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FELLER GENERATORS WITH SINGULAR DRIFTS IN THE CRITICAL
RANGE

D.KINZEBULATOV AND YU. A. SEMENOV

ABSTRACT. We consider diffusion operator —A +b -V in R?, d > 3, with drift b in a large class
of locally unbounded vector fields that can have critical-order singularities. Covering the entire
range of admissible magnitudes of singularities of b, we construct a strongly continuous Feller
semigroup on the space of continuous functions vanishing at infinity, thus completing a number
of results on well-posedness of SDEs with singular drifts. Our approach uses De Giorgi’s method
ran in LP for p sufficiently large, hence the gain in the assumptions on singular drift.

For the critical borderline value of the magnitude of singularities of b, we construct a strongly
continuous semigroup in a “critical” Orlicz space on R? whose topology is stronger than the
topology of L? for any 2 < p < oo but is slightly weaker than that of L.

1. INTRODUCTION

1. The paper concerns with the following question: what are the minimal assumptions on a locally
unbounded vector field b : R — R?, d > 3, such that operator —A+b-V generates a strongly continuous
Feller semigroup? We deal with the drift singularities that substantially affect the behaviour of the
heat kernel of —A +b-V. For instance, the heat kernel can vanish or blow up at some points in space.
However, the Feller semigroup structure ensures that the corresponding strong Markov process exists
and has a number of important properties that make it of practical interest (e.g. properties related to
continuity, existence of invariant measure, solvability of a martingale problem |7, [10]). It is almost
impossible to survey the literature on Feller generators. We only mention some results related to
the diffusion operators with irregular drifts, including drifts having strong growth at infinity [28] 29],
generators of distorted Brownian motion [2, 4] [5], general locally unbounded drifts b 3], [14], 26] 27].

See also [6, [30] [31].

The question of what local singularities of drift b are admissible has two dimensions: the order of
singularities (for example, for the model singular drift b(z) = v/§ 9=2|z|=*x the order of singularities
is determined by av— 1 > 0) and their magnitude (i.e.factor ¢ in the previous formula if « is chosen to
be critical, which, as can be seen by rescaling the equation, is « = 2). The following is a large class of
vector fields that can have critical-order singularities:

Definition 1. A Borel measurable vector field b : R? — R is said to be form-bounded if
el < Vel +c(d)llelz Ve ew™? W

for some constants § and ¢(d) (here and in what follows, || - ||, := || - ||z», W'? is the Sobolev space of
functions with square integrable derivatives). Condition (Il is written as b € F.
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The form-boundedness with form-bound § < 1 is a classical condition on |b]: it provides coercivity
of the corresponding to —A + b - V quadratic form in L2.

Constant § measures the magnitude of singularities of the vector field b. If § > 4, then there are
various counterexamples to the regularity theory of —A +b-V and to the theory of the corresponding
diffusion process. We explain below that the critical threshold value of § is 4. The present paper
concerns with the value of § going up to (and including) § = 4.

2. There is a plethora of results devoted to verifying inclusion b € Fs [I, 8, @, II]. Here are
some examples of sub-classes of Fy that appear in the literature on PDEs and stochastic differential
equations (SDEs). For example, class F5 contains vector fields b from [L¢ + L*°]¢ (with § that can be
chosen arbitrarily small), weak L class, which includes

d—2

b(z) = +V§

|z| 72z € F5 (but not in any Fs with §' < §), (2)

2
and, more generally, the scaling-invariant Morrey class
. ..
6l 7ty == sup r<— b|2+5dx) < o0
r>0,z€R? |BT| B, (x)

where B,.(x) is the ball of radius 7 centered at x, and € > 0 is fixed arbitrarily small, so 6 = C||b|| s,

for appropriate constant C' = C(e) [II]. Some other examples can be found, in particular, in [I7, 25].
3. It was proved in [24], using De Giorgi’s iterations in LP, p > 2%\/3,

that if b € F5 with § < 4, then the corresponding to —A + b -V SDE

and a compactness argument,

_ t
X, =xz— JS% b(Xs)ds + V2B, (3)
0

where B; is the d-dimensional Brownian motion, has a martingale solution for every initial point
x € R? (see Theorem 22 below). This is important in light of the following counterexample: if we take
a particular form-bounded singular vector field b(z) = v/§9521,40|2| 2z introducing strong attraction

d 2

the corresponding SDE does not have a weak solution departing from x = 0. Thus, the constraint

of X; to the origin, then, whenever

0 < 4 in [24] is sharp at least asymptotically (i.e.in high dimensions). It should also be added that if
0 > 4, then for every initial point  # 0 the corresponding solution of ([B]) (which, one can prove, still
exists locally in time) arrives to the origin with positive probability.

