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INTRINSIC HARDY INEQUALITY FOR FRACTIONAL KOLMOGOROV
OPERATOR

DAMIR KINZEBULATOV

ABSTRACT. We obtain Hardy inequality for non-local diffusion operator with singular drift,
in the case when the strength of attraction to the origin by the drift takes the critical value.

1. INTRODUCTION

The subject of this paper is the non-local diffusion operator with critical attracting drift,
A=(-A)2+b-V, 1<a<2, (%)

that we consider on the d-dimensional torus II¢, d > 2, obtained from the cube Q = (—2,2]¢ C R?
by appropriately identifying its faces. The drift b : I — R? satisfies
b@)lecri0) = ia ()

and is smooth everywhere else. Invoking the probabilistic interpretation of A, one can view the
coupling constant v, > 0 as measuring the strength with which the drift pushes the isotropic
a-stable process to the origin (this can be made precise, see () in “Further discussion”). This
coupling constant is taken to be
NONGY

r(42)
This is its critical value (we justify this below). It cannot be attained using the standard means
such as the Stroock-Varopoulos inequality. The latter is a deep observation due to [BJLP] put
here in the context of [KSS| where the authors demonstrated that there exists a theory of operator
A for b(z) = Ve | in the sub-critical regime v < v,, including two-sided heat kernel bounds and
some regularity results for the parabolic equation in LP with p that needs to be chosen depending
on the proximity of v to vy. It is however not known what theory of A exists in the critical regime
v = 4. The goal of the present paper is to clarify this. Our main instrument and main result
will be appropriate fractional Hardy inequality (Theorems [1] and [2).

The parabolic equation (9; + A)v = 0 can be viewed as a model (“two-particle”) case of the
following interacting particle system in the d/N-dimensional space:

(at+2(— )E+ = Z Z _%la-vwi)v=0. (1.1)

1—1 Jj= 173#1

Vy 1= 297 (% % %)
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When o = 2 and d = 2, this is the finite particle approximation of the celebrated Keller-Segel
model of chemotaxis which arises as the mean-field limit of the adjoint of as N — co. Both
for the Keller-Segel model and the finite particle system , understanding what happens
at the critical values of the attraction strength v has been the subject of much research, see
[C, EJ, [F'T] and references therein. It has been demonstrated that when v crosses the critical
threshold, the particles start to collide and the corresponding stochastic differential equation
ceases to have a weak solution; there is a blow-up.

In what follows, we are mostly concerned with the fractional case 1 < a < 2. (The case o =2
is included as well, provided that d > 3, but is somewhat trivial in the context of the present
paper, see remark after Theorem [1])

Set

_ 2°T(5)T(50).
L(HN(=52)

Let us take a short detour into [BJLP] and fractional Schrédinger operators.

(a) The authors considered fractional Schrédinger operator
H=(-A)% — p|z|~ (form-difference)
on R? with coupling constant 0 < p < k4. Taking into account
2

Ki—a = MaX Kd-a, (1.2)

2 1<p<oo P

they proved, among other results, the following LP fractional Hardy inequality (1 < p <
oo) for H with g < Ka—a:

(ama o], w7 1) < (~A)Fu,ur ), (13)

where u vanishes at infinity sufficiently rapidly. Here (-) denotes integration, (-,-) the
inner product in L? and uP~! := u|u|P~2. The inequality appears e.g. when one
verifies condition (Hu,uP~!) > 0 in order to prove LP contractivity of the Schrédinger
semigroup:

le™ £llp < [Ifllp, ¢ > 0.

From the physical perspective, L? is the natural space for Schrédinger and related operators
[JKS]. One ventures into L to obtain additional information about the semigroup e, but at
expense of imposing more restrictive condition on the coupling constant, cf. (L.2). In this regard,
we give the following, only slightly informal definition.

Definition 1. We say that a space in which one considers a perturbation of the (fractional)
Laplacian is intrinsic for this operator if it allows to handle the maximal value of the coupling
constant. The Hardy inequality in this space will be called intrinsic.

Thus, L? is an intrinsic space for H. An intrinsic Hardy inequality for H is the usual L?
fractional Hardy inequality (1.4).



(b)

(c)
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When p # 2, a < 2, Hardy inequality (1.3) has strictly better constant than the L?
fractional Hardy inequality that was known previously, i.e. a consequence of

kaza(2]™,0%) < (~0)Fv, (~A) Tv), (L4)

(see [KPS], see also [FLS]) and the celebrated Stroock-Varopoulos inequality

a P a P p2 o p—1
((—A)4u2,(—A)4u2>Sm((—ﬁ)“u,u )- (1.5)

Namely, upon taking v = u?, these two inequalities give (1.3) with constant %m oo
in the left-hand side. Whenever p # 2, a < 2, one has

4(p —
Mﬁd*& < Kd—o.
2T

d=3, a=12

0.54

0.4+

0.34

0.2 4

admissible value of coupling constant

—— K22 via [BJLP]

- 4”;—,]@; via Stroock-Varopoulos
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The authors of [BJLP] show that the constant k4-o in their inequality (1.3) is the
4
best possible.

The key element of their proof of (|1.3)) is the following observation about the symmetries
of (—A)%:

fe3
2

¢p(z) = |z| = is a Lyapunov function of H: (—A)% s = kslz| “¢p

and
‘PI/; = ¥pg-
The existence of a Lyapunov function is an abstract result: one can construct it from
the heat kernel of the operator [BDK] (cf. (3.4)). However, the fact that a power of the
Lyapunov function is still a Lyapunov function, modulo adjusting the coupling constant,
is specific to the fractional Laplacian.
The Stroock-Varopoulos inequality is valid for all symmetric Markov generators

and does not take these extra symmetries into account, see [LS] for detailed discussion
of (1.5 and related inequalities.
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We now return to the subject of this paper — drift perturbation of the fractional Laplacian.
Let us work temporarily on R? and consider the strength of attraction to the origin v strictly
less than the critical value:

a T
Ayz(—A)2+Vw‘v, 0Sl/<l/*.
The contractivity of the semigroup e ** in L?, i.e.
lle= £l < £l (1.6)

can be established classically by combining and the Stroock-Varopoulos inequality ,
but at expense of imposing sub-optimal condition v < ﬁ4pp71n e In light of the result of
[BJLP], the right way to proceed to prove is to use the next Hardy inequality. It is obtained
from simply by integrating by parts in the drift term:
P T
i—a"5 T

where u vanishes at infinity sufficiently rapidly. The dependence of the coupling constant v =

SV, uP™l) < ((-A)2u, P, 1< p< oo, (1.7)

p 3 .
d-afid=e ON P is as follows:
d=3, a=12
144 — Zkezz via [BILP]
2] %4%;{; via Stroock-Varopoulos

10+

0.8 1

0.6

0.4+

admissible strength of attraction

0.2 4

0.04
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up

The maximal value of the coupling constant v, is reached only in the limit:

T fdza Vs as p 1 oo. (1.8)

We are satisfied in this paper with the following two justifications for the maximality of v,, a
formal one and an informal one. The formal one is that for every p > 1 the constant in the Hardy
inequality is the best possible — this is proved in [BJLP] ((1.7) < (1.3)). The informal
one is that the Lyapunov function (formal invariant density) for A, ceases to exist exactly as v
reaches v,, see remark 5 in the end of this introduction.

