =Dy Y tr(AL)dW} + Dy > ((tr (A})? —tr (A})?)dt, D, =1.
1=1 =1
We can solve it:

d t d t
det J; = exp (Z/ tr(AL)dW! — %Z/ tr((AlT)2)dr> .
=173 =173

Hence det J; never vanishes.

APPENDIX D. PROOF OF CLAIM 2

Proof of Claim 2. Fix y € R? and 0 <r <t < T, and set U := Bi(y), Fn(z) := X" The following
argument works componentwise, so Lemma 3.1 applies equally to these vector-valued random fields.

Recall that ,
X, =z +/ o (T, X7) AW, sup ||om|lco < M.

We apply Proposition 4 with p = 2 to X;"™ — crucially, the constants K7, K> in this proposition are

independent not only of m and the centre y, but also of the initial time r.
Verification of (3.1). By It0’s isometry,
E|Fp(2) < 2/2] + 2E /t (0, X2 2 dr < 2Jaf? + 2M>T.

Since y is fixed, '

supE/ |Fon ()2 dz < Cy,r.

m U
Proposition 4(¢) and the Cauchy-Schwarz inequality yield
E /U IV X5 — 1P do < UP2Va X7 = 12 1oy < Clt— |4,

Hence

supE/ |V Fo ()| dz < Cr.
Now, (D.1) and (D.2) yield (3.1). " 0
Verification of (3.2). Let us write in what follows

Gm(s,z) := DsFro(z) (= DsX; ™).
Since X,f ;™ depends only on the increments of the Brownian motion on [r, ],
Gm(s,z) =0 for a.e. s ¢ [r,].
For s € [r,t], Proposition 4(%) gives
1Gm (8, ) = om (8, X ™) | Laqu,z2(0)) < Clt — 8|/,

Since [|om (s, Xr5) a2 (0)) < M|U|Y4, we thus obtain

sup 51[1p] |Gm(ss )L L2 )y < Cr-
m sgir,t

(D.1)

(D.2)

(D.3)

(D.4)



STRONG SOLUTIONS AND DISCONTINUOUS DIFFUSION COEFFICIENTS 57
Hence, (D.3) and Cauchy-Schwarz, yield
T t
supE/ / |D,Fy (2)|?dsdz = sup/ E/ |G (s, 2)|?dzds < Cr
m UJo m Jr U
= (3.2).
Verification of (3.3). Case 1: Let s, s’ € [r,t]. Then, by Proposition 4(ii),
||Gm(3, ) - Gm(sl» ')||L4(U,L2(Q)) <K, (|3 - 3’|1/16 +[s — 3I|7/4) .
Put o := 1—16 A % and select some 0 < 3 < . Since we work on a finite time interval, the previous esti-

mate yields |G (s,) —Gm (s, )2, 22(0)) < Cr|s—s'|*. Thus, using the Cauchy-Schwarz inequality,
we have

E/ |Gm(5,2) — G (s, 2)|? dz < Crls — §'|*“.
U

C (G (5,2) = Gl ),
E/U/r /T |3—S'|1+2ﬂ dsds'dzx

t ot
< CT/ / |s — s'|71H2@Pdsds’ < 0o

It follows that

since 8 < a.
Case 2: Let s € [r,t] and s’ € [0,T]\ [r,t]. Then G,,(s’,-) = 0. Therefore, using (D.4), we can
estimate

. roN2
E/ / |Gm(8,ﬂ7) ,Gl—:—nz(ﬂs 7‘/17)' dsds'd:L‘
U Jse[r,t],s'€[0,T]\[rt] |s — &l

t r ds’ T ds’
<er [ (J, oy * | o)

(discard two negative terms coming from the endpoints s’ =0 and s’ = T))

t
< c'm/ [(s = 7)™ 4 (£ = )] ds < Crp(t - 1),

where in the last integration we have used 8 < %

Case 3: The case s’ € [r,t] and s € [0,T] \ [r,t] gives the same contribution in the right-hand side
of (3.3) as the Case 2.

Case 4: If both s,s’ ¢ [r,t], then G,,(s',-) = Gnu(s,-) = 0, so the contribution to the right-hand
side of (3.3) is zero.

Cases 1-4 yield (3.3). This ends the proof of Claim 2. O

APPENDIX E. KOLMOGOROV—CHENTSOV THEOREMS

For the reader’s convenience, we state below Kunita’s Kolmogorov—Chentsov-type theorems [Ku]
that we have used in the proof of Theorem 1(%).
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Theorem 3 ([Ku, Theorem 1.4.1]). Let X(z), x € D, be a random field with values in a Banach space
B, where D is a domain in R%. Assume that there exist positive constants v, C, and oy, i =1,...,d
with Z?:l a; ! < 1 satisfying

d
E[|X(x) - X"l <C (Z |z — y’l””) , zy€D.
i=1
where, || - || stands for the norm of the Banach space and x = (z',...,2%), y = (y',...,y?).Then X
has a continuous modification.

Theorem 4 ([Ku, Theorem 1.4.7]). Let {X,(z) |z € I = [0,1]%} be a sequence of continuous random
fields with values in a real separable semi-reflexive Fréchet space S with seminorms ||-|n, N =1,2,....
Assume that, for each N, there exist positive constants v, C, and a1, .. .,aq, with Zle ozi_1 < 1, such
that

d
E[[Xn(z) - Xa@)l¥] < C (Z |z* — o a") , wyel,
=1

and
E[[Xn(@)N] <C, zel,

for every n. Then {X,} is tight with respect to the semi-weak topology of C(I,S), i.e. the topology of
the uniform convergence on I with respect to the weak topology of S.
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