2
2—+/3
add that it was known for some time that —A +b-V, b € Fs, § < 4, generates a strongly continuous

2
2—/5
arbitrarily large, this result on its own does not provide a path to constructing strongly continuous

We explain where does the condition p > come from in the end of this introduction. Let us

semigroup in LP, p > [26]. Although this semigroup is an L° contraction and p can be taken

Feller semigroup.

There already exist various methods for constructing Feller semigroup for —A + b -V with b € Fj
with some small §. The first paper where such construction was carried out for 6 < 1 A (ﬁ)Q, using
Moser-type iterations, was [26]. [14] gave a different approach via fractional resolvent representations
in L7, ¢ > d — 2, to constructing the Feller generator, reaching the same condition on ¢ as in [26], and
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also providing additional information about regularity of the Feller semigroup, cf. Theorem 2.1} v). All
these results require 6 < 1. The reasons for this is that the argument in [26] uses rather strong gradient
bound on solutions of the corresponding elliptic equations, while the construction in [14] automatically
provides such gradient bounds, so the Feller semigroup arises as a by-product of this construction (a
more detailed discussion can be found in survey [17]).

The question of what happens with operator —A + b -V and the corresponding parabolic equation
in the critical case 6 = 4 was addressed in [I6]. It turned out one still has a strongly continuous
Markov semigroup but in Orlicz space with gauge function cosh —1, moreover, the corresponding
elliptic equation has a unique weak solution, and a variant of energy inequality holds. The local
topology of this Orlicz space is stronger than the local topology of LP with any finite p, but is weaker
than the topology of L (|I6] dealt with the dynamics on the torus R%/Z? or, rather on a compact
Riemannian manifold). The result of [I6] was summarized there as follows: strengthening the topolo
of the space,where the semigroup of —A + b -V is considered, allows to relax the assumptions on r@,
In the same vein, the Feller semigroup for —A + bV, which is acting in a space with an even stronger
local topology (i.e.space Co of continuous functions vanishing at infinity with the sup-norm), should
be defined for all values of § going up to 4. Below we show that this is indeed the case for all § < 4.

Our main results in this paper, stated briefly, are as follows.

Theorem. Let b € Fs. The following are true:

Theorem [211: If § < 4, then the constructed in [24] probability measures {P,},cra solving the
martingale problem for @) in fact determine a Feller semigroup. Its generator is an appropriate
realization of formal operator —A + b -V in Cy. This Feller semigroup is unique among Feller
semigroups that can be constructed via an approximation of b by bounded smooth vector fields that do
not increase form-bound § and constant c(9).

Theorem[31]: If § < 4 and b satisfies some additional constraints on its behaviour outside of a large
ball (e.g. bounded), then there is an analogous semigroup theory of —A +b -V but in the Orlicz space
with gauge function cosh —1 on RY.

The proof of Theorem 2.1] uses, in particular, some regularity results for non-homogeneous elliptic
equations obtained in [19] by means of De Giorgi’s method ran in L?, and some convergence theorems
obtained in [26]. This allows to verify conditions of the Trotter approximation theorem in C,.

Theorem [B1] is proved directly, by verifying Cauchy’s criterion for solutions of the approximating
parabolic equations. Let us add that in [I6] the volume of the torus enters the estimates, so simply
blowing it up, in order to work on R%, is not an option. We address this in the present paper (Theorem
BI) by working carefully with appropriate weights.

Theorem Bl admits more or less direct extension to time-inhomogeneous form-bounded vector
fields. On the other hand, the proof of Theorem [2Z1] so far uses in an essential manner (via Trotter’s
approximation theorem) the fact that we are working with elliptic equations, so it is limited to time-
homogeneous b = b(z).

IRetrospectively, condition p >
LHA=b-V)

272 75 could be interpreted as saying the same thing, but, since semigroup
in L? is automatically strongly continuous in all LY, p < ¢ < oo by the interpolation with the L*
contraction estimate, the link between the strength of topology and the value of § was somewhat less transparent

in the LP setting.
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The literature on the regularity theory of diffusion operator —A 4 b -V and on the corresponding
SDE also deals with larger classes of singular vector fields b, i.e. those that contain Fy, such as the class
of weakly form-bounded vector fields [15, 22] or (basically the largest possible scaling-invariant time-
inhomogeneous) Morrey class [1§]. However, in the cited papers it is essential that the form-bound §
is smaller than a dimension-dependent constant < 1, and it is not yet clear what is the critical value
of § for these classes of vector fields. There is also the Kato class of vector fields that contains drifts
having strong hypersurface singularities, see e.g. [3], but, on the other hand, the Kato class does not
even contain |b| € L¢ and itself is contained in the class of weakly form-bounded vector fields.