In order to approach v, we need to work in L? with p sufficiently large. This matches the fact
that, from the probabilistic perspective, a natural space for diffusion operatorsﬂ is C whose
local topology is stronger than the one of LP regardless of how large p is. In other words, Co

10w = {f € O(R?) | limy— oo f(z) = 0 with the sup-norm}
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is a good candidate for the intrinsic space of A. The problem is that by taking p — oo in (1.6),
(1.7) directly, we arrive at a fundamental but also in some sense trivial a priori estimate

le™* flloo < flloo, &> 0.

Namely, there is no Hardy inequality in L* and it is not clear what could be the weak solution
theory of the diffusion equation in this space. Further, regarding the Cy semigroup theory of
A, (which of course we cannot have in L*), to reach C, it seems like we still need some kind
of regularity theory of the Kolmogorov operator, which disappears as p 1 oo, see remark (%)
regarding De Giorgi’s method in “Further discussion”. So, arguably, by taking p — oo we are
losing information. We can, however, pass to the limit p 1 co indirectly and arrive to a non-trivial
Hardy inequality for » = v, and a weak solution theory. To this end, we formally take in (1.7)
u=1+ %, arriving at

D x v Vi, g o v Vip_1
——Kd—a (——— - V(1 4+ -),(14+ —)P >§ —A)2(1+-),(1+-)P7).
(e T+ D04 2Py < (CaE D), DY
Both V and (—A)? annihilate constants, so multiplying the previous inequality by p, we obtain

Ra—a <—i -V, (1+ :—?)p_1> <{((-A)3v,(1+ %)p_l).

||

=

d—«o

Now we can take p 1 0o, arriving at a non-trivial Hardy inequality — this is our main observation
in this paper — but only after we address the formal nature of the above calculations. Indeed,
u =1+ % is not an admissible function in (1.7). It is admissible if we work on the torus
I1¢. Working on the torus requires adding in the last inequality a constant term with proper
dependence on p. One difficulty of working on the torus is that one no longer has a nice expression
for the Lyapunov function: we need both appropriate behaviour of the Lyapunov function at the
singularity and the scaling property, cf. (c) above. We will address this in Section

1.1. Main results. From now on, we work on the torus II¢. We write
(= [ @z, (£,9) = (f9)
(all functions are real-valued). The vector field b is defined by (oK), (x* ).

Theorem 1 (A priori Hardy inequality). Let 1 < a < 2. There exists constant ¢ = c¢(d, ) such
that, for and every u € C® = C>®(II%),

|<b~Vu,e“>| <{(—=A)Zu,e) + c(e*)

and, furthermore, for all € > 0,
|<b5 . Vu,e“>| <{(=A)%u,e*) + c(e™),

ay
where b, := e~*(=2)2 b (De Giorgi mollifier) with 0 < a; < 2 fized by 0 < o < d — oy possibly
after increasing c to ¢ = c¢(d, a, ay),.
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Remark. The absolute value in the left-hand side is needed because we do not specify how we
extend b to the torus outside of a neighbourhood of the singularity, cf. (1.7). Let us also note that
in the case @ = 2 (then necessarily d > 3) the Hardy inequality of Theorem 1| can be obtained
from the ordinary Hardy inequality on torus upon integration by parts both in the dispersion
term and in the drift term. The gain in the constant in the Hardy inequality compared to the
classical argument via Stroock-Varopoulos inequality is a purely non-local phenomenon.

Replacing u by —u and adding up the resulting inequalities, one arrives at the inequality
|<b - Vu, sinh u>| < {(—A)%u,sinhu) + c( coshu).
We will be using Theorem [I] to analyze elliptic equation
A+ A)u=f, feC™,
where
A= (—A)% +b, -V,
by actually applying it to ¥ for constant s > 0 that will be chosen sufficiently small, i.e.by

“blowing up” solution u. Thus, the term c¢( coshu), although it does not vanish when u = 0,

does not pose a problem. (In the proofs of Corollaries [1| and [2f we will be using the fact that
% is still a solution of the Kolmogorov equation with right-hand side f In this sense, the test
function u — e requires the linearity of the equation.)

Theorem [I] yields the following a priori contractivity estimate. Set

w = g(l + |I1¢|), cis the constant from the Hardy inequality of Theorem

Corollary 1 (Contractivity in the hyperbolic Orlicz space). We have

”e_tAsf”cosh—l S ewt“f”cosh—ly t> 0,

for every € > 0.
Recall that the Orlicz norm || - || is defined as
. v
[v]|e :=inf{s>0| ('1)(;)) <1}

Selecting ®(t) := tP recovers the Lebesgue space LP. We take ®(t) = cosht — 1.

We can summarize Theorem [I] and Corollary [I] by saying that the hyperbolic Orlicz space
(= the completion of C*(II¢) with respect to || - ||cosh —1) i an intrinsic space for the fractional
Kolmogorov operator. The corresponding intrinsic Hardy inequality is the one contained in
Theorem (1} (We ignore for a moment the issue with a priori versus a posteriori variants of these
results.)

For the applications of Theorem [1]to the non-local diffusion equation (A\+(—A)% +b-V)u = f
with drift b = lim. o b. given by @, , it is unreasonable to expect smoothness of u
(e.g. even having control over square integrability of (—A)?%u is problematic). What regularity
can be expected, i.e. what estimates survive the passage ¢ | 0, is seen from the following a priori
estimates. Let u. be solution to the elliptic non-local diffusion equation

A+A)u.=f, felC™.
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— The first a priori estimate is straightfroward (in particular, from the probabilistic per-
spective):

ltelloo < [ £loo- (A1)

— The second a priori estimate is obtained by multiplying the equation by u. and integrat-
ing by parts:

a 1, .. u go .
Mu2) + (|(=A) Tu|?) < E(dlvbs,ug) < I 52” zlifo)<dlvb5>.