4. As was mentioned above, if b € Fg, § < 4, then one can construct a quasi contraction strongly
continuous Markov semigroup e~ *» in LP, A, D —A+b-V, p 6}2,2—\/3’ oo[. We proved in [25] that
the last statement remains valid for all p in a larger interval

2
2 -5

moreover, the corresponding semigroup inherits many important properties of the heat semigroup e’

I.:=| ,00[ (“interval of quasi contractive solvability”),

A

such as LP — LY bounds and holomorphy. The interval of quasi contractive solvability I. can be
further extended to the interval of quasi bounded solvability
2

7’(”
5

i.e.for all p € I, one still has a strongly continuous semigroup e **», Ap D —A+b-V, but now it

I =] B

satisfies a weaker bound
He_tApHp < MpygeAp";tHpr for some M, s > 1.

The interval of quasi bounded solvability I, is sharp. See [25]. We note that if § 1 4, then, while
the interval of quasi contractive solvability I. tends to the empty set, the interval of quasi bounded
solvability I, tends to a non-empty interval ]%, oo[. That said, as 6 1 4, one has M), 5 T oo, so this
result still does not allow to include ¢ = 4.

Where does the condition § < 4, p € I., come from can be seen from the following elementary
calculation. Let b € Fy be additionally bounded and smooth. Consider Cauchy problem (9; — A+ b -
V)u = 0, u(0) = f € C°. Without loss of generality, f > 0, and so u > 0. Set v = e Mu, A > 0.
Multiply equation (A +9; — A +b-V)v = 0 by vP~! and integrate by parts:

M)+ 2 oy + 22D oty 1 2 ok oty =0
p p p

(() denotes the integration over R%, (-,-) is the inner product in L? over reals).
Applying quadratic inequality in the last term, we arrive at

4(p-1)
p

v 1, &
PA(P) + (9r0”) + (Vo2 %) < af|bl?,v?) + (Ve %)

Now, applying b € Fs and selecting o« = we obtain

(@), p oo |4p—1) o2 <(d)
%}@)4—((%11)4—{ > NE]W %) <0, )\zp\/g.

In order to keep the dispersion term non-negative, one needs @ —2v/6>0,1e.d <4andpe I,

1
V3

-

c(d)t
which then yields |ul|, < e»v3 | fl|,.
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Notations. B, (z) denotes the open ball of radius 7 centered at 2 € R?, B, := B,.(0).

Let B(X,Y) denote the space of bounded linear operators between Banach spaces X — Y, endowed
with the operator norm || - ||xy. B(X) := B(X, X).

The space of d-dimensional vectors with entries in X is denoted by [X]9.

We write T' = s-Y-1lim,, T,, for T, T,, € B(X,Y) if

lm||Tf —T,f|ly =0 forevery f € X.

Put L = LP(RY), WP = WHP(RY). Set || - ||, := || - [[z» and || - [lp—g := || - [[Lr >4
Put

()= {fo) = [ oo

(all functions considered in this paper are real-valued).
C. (C2°) denotes the space of continuous (smooth) functions on R? having compact support.
Coo == {f € C(R?) | lim, 00 f(z) = 0} endowed with the sup-norm.
Set

1 .
cexp (—x 5 ) if |z| < 1,
() :={ i =

0, if |z| > 1,

where ¢ is adjusted to [p,y(z)dz =1, and put v (z) := Eid’y (%), e >0, 2 € R Define the Friedrichs

mollifier of a function h € L _ (or a vector field with entries in L] ) by

E.h ==, xh.

2. FELLER SEMIGROUP IN REGIME ¢ < 4

For a given b € Fs, define b,, := E. b (¢, | 0), where E. is the Friedrichs mollifier. Then b,, are

2

ioes and do not increase the form-bound

bounded, smooth, converge to b component-wise locally in L
0 and constant ¢(d) of b, i.e.

1bnplls < lIVel3 +c@)lelly Ve wh?
(see e.g. [23] for the proof). By the classical theory, for every n > 1, Cauchy problem

(0: + Ap)up =0, u,(0) = f € Cx,

where A, := —A+b,-V, D(A,):=(1- A)_lCoo,

—tA, tA

has unique solution u, (t,z) =: e (z), and e~ **» is a strongly continuous Feller semigroup on C.