(Since the coefficient of the drift is large, we cannot use the dispersion term to control
the drift term via the usual fractional Hardy inequality.) So,

M) + (=8 %Py < 171 (4s)

Thus, to study the non-local diffusion equation with singular drift b and f € L* (we are
interested in probabilistic applications, so condition f € L* is reasonable), we propose the
following a posteriori variant of the Hardy inequality. The constant c is from Theorem

Theorem 2 (A posteriori Hardy inequality). For every u € L™ such that (—A)%u € L? =
L*(m?),
|<T A+ (=2)%)2u, (A + (—A>%>%e“>| < ((-A)%u, (-A)%e) + e,

where T is a bounded operator on L? given on C™ by the formula
T=(+(-8)%)"%b- VA + (-4)%) 7%,
with fixed A > Agqo.

As a consequence of Theorem [2] we obtain existence and uniqueness of the weak solution to
the elliptic non-local diffusion equation (1.9). In detail:

Definition 2. Let f € L™. A function u € L* such that (—A)%u € L? is said to be a weak
solution to the elliptic non-local diffusion equation

A+ (=A)% +b-V)u=f, (1.9)
with b given by @, , if identity

)\(’U,, 50> + <(_A)%ua (_A)%90> + (T()‘ + (_A)%)%ua ()‘ + A)%<p> = <fa ‘10>7
holds for all test functions ¢ € L? such that (—A)%p € L2.

Corollary 2. Let A > cV Ago. For every f € L, there exists a unique weak solution to
equation (L.9). It satisfies

1
A —wo
where wy = ¢V Mg, Vw (from Corollary .

”u“cosh—l < ”f”cosh—ly A> wo,
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1.2. Remarks. 1. The estimate in Corollary [2] cannot be obtained by interpolating between
lulloo < :/flloc and an LP contractivity estimate since for the maximal value of the coupling
constant v = v, there is no LP contractivity estimate to interpolate from. This is in contrast
to [BIJLP] who always have L? theory — Schrédinger resolvent and semigroup — for the maximal
value of their coupling constant.

2. Corollary [2|shows that there exists a theory of elliptic equation with critical drift (%)),
(x#). One can now pose further questions such as whether determines the resolvent of
the generator of a Cy semigroup in the hyperbolic Orlicz space and, furthermore, whether this
is a semigroup of integral operators and what are its regularity properties. We hope to address
these questions in subsequent papers.

3. (Semigroup) Let a = 2, d > 3. Armed with the straightforward parabolic analogue of the
a priori estimate , the test function v — e¥ (or v — sinhv) and the idea of a “blow up”
of v (which is the idea behind the Orlicz norm), one can construct an operator realization of
A = —A+b-V as the generator of strongly continuous semigroup in the hyperbolic Orlicz space.
The proof consists of showing that solutions {v,} to

(O —A+by-V)u, =0, vplt=o=f€L>N Lla bn :=be,, enl0,
constitute a Cauchy sequence:

sup ||vn(t, <) — vm(t,-)|lcosh—1 — 0  as n,m — oo.
te[0,1]

The latter requires showing that

t
/ <(bn - bm) - Vg, evn—vm> — 0, (110)
0

which follows easily upon applying Cauchy-Schwarz and using ||b, — by |l2 — 00, sup,, ,,, |vn —
Um|loo < 00. See [K] for details.

In the non-local case 1 < o < 2 that argument is not applicable, at least not directly: (Ag)),
or rather its parabolic counterpart, no longer provide an estimate on the gradient of solution in
. However, in the sub-critical case v < v, one can construct strongly continuous semigroup
for (—=A)% + I/# -V in LP, for appropriately chosen p 1 oo as v 1 v, using a compactness
argument and some auxiliary “desingularizing” estimates for this operator; in the critical case
v = v, these estimates are not available (remark 5 below). We cautiously suppose that the
following approach to constructing the semigroup when 1 < a < 2, v = v, could be useful:
consider approximation b, = (1 —1/n)b, so that every b, is still singular, but now belongs to the
sub-critical regime. The advantage of dealing with thus defined b,, is that one has an analogue of
involving operators T'(b, —bm) = (1 — L)T'(b) whose norms thus tend to zero as n,m — co
(otherwise, for smooth b, b,, these operators converge only weakly in L? or, upon reshuffling
{bn} using Mazur’s Lemma and the diagonal argument, strongly, cf. the proof of Corollary [2| but
not in the norm). This approach requires obtaining an analogue of Corollary [2| for the parabolic
Kolmogorov equation, which seems to be possible with some additional efforts.

On R4, in the local case a = 2, one can still construct the semigroup in the hyperbolic Orlicz
space, although under some extra conditions on the decay of drift b(z)|;eB, (o) = ﬁ at infinity.
This required a rather careful work with weights [KS].



INTRINSIC HARDY INEQUALITY FOR FRACTIONAL KOLMOGOROV OPERATOR 9

4. Also on R?, in the case 1 < a < 2, the test function u + sinhu can equally be handled
using a Stroock-Varopoulos-type inequality (1.11)), albeit for v < v,. Namely:

— One has the following Stroock-Varopoulos-type inequality:
((-A)%u,sinhu) > 8 (|(—A)% sinhg|2> (1.11)

(u is assumed to be smooth and vanishing at infinity sufficiently rapidly). We comment
on the proof below.
— Next, by the usual fractional Hardy inequality on R?,

AV sinh 2 I~ (sinh 2
(I(=2)% sinh 2 ) > ke (| -]~ (sinh 5)%)
1
= Em__aﬂ | 7%(coshu — 1)). (1.12)
2
— Consider drift b(z) = ;2-k i #n(m), where n = 1 in B1(0),  has compact support
so that we can freely integrate by parts. We evaluate:
|{b- Vu,sinhu)| = [(b, V coshu)| = |(div b, coshu)|
< [{div b, coshu — 1)| + |(div b)]
< (4K aa|-|7%, coshu — 1) 4 co({coshu — 1) + |(div b)|
(now, instead of the volume of the torus the estimates will contain |(div b}|).

— Finally, using (Au,sinhu) > 2A(coshu — 1), one can see that the previous estimates can
be employed to analyze equation

A+ (-A)2 +b-V)u=0 onR%

in the same way as we did it in the proof of Corollary (1| (we need to replace b by be, but
this is easy to do using Lemma [2} or rather its counterpart on R%).

The strength of attraction v that we can handle in this way is v = dfan di-o. It is strictly

less than v,, for all 1 < a < 2 (for @ = 2 both coupling constants coincide), v;hich defeats the
purpose of dealing with the test function u — e* or u +— sinh u — one is better off using simply
the L? Hardy inequality of [BJLP]. Still, it is satisfying to know that the Hardy inequality
of Theorem [I] can also be proved, albeit with some essential losses in the condition on v, using
classical means. This also suggests that Theorem [1| should admit extension to R¢.

The inequality is obtained by following closely the proof of a general Stroock-Varopoulos-
type result, [LS, Theorem 2.2], once one verifies the following three inequalities for all ¢, s > 0:

e (t = 8)(p(t) — p(8) 2 (Gy(t) — Gy(s))?,
e (t+8)(p(t) + @) 2 (Gy(t) + Go(5))?,
c;tsp(s) > G2 (s).

for p(u) = e* — e, G,(u) =% —e"% and ¢, = 2.
Finally, let us add that the Stroock-Varopoulos-type inequality (1.11) can be used to include
(here, for simplicity, at the a priori level, with compact support) a large class of drifts g : R¢ — R¢
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with the divergence satisfying the form-boundedness condition

(ldival,?) < (I(-2)Ff?)

which includes e.g. the Morrey class condition

1

1 , BE

C4 sup ra(—d<lBr(z)|d1VQ|l+€>) <1,
z€RL,r>0 r

see Adams [A]. In this way, we can combine Theorem [1| and the argument above to extend
Corollary [I] to the drifts

(1—€)b+4eq, €>0,
i.e. perturb the Hardy drift b(z) = {;*lﬁ by a general vector field.

5. The following was proved in [KSS| regarding the sub-critical regime v < v,. The operator

A, = (A% + Vzfe * V generates contraction Co semigroup e *A» in LP for p < oo defined
by v = 2-Ka-o (for v small we took p = 2). This is a semigroup of integral operators whose

integral kernel p(=: heat kernel) is singular and satisfies two-sided bounds

c1e A (z — ) (T |y A1) THY < e (z,y)
< et (g — )t T y| A1)

forallt > 0,2,y € R% y # 0. Exponent v €]a, d] is defined as the unique solution to the equation

2 TN -5
T=aT(d — e = (1.13)

The latter entails that = — |z|~%*"7 is a Lyapunov function for the formal adjoint operator
A= (—-A)F — V- £ ie.

: [z]*

Ay =o.

The proof of the two-sided bounds is based on the L*(R¢, ¢, (y)dy) — L>(R%, dz) ultracontrac-
tivity of et where ¢4 (y) := (s~ =|y| A1)~4*7. In turn, the proof of the weighted ultracontrac-
tivity requires the following “desingularizing L' bound”:

e 71 f|ly < 0%

(or rather its a priori variant for a regularization of the drift). One substantial difficulty here is

flli, 0<t<s, ¢ >0

the non-locality of the operator that makes algebraic manipulations with regularized A, and reg-
ularized , rather non-trivial; this was addressed by working with a regularized-drift dependent
regularization of . The desingularizing L' bound in its a priori form was also used in [KSS]

—tAv | Let us also emphasize that a natural approach to the proof

to construct the semigroup e
of heat kernel bounds when « = 2 via Dirichlet forms is not available for A in the non-local case
l<a<?2.

The constants ¢y, ¢1, ca depend on the Sobolev embedding carried out by A and thus degen-
erate c; | 0, cg,co T 00 as v 1 vy.

We note that equation also provides an informal evidence that v, is the maximal
coupling constant for Kolmogorov operator (&), (). Indeed, as v t vy, we have v = y(v) 1 «,
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see Figure For v > a (i.e.intuitively, v > v,), equation and thus the Lyapunov
function | - |74+ cease to be well defined.

(In the context of this remark, let us also mention that another approach to proving heat
kernel bounds based on the spherical harmonics-expansion is developed in recent paper [BM].)

ved-—yford=3, a=1.2
d-—a

1751 v. ~ 141964

1.501

0.50 -

0.25 -

O.OOA T T T T T T T
00 02 04 06 08 10 12 14

FIGURE 1. The dependence of the exponent in the Lyapunov function |- |~¢*7 on
the coupling constant (strength of attraction by the drift) v € [0,v,[. The vertical
line represents the largest value of the coupling constant

p 4(p—1) _ﬁ(r(d%“))z

vgy = lim ———Kd-a =
L(439)

ptood —a  p? =T d-a
that can be attained using the Stroock-Varopoulos inequality (1.5). It is seen that
nothing dramatic happens to the Lyapunov function as v reaches and surpasses vgy.

6. The observation that working in LP with p chosen sufficiently large allows to relax the
condition on the coupling constant of the drift goes back to [KoS]. It was further exploited quite
substantially in the context of Nash’s method for —V-a -V 4+ ¢ -V in [9)].

1.3. Further discussion. (i) The hyperbolic Orlicz space allows to handle functions with log-
arithmic singularities. This reminds somewhat the work that been done on local and non-local
PDEs with divergence-free singular drifts arising in the study of Navier-Stokes equations, con-
nected to the BMO space, see [CV], [CW| [KT]. The hyperbolic Orlicz space, unlike BMO, does
not take into account possible cancellations, and the blow-up effects that we encounter in con-
nection with the attracting singularities of the drift have a different, more straightforward nature
compared to the blow-ups arising in the study of solutions of the Navier-Stokes equations.

(i) There is a weak solution theory (weak in the probabilistic sense) of the stochastic differ-
ential equation (SDE)

t
X, =x— / b(X.)ds + Z;, = €R% (1.14)
0
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where Z; is the isotropic a-stable process in R? generated by (—A) %, with singular drift b : R% —
R? in a large class that contains (). Namely, |b| € Li _ with sufficiently small weak form-bound
9,

6|2\ + (=A)8) "% ||y < V6 for some A > 0, (1.15)

which includes e.g. the case of sufficiently small Morrey norm sup,cga ;507 (72 (15, (2) || e )) e ,
see [KM, KY]. Applied to b(z) = {5, these results require smallness of v, so “v < v,” has not
been reached yet, except in the case @ = 2 where one can run De Giorgi’s method in L? for p
large to prove weak existence for SDE and construct the corresponding Feller semigroup
in Cy for all v < v, (in fact, more generally, for all b satisfying ||b(A — A)~2||ap < & with &
going up to the critical value) [KS].