Put p,(y) := p(y — 2), p(y) = (L +Kly) "¢, y € R

Theorem 2.1 (1st Main Result). Let b € Fs with 6 < 4. Then
(i) The limit

tA,

5-Coo-lime™ (loc. uniformly in t > 0)
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exists and is a strongly continuous Feller semigroup on Cso, say, e~ M. Its generator A is an appropriate
operator realization of the formal operator —A +b-V in Cy (in general, no longer an algebraic sum
of —A and b-V, see remark after the theorem regarding domain D(A)).

tA s unique in the sense of approximations, i.e. does not depend on the

(ii) Feller semigroup e~
choice of a bounded smooth approzimation b, of b in (i), as long as b, converge to b in [L2 ]¢ and do

not increase the form-bound § of b and constant c(9).
(#ii) Strong Feller property for resolvent:

_ _ L 1 _B
I +A) " fllew <K Supd((u—ul) (| f1P0 pa) 77+
xe%Z

<|fp9/pz>P§’)7 ferrar (m)

for fited 1 < 0 < d;i2 and p > 2 such that p > 2%\/3, for all p strictly greater than certain .
In particular, taking into account that {p,) < oo, we have, appealing to the Dominated convergence

theorem,

I+ 8" fllow <Cllflor  f €L

(i) For all —2~ < p < q < oo,

2—V5
_d(1_1 0)
—tA, <C wpty g(p a) = 7C< . 29, 130
e~ lpsq < Crae ey (125, 301)
(v) If additionally § < ﬁ A1, then the resolvent u = (u+ A)~Lf satisfies, for every q € [2, %[,
[Vully < Ki(i = p10) "= fllgs VIVl [}z < Kol — po) " #*1 |]l, (26])
and
(= D)2 oully < K[(p—A)"2" fllg,  forall2<r<q<s (J4))

for all u greater than some generic ug. In particular, we can select ¢ > d — 2 (and, in the second
assertion, s close to q) so that, by the Sobolev embedding theorem, the elements on the domain D(A)
are Holder continuous.

REMARKS. 1. A crucial feature of assertions (4)-(éii) is that they cover the entire range 0 < ¢ < 4 of
magnitudes of singularities of b.

2. Assertions (i), (v) are included for the sake of completeness. Assertion (v) demonstrates that as
0 becomes smaller the information that we have about the Feller generator A becomes more detailed.

3. The Feller semigroup e ** from Theorem 2.1] determines probability measures {P,},cp« on the
canonical space of cadlag trajectories wy, i.e.

e M f(x) =FEp, f(wy), f€Cx.
By a classical result, the process
t
t— u(wy) — u(x) —|—/ Au(ws)ds, w e D(A), w is cadlag,
0

is a P, -martingale. That said, there is no description of the domain D(A) of generator A even if
|b| € L> with compact support; one can be certain that Cg°® ¢ D(A). So, for the continuous martingale
characterization of P, we have the following results.
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Theorem 2.2 ([19], 24]). Let b € Fs with ¢ < 4.

1) |24] For every x € RY there exists a martingale solution of SDE (B)), i.e. a probability measure
P, on the canonical space of continuous trajectories (C([0,1],R?), B; = o{w, | 0 < s < t}), such that
ch [wo = :L‘] = 1,

x

t
Ez/ |b(ws)‘<007 0<t<l1 (EI = Ep )
0
and, for every ¢ € C3, the process

t
ME =l = o) + [ (~Dp+5-9¢)(s,0.)ds
0
i a continuous martingale, so
Ex[Mtf ‘ Bto] = Mtﬁ

for all0 <ty <ty <1P,-a.s.
2) [19] The probability measures {Py},cra are unique in the sense of approzimation (Theorem
[21(ii)) and constitute a strong Markov family.

The probability measures from Theorems2.Tland 2:2]are obtained via the same approximation of b by
b, and thus coincide. Moreover, as follows from Theorem [2T], the probability measures {P},cgra from
Theorem 2.2l determine a strongly continuous Feller semigroup on C., by formula e *A f(z) := Ep_ f(z).

Together with the conditional weak uniqueness results of [18, 20] for SDE (3] and the strong well-
posedness result of [21] (via the approach of Rockner-Zhao), we consider Theorem 2] as tentatively
completing the description of the diffusion process with form-bounded drift b for § < 4.

3. SEMIGROUP IN ORLICZ SPACE IN THE CRITICAL REGIME 6 = 4

Here we treat the borderline case § = 4 which forces us to consider the problem in a suitable Orlicz
space. Namely, put
t ot
®(t) = cosht —1, cosht:= %, teR.
Clearly, this function is convex, ®(t) = ®(|t|), ®(¢)/t — 0 as t — 0, ®(¢)/t — o0 as t — o0, and

®(t) = 0 if and only if t = 0. So the space Lo = Lo(R?) of real-valued £¢ measurable functions on
R? endowed with the gauge norm

| flle = inf{c >0 | <coshi -1 <1}
c
is a Banach space (recall that (-} denotes integration over ]Rd).

Note that

O(t) = /Ot sinhrdr, @(t) = i éj:)' and <(I)(|ff|q>)> <1.

m=1

In particular,

3

HfHQm < ((2m)')2 Hf“¢’7 m=12..., (4)
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S0
feLle= feLlPand lim|f, — flloe =0=lm|f, — f|l, =0

for each p € [2,00[ and f,, € Ls.
Definition 2. Let Lg denote the closure of C2° with respect to gauge norm || - ||¢. This is our Orlicz

space.