(#7) Although the theory of the Kolmogorov operator A ceases to exist if the coupling constant
v surpasses U, this does not mean that there is no theory of isotropic a-stable process with drift
ﬁ . For instance, in the case a = 2, the authors of [FJ| replace SDE with polar drift
b(z) = vz/|z|? (the special structure of the drift is important) by the SDE for | X;|2X;, which
allows them to construct the “two-particle” process in the supercritical regime v, < v (< Vyy)
that still has physical meaning. In this regard, see also [ORT].
ﬁ -V in regime v < vy, we also refer to
recent results in [BDM] on the equivalence of Sobolev norms determined by this operator and
its fractional powers.

(iv) Regarding the theory of operator (—A)% +

2. NOTATIONS AND AUXILIARY RESULTS USED IN THE PROOFS

1. In what follows,
0<B<d—a. (2.1)

2. We identify functions on the torus II¢ and the 4-periodic functions on R? — the Euclidean
space is tiled by the translations of the cube @ = (—2,2]¢. Having this identification in mind,
we define on II¢ the following positive function with singularity at the origin (and smooth
everywhere else on the torus); it should be viewed as an analogue of function z ~ |z|~? on R?
modulo addition of a bounded function:

ns(t), @€ By(0),
o () = { 1,  @eQ-By(0),

= |$|’
where

na(t) = P20,
with a fixed function a € C*°(]0, 2[) satisfying

1, 0<t<1
t — Y — )
alt) { 0, <t<2.
We obtain right away
Lemma 1. The following scaling property is valid:

‘/’g‘ = ¥pg- (2.2)
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Also, it is clear from the definition that there exists constant cg > 0, independent of 0 < 8 <
d — a, such that
pg>cop on e,

3. It will still be convenient to distinguish between g and its extension to R¢ by periodicity,
which we denote by @g.

4. Set
g8 =@ — |- 7"
Let us prove some estimates involving gg that will be needed later.
— We have gg = 0 in B;(0) and, furthermore,

. _ - 8
961l 2o (2@) = 1@5(y) — |yl ~P| I y is in the corners of -Q
- 1—(?\/8)—5 =1—ePle?Vd < B 0<B<d—a. (2.3)

— We have R? = U,;,c474(Q +m). On @ +m when m # 0, gg can be singular, but we can still
control its L' norm, i.e. for every m € 472, m # 0,

gl (@m) = 185 — | - | Pllr@+m) = llos — | - +m|™PllLr(q)
< llos — Ui + 11— |- +m| Pl 1),

where, using the spherical coordinates,

les — @) = llps — Ll (si(o)) + s — 1”L1(B%(0)—Bl(0))

B /% d-1 —Ba(r)
=wg———~ tw r 1 — 777" dr,
‘ada—p e T )

In the second integral variable 7 is bounded away from zero, so representing r—5%(") = ¢—Fa(r)logr
and using the Taylor series expansion, we obtain that the second integral is bounded from above
by CB, 0 < 8 < d— a. Thus,

s — 1|21 (@) < 2CB.
Similar analysis yields ||1 — | - +m|™#||f1(g) < CB for C independent of m # 0. Therefore
(re-denoting C),

for C # C(m), for all m € 474, m # 0.
5. Put
A= (-A)%.-
Then, by definition,
ey = Mgy,

6. We have, for all z,y € I1%,

etz —y)=e (g —y) + > e "M (2 —y +m).
me47e,m#0
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o
tA t(_A)de (x _

So, the action of e~** on a function on the torus reduces to integrating f(-) against e

—t(=4)

) plus the integrals of f(-) against the correction terms 3,474 0 € zd (x —-+m).

7. In the same way, for all z,y € II¢, for f sufficiently smooth,

Af@ = caapy. [ (F@) = FOIK (@ =)y,

where 1 1
Ko(x—y) =+ E —_—.
— qyldt _ d+
|x y| C! m€4zd’m¢0 |x y+m| *
We obtain in the usual way the identity

Aab ) =can | [ 1f@) ~ Q)P Kalz ~y)dady. (25)

8. We write LP = LP(I1%). Let || - ||,—p denote LP — LP operator norm.

3. PROOF OF THEOREM [II
We start with proving a torus analogue of the Hardy inequality of [BJLP].

Proposition 1. There exists constant ¢ = ¢(d, ) independent of p such that, for every 1 < p <
o and all 0 < u € C°(I%),

Ka—a (Pa, uP) < (Au,uP™1) + I—C)(up).

Remarks. 1. It is easy to see that we need to divide ¢ by p, e.g.take a = 2 and integrate by
parts.

2. The condition u > 0 is only for convenience: we will be applying the previous inequality to
u=1+ % for p — oo0. Here v is in general sign-changing, but smooth, so u is positive starting
with some p.

3. In [BJLP] the authors obtain the corresponding Hardy identity, i.e. there is an extra term
that admits an explicit description. We follow their argument, so we can also obtain this extra
term (from J, see below).

Proof. Since u is bounded and the semigroup e~*4 is strongly continuous on LP(II%), we have
po1y _ U
(Au,uP™") ltlg)l <—t ,uP™hy. (3.1)

Remark 1. Actually, in the end we will need to consider only two values of 3, i.e. d_T"‘ and

d—a
(p—1)5=.
Write u = vyg (then, clearly, v > 0 vanishes at the origin to order 3) and

u— ety
(T =L+ I+

where
tA

p—1, wp—e "y -
Iyi= == (0, (o)),
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-1 —tA, p—1
R I ek
I = 5<’Up ! ¢ , (veg)),
1, ¢ e p—1, ety e (vpp) .
Jp = = (v 1 . ,vpg) + ’ (v ; , (vipg)P 1>_< — , (vpg)P 1).

b
Then J; > 0. In fact,

—tA
5= 2 {(By(ele), vy @oalr) 1) )
y! x
where
Fy(a,b) := |bP —|a|’ —pa?~'(b—a), a,bER, aP ' =alalf?
is the Bregman divergence. It is always non-negative. So, by (3.1)), to prove the proposition we
need to show that
limsup(l; + I7) 2 i (¢ (098)") = ((005)") (32)

for some ¢ independent of p.
Step 1. Let us deal with I;. We have, for every = € Q,

05(@) — (e pa)(@) _ Pala) — (Vi) (@)
t t

(write e Mz Pp = e_t(_A)ﬂgdl TP+ e~ (s (@s—1-17%))

_ —t(-a)% N
_ el = TV ) @) | gp(e) — (7 gp) ()
t t ’

where, recall,
gs=os—1-17".
So, we can write

P <up<x) ol — (). |—ﬁ>(z>> ; <W(x> 95(z) - (e—“—m%gﬁ)(x)>
p—1"" \psa)’ ¢ cQ ZION t z€Q
=: S} +52.

We now proceed to estimating S} and SZ.

(a) Regarding S}, we have
jz| =P
pp()
> kp(uP o), — Kpcr(uf)ma, (33)

. 1_ P
lim S = rp{u”(z) JeeQ

afpl;m_)ﬁ —@a()) < 0o. The inequality is straightforward. To show

the claimed convergence, we note that the first factor in S} is bounded and vanishes to order
at the origin, while the second factor contains integration over R¢, so we can treat it using an
argument from [BJLP, BDK]. Namely, one has

o = [ Ia(e)e” e w)as, (3.49)

where constant ¢; = max;eq (|
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A / fy(s)e™* D (z)ds,

where
fﬁ(S):CO{S Cts b 8>07

for appropriately chosen constant cg. Then

|lz|~# — (e —#( tA) / f(s —t) e A)Rd(x)ds.

It remains to note that 0 < f(s) — f(s —t) < Ctf'(t), for s,t > 0, so the convergence follows
upon applying the Dominated Convergence Theorem.

Remark 2. If we were to apply the previous construction directly on the torus, we would need
to introduce a decreasing exponential factor in (3.4)) to make the integral converge. This makes
the argument considerably lengthier compared to R¢, so we opt for the present proof.

(b) In S?, the function gg, defined on ]Rd is smooth and vanishes in B1(0). Fix a bump
function 0 < ¢ < 1 such that sprt { =1 on 1 4 , sprt ¢ C 8Q We represent

98 = Cgs + (1 = Q)gg,
where (gp thus has compact support in gQ — B1(0) and
15

(1-Q)gs=0 on Q.
Then

52=<up<x> (Cgﬂ)w)—(e‘“‘“nfdcgﬁ>(w)> +<up(m) _(e‘t<‘A>5d<1—<>gB><x)>

b\ ()’ t veo \P8@) ¢ veo

In the first term, the first factor is a continuous function while (gs is a smooth function having
compact support, so we have

(@) ((g0)(a) — (e‘t“A’fdcgﬂ)<x>> #@), s
<SD[-}($), t 2€0 tl0 < ( )( )Rd(CQB)($)>

> —cyteaB(uP)pa

z€Q

using ¢ > ¢ and
[(=A)24(Cg8) | Lo (ray < c2B-

To see the latter it suffice to show that [|V;V;{gs|| oo (ray < ¢, for some c; independent of 3, and
then use the principal value representation for the fractional Laplacian and apply the Mean-value
Theorem. The estimate on the second derivatives of (g follows from sprt {gg C %Q — B4(0),
i.e. are away from the singularities of gg, using (2.3).
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—t(—A) %
The second term is the above representation for S7 is handled as follows. By efw(z_y) <

Clz — y|~¢=“ (from the standard upper bound of the heat kernel of the fractional Laplacian),
'u,p(.'l:) i (e_t(_A)Ei (1 - C)gﬁ)(m) >_C < up(.’l:) <|x i y|—d—a(1 . C(y))lg (y)|> >
ps(@)’ t o \es@)’ T et ]

15

(use pg > c¢pand (1 —¢)=0on ﬂQ)

> —Ccal <up(x), <|$ - y|_d_a|gﬁ(y)|>yeRd\% >

(note that z and y are uniformly bounded away:

€eQ

z€Q

15
this is the reason we remove EQ’ not just Q)

Z _C2 Z <|y|_d_a|gﬁ(y)|>yeQ+m <up(x)>z€Q

me4z4,m#0

(apply (24))
>— Y mTTCB (uP(2))yeq = —c3B(uP)pa

me4Z4,m#0
where c3 < oo is independent of 5.
Thus,
lim St > —(c2 + c3)B{u?). (3.5)
Combining (3.3) and (3.5), we arrive at
lgfl(}ft Z P~ K)g((pa,up>nd - P~ (F&BC1 + ,362 + ,363)<up>1-[d. (3.6)

Step 2. Denote I; = I;(v, v, p). Then we can represent, using, crucially, the scaling property
’ P
I: = It(v?a(P(p—l)Bap/)'
Therefore, applying to I, (v§ ,@(p—1)8,P") and noting that we have (05 ©(p—1) ﬁ)pl = (vpg)? =
1

’
-1 .
uP and pT = -, we obtain

1 1
B I >~k 115(0a, uP), — —c(uP)a.
i 17 2 ke 1)8{Pas u¥ )1, pc(u )1

Step 8. Take 8 = d_TO‘. Then kg = K(p—1)3.- Then, adding up the last inequality with (3.6),

we arrive at the sought estimate (3.2)) (modulo re-denoting 2¢ by c). O
It will be convenient to introduce coefficient-less drift
q(x) = # if |z <1 extended to the torus as (), (3.7)

in which case the drift that interests us, i.e. b in @, , is given by b = v,q.
Fix some 1 < p < oo. For the Kolmogorov operator

(-A)Z +

—a 'V
d—a" 521"
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(in view of (1.8 , I aK,d «q — bas p1 o), we have the following intrinsic L? Hardy inequality:

Proposition 2. There exists constant ¢ = c¢(d, ) independent of p such that, for every 1 < p <
oo and all 0 < u € C°(I14),

p i . p—1 < p—1 E D
d—anTKq Vu,uP™ )| < (Au,u >+p<u )-

Proof. We integrate by parts in the drift term:

1

(g Vu,uP™) = —=(div g, uP).

p

In turn, by ,
divg=(d—a)|z|™* if z € B1(0),
and div ¢ is smooth on II¢ — B;(0). Hence
divg < (d — a)pa + co

for a constant ¢y = ¢o(d, ). Therefore

u”>+d_a

co(uP)
(we apply Proposition
d — -1

Ko ((Auu” 4 ;(up)>+d_

p

o
co(uPy,

which yields

p d—a . p_l < p_l E d—a P
d—aﬁTKq Vu,uP™)| < (Au,uP™') + (p -I-co/sT)(u ).