It follows from (4)) that locally the topology in Lg¢ is weaker than the topology in L*. On the other
hand, the functions in Lg must vanish at infinity sufficiently rapidly, i.e.in particular, no slower than
functions in L?. We also note that S C Lg.

Theorem 3.1 (2nd Main Result). Assume that b € Fy, i.e.
Ibgll3 < 4[Vel3 +c@llel; VeeWwh? (5)
and that b has compact support:
sprtb C Br, for some Ry < oo.

Let {b, }n>1 be any sequence of C*> smooth vector fields that satisfy (Bl) with the same constants as b
and are such that

lim [[b—by|l2=0 and Up>n, sprtb, C Bg for some R, where R1 < R < 0o and ng > 1
n—oo -

(e.g. one can take b, := E. b, £, | 0, where E. is the Friedrichs mollifier. Then sprt b, C BR1+l)-
Let up, = up(t, x) denote the classical solution to Cauchy problem

Oy —A+b, -Vu, =0, u,(0)=feCx.
Put

T f = un(t), t>0.

The following are true:
(i) For everyn > 1,
T, f € Ly and [Ty flla < e[| flla, f € CZ(RY),

where constant w > 0 depends only on d, c(4), R.
The operators {Tfl}tzo extend by continuity to a positivity preserving quasi contraction strongly

—tA,

continuous semigroup in Lg, say, e . Its generator A, in an appropriate operator realization of

—A+b,-Vin Lg.
(i) The limit
s-Lg-lime ™ (loc. uniformly in t > 0)

exists and determines a positivity preserving quasi contraction strongly continuous semigroup in Lg,

2

2 ([0,00[, W'2) and is a weak solution to

say, e~ M. For every g € Lo, u := e g satisfies u € L
parabolic equation (0 — A+b-V)u =0 in the sense that

—(u, Op) + (Vu, V) + (b- Vu, ) =0 for all ¢ € C}(J0, 00[xR?).

(#1) The semigroup T is unique in the sense of approximations, i.e. does not depend on the choice
of a reqularization b, of b as long as b,, satisfies the above assumptions.
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3.1. Some extensions of Theorem [B.Il We can remove the assumption of the compact support of
b, but we still need some assumptions on the rate of decay of b at infinity. That is, assume that vector
field b : R* — R? can be represented as the sum b = b(*) + () where

b er,, bv® e[L>®nL??
are such that
sprt b c By and sprt bW n sprt v = g,
Set bg) = 1‘b(1)‘§nb(1) and put b, := bg) +03),

Theorem 3.2. Let b be as above. Then the assertions of Theorem[31l remain valid with the following
modification: for everyn > 1,

ITE flle < et flle, t>0,

where A = 27 es + 27 D@2, and G = c5(1p,,, ) + IP]3, ¢5 = c(4) + 4(d — 1)R;*, a =1+ 67"
(constants cs, a and 0 are from the proof of Theorem[31).

The previous theorem applies to vector field

d
b(z) = (d —2)1p,(2)|z| 2z + ClBIc%(x)|x\*°‘*1x, o > 2
where R > 0, C' < oco. That said, a model example of a vector field b € Fs having critical-order

singularity at the origin and critical decay at infinity is
Vo
)

(note the sign in front of v/0). As the previous example shows, Theorem allows us to take § = 4,
but it still imposes a stronger requirement, in comparison with (@), on the rate of decay of b outside

b(x) (d—=2)|z[""= (6)

of a ball of large radius. The next theorem and the remark after address that.

Theorem 3.3. Let |b| € L?, divb € Li .. Set V =0V divb and assume that V. =V; + Va,

loc*
1
Vee L%, Vgl < 41Vl + c)lelly for all ¢ € W2, and sprt Vi C B, .
Then the assertions of Theorem [31] remain valid with the following modification: for every n > 1,
I flle < eXHIVelet @) flg, ¢ > 0,

where A = c(4) +4(d —1)R2, G = 2XM1p,,, ), a = 3.

Furthermore, one can remove condition |b| € L2 in Theorem B3 by considering b = b + f, where b
satisfies the assumptions of Theorem B3] and |f| € L™, divf € L{ _, V3 := 0Vvdivf € L*. See Remark

loc?

after the proof of Theorem B.3] for details. This allows to include model drift (@), i.e. take
b(x) = (d — 2)|x| 2.
(Set by, = (d — 2)E,(1p, |z|2z) + (d — 2)1B§\x|*2x.)

REMARK 1. One can combine drifts considered in the previous theorems, e.g.one can consider drift
b+ f with b from Theorem and f from Theorem [3.3] such that

b e Fs,, Vi €Fs,, &40 =4.
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The main disadvantage of the previous results is that the singularities of b are contained in a bounded
set. In the next theorem we improve these results as follows.