It remains to take into account that Ks-o = O(1/p). O
p

Corollary 3. There ezists constant ¢ = c(d, @) independent of p such that, for every 1 < p < oo
and all 0 < u € C=(114),

RN R [EI o X g et

Proof. Apply Proposition [2 I tov:=1+2:

p o . p—1\| < p—1 €/ p
d—a’iTKq Vo, vP™ )| < (Av,v >—|—p(v ).

We have Vv = %, Av = %. So, it remains to multiply by p. O

Proposition [2/and Corollary [3|admit a priori variants, i.e. for a smooth a.e. approximation {g.}
of q as long as it satisfies

divge < divg+C (3.8)

for some constant sup,.,C < co. Then we can repeat the proof of Proposition E| using Ka—o =
P

O(1/p))-
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Lemma 2. One possible choice of {gc} is as follows:
qe = Ecq,

where E, = e_e(_A)HT; is the De Giorgi mollifier with 0 < a1 <2 fixed by 0 < a < d— a;.
The proof below can be repeated for the norm of g, itself, to yield, in addition to ,
lge| < lgl +C (3.9)
(we will use this later).

Proof. The convergence follows from the properties of mollifiers, while the domination property
(3.8) follows, once we fix a; sufficiently close to 0, from the following super-median property of
the a-stable semigroup on R%:

ay
(€% | B (@) < |a|?, zeRY, 0<B<d—o, (3.10)
see [BDK] for details. Indeed, on the torus IT¢ we have
divge = E.divqg = (d — @) E.p4 + co,

for a universal constant cy, where, in turn, for every = € @,
@1 @]
o 2 o =2
Eepa(w) = e "Mt oo (2) = ¢ e 5o (a)

—e(=A 3 —e(—A =
= ("M (@ — y)pa(¥))yesq + Yo (e -y~ m)pa(®))yeo-

m=(m;)%_, €42,
at least one |m;| > 2

(3.11)
The first term in ((3.11)):

o =%

1 1
(A2 —e(=A) 2 —a
(7"t (@~ y)paW)yese < (7Y (@ = y)lylNyeq +

&1

< (e (@ — )yl yen + o

(we apply with 8 = a)

< |z|™* provided that a; is fixed by 0 < a < d— oy
< @a(T) + c2.

(Note that if d > 4, then we can take a; = « or even a; = 2.)
The second term in (3.11]) contains

o1
—e(—=A) 2
(€Mt (2 —y — m)pa(y))yeq

(apply the standard upper bound on the heat kernel of the fractional Laplacina)

<elle—y—m| "M 0a(y))yeo-
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The integral kernel is bounded since x and y are separated. Hence, uniformly in z € @,

o1
—e(—A) 2 —d—o
Z (e v (x—y —m)pa(y))yeq < Cre Z m !
m=(m;);_, €42°, m=(m;)i_, €477,
at least one |m;| > 2 at least one |m;| > 2

=:Cqee, (3 < .
Therefore, we obtain from (3.11)):
E.po(z) < pa(x) +C5, C5=Cse+ cs.
This yields with C = (d — a)C3 + co. O

To end the proof of Theorem (1| we take p — oo in Corollary [3| and its a priori variant for g.
using that

~Ki—aq = b, 72-Ka-aq. = b. as p T co. Since u is assumed to be smooth, the
p p

passage to the limit presents no problem. O

4. PROOF OF THEOREM

Step 1. In order to show the boundedness of operator T on L2, we apply Stein’s Interpolation
Theorem to the following analytic family of operators defined on C'*°, a dense subset of L?:

T,=A+A)77"-VOA+ A 0<Rez<1.

We have

I Ty fllz < N+ A) ™ |22[lb - VO + A) " Hlas2 (A + A) flla-
The purely imaginary powers are bounded operators on L? since their Fourier symbols are in
L*°. The boundedness of the operator in the middle follows e.g. upon applying the pointwise

estimate on the gradient of the resolvent of the fractional Laplacian and then using the usual
fractional Hardy inequality on the torus:

18] (A, + A) "= |22 < caa

so we need to assume that A > Mg, > 0. (We do not need sharp constants here.) Thus,
1T fll2 < Clll2 for all f € C<, y € R.
Next, we write

Tivinf =V +A) 1A+ A — (A + A~ divb (A + A7,  feC™.

Once again, we put the purely imaginary powers outside and then apply the usual fractional
Hardy inequality to obtain ||T14iyf|l2 < C||fl|2 for all f € C°, v € R.
Stein’s Interpolation Theorem yields (z = 1)

I(A+ A)"26- V(A + A)"2 f|| < C| ]2

and so operator T is bounded. We denote its extension by continuity to L? also by T' = T'(b). Let
us note that the norm of this operator will not enter the sought a posteriori Hardy inequality:
we only need its boundedness to make sense of the left-hand side of the inequality.
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Remark 3. The same argument yields that
T*(b)f :=—(A+A) "IV -b(A+ A)"2, feC>,

is bounded and admits extension by continuity to L?, which we denote also by T™*(b); we will
use this in the proof of Corollary

Step 2. Let u be as in the statement of the theorem, i.e.u € L>®, Au € L?. Integrating by
parts, we obtain that (A + A)Zu € L2. We can find u. € C*, sup, . ||tc|oo < 0o such that

Ue — U, A%u6 — A%u, A+ A)%u6 - A+ A)%u, in L?
as €10, e.g. take u, :=e4
In the next calculation we use estimate

u.

1 1
([Azet[?) < [le" |12, (| A2 uel?),

which is an immediate consequence of the quadratic form representation ([2.5)) and of the Mean-
value Theorem. We have

Ae24e) + (Azet | Azete)
< Me2) + |le* |12 (AT ue, AT uy).

(A + A)zeb (A + A)ze)

Hence, since u € L and sup,~ ||tc|lco < 00, We have sup, ||(A + A)2e% ||z < co. The latter
and the fact that e — e* in L? (again, use the boundedness of ) yield

(A+ A)Ze" — (A + A)Ze* weakly in L2.

Above one can take A = 0 (we need strictly positive A only when dealing with operator T').
It follows that

(A2u,, AZe%) = (A7 (ue — u), AZe¥)
+ (AZu, A% (% — %)) + (A%u, ATeY)
— (A3u, ATeY)
and
(T + A)2ue, A+ A)Ze%) = (T(A+ A)7 (ue — u), (A + A)7e¥<)
+(T(A+ A)Zu, (A + A)3 (e — e*)) + (T(A+ A)Zu, (A + A)Ze*)
— (T(A+ A)2u, (A + A)Ze").

The result now follows from the a priori Hardy inequality of Theorem [1] upon taking ¢ | 0. O
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5. PROOF OF COROLLARY [I]

Let v = v, be the solution to (A + d; + A.)v =0, v|t=0 = f, where X is fixed by 2A = ¢. Our
aim is to prove bound

[t Ylcosh -1 < €5 || fllcosh —1, ¢ > 0. (5.1)
Step 1. We multiply the parabolic equation by e¥ and integrate:
A(v, e”) + (Orv,e”) + (Av,e”) + (be - Vv,e”) = 0.
Theorem [1] yields
A(v, e”) + (O, e”) < c(e?),
and so (v, e”) + (9;(e — 1)) < c¢(e”). Therefore, integrating in time, we arrive at

A/Ot(v,e”) (e — 1) < (ef — 1) -I-c/ot(e”).

Replacing in the last inequality v by —v and adding up the resulting inequalities, we obtain
A /0 (wsinh(v)) + (cosh(v(t)) — 1) < (cosh(f) — 1) + ¢ /O * cosh(v)).
Applying vsinh(v) > 2(cosh(v) — 1), we arrive at
(2A —¢) /0t<cosh(v) — 1) 4 {cosh(v(t)) — 1) < (cosh(f) — 1) + c[TI4|t. (5.2)

The latter is a non-linear inequality in v. However, v solves a linear equation, therefore we can
“blow up” inequality (5.2)), i.e.replace solution v by %, 8 > 0, with the goal to later select s
sufficiently small. Crucially, introducing s does not affect the last term c|II¢|¢ since 3 is just

another solution:
(2x — c)/0 (cosh(g) -1)+ (cosh(@) -1)< (cosh(g) —1) + c|Idt.

Recalling that we have chosen A\ = 5, we have

t
<c0sh(¥) -1) < (cosh(f) —1) + c|I¥t.
Step 2. Let us fix ¢ and divide interval [0, ¢] into k subintervals: [0, £], [£,2],... ..., [(k:f)t ,t],

where k is chosen sufficiently large so that
t
= I~ < 1.
7= eIl

Now, let s, > 0 be minimal such that (cosh(\/li_#w) —1) =1 (i.e. || fllcosh—1 = VI —"y384).
Using the Taylor series expansion for cosh —1, one sees that

f 1
—_— )12
\/1—73*) T 1-v

So, (cosh(;é)) — 1) <1 — . Therefore,

[cosh(i)) - 1] .

Sx

cosh(

v(%)

(cosh( )—1) <1,
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and so : ) )
”v(_)”COSh—l S Cx = —”f”COSh—]. = —”f”cosh—l'
k (1-)3 (1— cTd|t)?
By the semigroup property,
at i
JoOleosn—1 < (1=l ) e
Taking k — 0o, we obtain contractivity bound (5.1)). O

6. PROOF OF COROLLARY [2]
Proof of existence. Step 1. The argument in Step 1 of the proof of Theorem [2 yields

7" @)z, 50D T ()22 < C: (6:1)
see Remark (3| (to prove a priori estimates for b, we invoke , ) Fix some g € C*°. For
every ¢ € C'°,

(T (0) = T*(b))g,0) = (b= b) A+ )72, VA + 4)"2g) =0, 0.

Taking into account uniform bounds (6.1), we obtain that

T*(b.)g — T*(b)g weakly in L2

Fix some ¢, | 0 and set b, := b, . Using the fact that b, — T™(b,)g is linear, we can now
apply Mazur’s Lemma, which ensures that there exists a sequence of finite convex combinations
b, = > k>n Ck,nbr such that

T*(bn)g — T*(b)g in L.
The choice of {b,} depends on g. Using a diagonal argument, we can refine {b,} further, to a
sequence {5,,} of convex combinations {b,} to have the previous convergence hold for all g in a
fixed countable subset of C* that is dense in L?. In view of (6.1)), this implies that

T*(bn) — T*(b) strongly in L. (6.2)
Step 2. The solution u,, to the approximating equation
A+ A+b,-Vu, = fn,
where f, is a mollification of f, say, f, := e_"_l(_A)a_21 f, satisfies
Nttns @) + (Abun, A3 @) + (T(6) A+ A)dun, A+ A)2g) = (Fo, ) (63)
for all ¢ € L? such that A2 € L2. By the a priori estimates (A)), (A2), i.e.

1

1 C
(4% < 11,
we can find a subsequence of {u,} (without loss of generality still denoted by {u,}) such that

un — u weakly in L? for some u,
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Ay, — A%y weakly in L?.

Using (6.2)), we can pass to the limit n — co in to obtain,
Mu, @) + (Au, A2g) + (TB)(A + A)2u, A+ A) 1) = (£, ).
Since u,, are uniformly bounded, we have v € L*°. Thus, u is a weak solution.

Proof of uniqueness. Suppose that there exist two weak solutions: u; and us. Then v = uy —us
satisfies
Av, @) + (A%v, A7) + (T(A + A)Zv, (A + A)2¢) = 0. (6.4)
We can take ¢ := €”. Indeed, since v € L*°, Azy € L2, by the calculation in the proof of
Theorem |2, we have AZe? € L2, so we have an admissible test function:

v, e) + (A2v, A3e”) + (T(A+ A)Zv, (A + A)7e?) = 0.
Now, we apply Theorem [2 i.e. Hardy’s inequality in the a posteriori form:
v, e’) < c(e?).
Replacing v by —v and adding up the resulting inequalities and dividing by 2 yields
A(vsinhv) < ¢(coshv).

We now apply vsinhv > coshv — 1:

(A = ¢){(coshv — 1)) < ¢|TI9).
Note that identity also holds for 7 for any s > 0, and therefore so does the last inequality:

(A— c)((coshg —1)) < Ié|.

Selecting s sufficiently small, we can make the left-hand side arbitrarily large thus arriving to a
contradiction, unless v = 0. O
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