Theorem 3.4. Let {z,,} C R, {R,,} C Ry be such thatlim,, |z,,| = oo and B(zy,, Rpm)NB(xk, Ri) =
0 for all m # k. Let b(z) = S"o_, o™ (2) be such that

sprt b C B(am, Ru), [6"0l3 < 8nllVell3 + c(0n) 0l ¢ € WH2,

Z O = 4, Z (R,2+ R%)6 < 00, and Z (1+ R%)c(6,m) < 00 for some mgy >> 1.
m=1 m=mgo m=mgo

Then all assertions of Theorem [l remain valid.

4. PROOF OF THEOREM [2.1]

Assertion (i) will follow from the Trotter approximation theorem, which, applied to semigroups
{e=t},51 in Cu, can be formulated as follows:

Theorem 4.1 (see [I3], IX.2.5]). Assume that exists po > 0 independent of n such that

1) sup,, (1 + An) " flloo < 17 fllos 12 po;
2) there exists s-Coo-limy, (u + Ay,) ™1 for some p > po;
3) u(p+ Ayt = 1in Cx as 1 oo uniformly in n.

Then there exists a contraction strongly continuous semigroup e~ *» on C such that

tA

e thn e strongly in Cx

locally uniformly in t > 0.

tAn are L contractions.

Condition 1) follows from the classical theory, that is, from the fact that e~

Condition 2) is verified as follows. In view of 1), it suffices to verify the existence of the limit on f
in a countable dense subset of C°. Set u, := (u+ A,)~1f. Fix R > 0 sufficiently large so that, by
Corollary [AT], supga\ g, (o) |1/ is sufficiently small uniformly in n. (To this end, we note that (£1P ps),
(|f|P? p) in Corollary A1l are small if € R\ Bg(0) for R sufficiently large, i.e.x is far away from
the support of f.) Next, applying Theorem [A1] and the Arzela-Ascoli theorem on Br(0), we obtain
that there is a subsequence ny such that {u,, } converges uniformly on Bg(0). Taking into account
the previous observation regarding smallness of |u,| on R?\ Bg(0), we use the diagonal argument
to construct a subsequence u,, such that the limit Coo-limg(p + Ap,,) ' f exists. Finally, using the
existence of the limit s-LP-lim,, (u+A,) "1 f, p > 2%\/3, see [26], we obtain that the subsequential limit
Coo-limg (1 + A,,,) 71 f does not depend on the choice of n,. This gives us condition 2).

Let us verify condition 3). Once again, in view of 1), it suffices to verify 3) on a dense subset of
Cwo, e.g.all g € C°. We invoke the resolvent identity:

p(p 4 M) g = p(p = A) g = p(p+ An) by - V(= A) g
= (p+ An)_lbn plp — A)_1Vg.
Since pu(p — A)~lg — g uniformly as p — oo, it suffices to show the convergence

1+ An) ™ 0n - (e = D)7 Vglloo < 11+ M) ™ bali(pe = A) 7!Vl — 0 (7)
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as jt — oo uniformly in n. This is proved in [26, Lemma 4] under additional hypothesis |b| € L? 4+ L,
but the proof there can be modified to excludes this hypothesis, see [25, Lemma 4.16]. (Alternatively,
one can prove (7)) using Theorem [A2] below after taking supremum in x € %Zd in (I2) and using the
fact that f = |u(u — A)~tg| is bounded on R? uniformly in 1.)

5. PROOFS OF THEOREMS [3.1H3.4]
5.1. Proof of Theorem [3.1] (i), (i) We have
(Ow+Av—Av+b, Vv,e® —e ?y=0 where v = e Mu,.

Let us introduce the weight function (,.(z) := n(lril), where
1 if t<1
nt)=49 (1—-0(t—1))7 if 1<t<1+67', 0<f<1
0 if 14+071<t,

Put C(ryar) = {y € R4 | r < |y| < ar}, a =1+ 6071 It is easy to check that
V¢ <M egram and — AG < (d— 1)1 Lo an.
1. A direct calculation yields (clearly, |V | < M~Y —Av e LY, |[Vo| € LN LY, v € L*):
(—Av, e’ —e™ ") = A}gllw<—Av,CM(e” —e )

= Jim (([Vol®, Curle” +e7")) + (Vo, (" — ") VCur))

= (Vo (" +e7)) = (|Vol?, (2 —e )" +2)

= 4[|V (e +e7%)3 + 2| Vol3.
Therefore,
Mo(e? —e™)) +0le? + 7 —2) + 2| Vol +4[|V(e? +e2)||3+2(bu(e2 +e72),V(eZ +e 2)) =0,
SO

Avsinhv) + 9 (coshv — 1) + || V|2 + 8\|Vcoshg\|§ < 4|by, costhgHVcosthg.

Using our assumption on b,,, we write
v v v v
b cosh 2[5 = [[bn (Cr cosh 5) 13 < 4]V (Cr cosh 5) |13 + e(4) [k cosh 5 3

with R such that sprtb, C Bg (for this, we increase R slightly, or simply redenote R + % from the
assumption on b, by R), where, setting w := cosh §, we have

IV (¢r Coshg)H2 = [V (Crw)[2 = [Cr Vw3 + [lwVCrI3 + (CRVCR, Vo?)
= [IKrVwlf3 = (CrRACR, w?)
< IKrVw3 + (d = 1)R™*(Crw?).
Therefore,

4|bn costhQHvCosthQ < |lbn costh% + 4|\Vcoshg\|§

< 8|V costhg +c5(Crw?), ¢ =c(4) +4(d—1)R™?
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and so
Mvsinh v) 4+ 9;(coshv — 1) + || Vv||3 < es]/1B, costh%.

Since vsinhv > coshv — 1 = 2(cosh® § — 1),

(A= 27165)<vsinhv) + Or{coshv — 1) + HV’UH% <esl1m, .1,

or setting A = 27 '¢5 and changing v to 2,¢>0,
; t
(cosh v®) 1) —|—/ HV—U(S) |2ds < <coshi — 1) +tes|| 1, p - (%)
c 0 c c

From (x) we obtain that f(f [Vo(s)]13ds < c%((coshé — 1) +tes||1, . |l1) with ¢; = || f||s. Therefore,

t
/0 IVu(s)l3ds < (1+ tes|[ 1, 1)1/ 13- (x1)
From (%) we obtain also the inequality
v(L t
<cosh%—l>S(cosh%—l)—i—%ﬂl]gwula, m=12,... (%2)
2. Set ¢ = l‘lfii, m > mg, where v, = ¢5(|1p, /1% and v, < 1. Then, due to
. . f f
h———— —1) <1 and lit h=-1<(1- h——m— -1
(cos TP ) <1 and inequality cos . < (1= vm)(cos TP ),
we obtain from (x2) that
v(L) t 1
h—2 1) <1y 4y, =1, ie |Jo(2)]]. <e= .
((cosh —= )< 1—m+7 e [lo(=—)[ly <c 1—vaqu’

Therefore, setting G = ¢5||15 and using semigroup property of v(t), we arrive at

aRH17
ot} lle < (1= G-) ™o

and so

lo@®)lle < e“[If o
Thus, setting T7 f := u, (1),
—1
ITnflle < e f g, (®)

Thus, every T admits extension by continuity from C2° to Lg, which we denote again by 7. We
have limg o [T f — flle = 0 for all f € C°. Since n is finite, the latter is evident from the classical
theory, which allows to pass to the limit in n under the gague norm of T f — f. Now, combined with

@), this yields
s-Lg- limTﬁ =1, n>1,
10

i.e. semigroups T} are strongly continuous. (So, we can write T = e~*A

n_where generator A,, should
be considered as appropriate operator realization of —A 4+ b -V in Lg. For the sake of uniformity,

however, we will continue to use notation T throughout the rest of the proof.)
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3. Next, we claim that {T? f} is a Cauchy sequence in L>°([0,7T], L) and in L2([0,T], W12(R%)).
Indeed, set h = #=—* ¢ > 0. Then

M+ 0th — Ah 4 by, - Vh = ¢ (b, — by) - Vg, h(0) =0,

SO

t
sup (cosh h(s) —1) +/ IVA(s)|2ds < es(1p, )t + ¢ te2 Il / (o = bn||Vor(s)])ds.  (xx)
0

t
0<s<t 0

We estimate, using (x1),

/Ot<|bk Tl = </ot 1% = bn|§d8) % </0t |vvk(3)|§d3);

< Vb = bull2(1 + tG)2 | f]l -

Thus, for every fixed ¢ > 0, t > 0,

t
lim sup (coshh(s) —1)+ lim Vh(s)||3ds < c5(1p,,)t.
0

n,k—o00 0<s<¢ n,k—o0

In particular, lim,, fot |V (vn(s) — vi(s))]|3ds < c?e5(1p, )t for any ¢ > 0, i.e.

t
lim / Vum(s) — Vou(s)||2ds = 0.
0

n,k— oo

Now fix tg by ¢5(1p,,,)to < 1, then

lim sup (coshh(s)—1) <1 for any ¢ > 0.
n,k— oo 0<s<tq

The latter means that limy, ks co SUPg<s<y, [Vn(5) — vi(s)[|le = 0. The claim is established.
4. Set T'f := Lg-lim,, T} f, f € C°. Then, clearly, by (g)
178 fllo < @92 £l
We extend T by continuity from C2° to Lg. Then, clearly, T =TT,

s-Le-lImT? = 1.
t10

This is the sought semigroup e~ *A* := T*. Moreover, in view of (x1), we have
Ttg € L*([0,T), W"(R?)) g € Lg.

The weak solution characterization of u = T%g now follows right away from the convergence results
established above. The proof of (i), (i) is completed.

(441) This uniqueness result follows right away from the construction of the semigroup T* by verifying
Cauchy’s criterion. O
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5.2. Proof of Theorem Set v := e tAHAMR) £ We have
Mo sinhv) + 0;(coshv — 1) + || Vv||3 + 8|V coshgﬂg = —4(b,, cosh g, V cosh g)
Put w := cosh 5. Let us first establish the estimate
4 {baw, V)| < 8[|Vuwl|3 + 5 (Cryw?) + (6P w]f3. (9)

Writing by = (b(l) b , bgll’)d)7 b = (b(lz), b(22), ... 7bgf)) and using the assumptions and inequality

n,1»¥n,2»

dlap| < |04‘2 + 4H5|2, we have
<b1(11,2wa Vﬂu) = <b£1172CR1’LU, 1Sprt bﬁ{vlw% <b£2)w, vlw> _ <b§2)w, ]_Sprt b52) Vﬂu),

SO
d
4] (bnw, V)| < 60 Cry w3 + 5P w3 +4 {1y + Loy y) [ Viw]?)
i=1 ’

< b5 Crywl + 0P w3 + 4] Vw13
< 4|V (Cr,w) 13 + eallCr, wll3 + 16wl + 4| Vew]3.

Recalling that ||V (Cr,w)|3 < |Vwl||3 + (d — 1) Ry %(Cr, w?), we arrive at ().
The proof of the crucial bounds

/ot le VT fll3ds < (1 +t@)IfIF  IThflle <P flla
follows the proof of Theorem [B]] i.e. using (@) we obtain inequality
Avsinhv) + Oy (coshv — 1) + Vo135 < (cs + (d — 1)2R; %) (15, ,, cosh? g> + (|62 cosh? g),
and hence inequality 9;(coshv — 1) + [|[Vv||3 < G. Integrating the latter over [0, ], we have
(coshwv(t) — 1) + /t [Vo(s)|3ds < {(cosh f — 1) + Gt.
0
The rest of the proof essentially repeats the proof of Theorem [B.11 O

5.3. Proof of Theorem [3.3l We start with identity
N (vsinhv) + 9, (coshv — 1) + || Vvl + 8|V cosh%“% = —(by - V(coshv — 1)), v=e W +A0)

Let us estimate —(b,, - V(coshv — 1)) from above. Define 7j(¢t) tobe 1ift <1,2—tif 1 <t < 2and 0
if t > 2. Set nr(z) = f}(%) Then

—(by, - V(coshv — 1)) = (nrby, - V(coshv — 1))

— lim

R—o00
= lig1<77Rdiv by, coshv — 1) + lig1<VnR, by (coshv — 1))
< (E,Vi,coshv — 1) + (E, V3, coshv — 1);

v e V.2
(E,Vi,coshv — 1) =2(Vq, E,(cosh? 5 1)) = —2(V4) + 2||V;? (Cr, y/ B cosh? 5)”2

< 8]V (Crry | Bu cosh? )| + 264(Cr, En cosh® 3)
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and setting w = cosh 5

IV (¢Cry VERw?) |3 = ||Cr, VVEww?||2 — <CR1A<R1,Enw2>
< [Cr, VVE, w25 + (d — 1) Ry (EnCR, , w?)

(We are using |Vv/ E,w?| = w < \/Ean2)
w?

< [|Voll; + (@ = DR (Bulry,w?).

Thus, —(by, - V(coshv — 1)) < 8||V cosh %3 + [2¢c4 + (d — 1)8R; %(E, (R, ,cosh? 5) 4+ (EnVa,coshv — 1)
and the inequality

N (vsinhv) 4+ 8, (coshv — 1) + ||Vol||2 < [2¢4 + (d — 1)8R; %)(E, (g, , cosh? g) + (E,Va,coshv — 1)
is derived and yields (with X' = X + || Va]|s0)
d¢{coshv — 1) + || V|3 < G.
The rest of the proof is practically identical to the proof of Theorem B.11 O

REMARK 2. As we noted earlier, one can remove condition |b| € L? in Theorem 3.3 by considering
b = b+f, where b satisfies the assumptions of Theorem 33 and |f| € L, divf € L, V3 := 0V divf €
L. Indeed, set b, = by, + f and let v = e~ * N +A®) £ where X' = A + ||Va||oo + || Vi]loo. Then

O (coshv — 1) + || Vo3 < G,

t
/ (|br — b ||Vor(s)|)ds — 0 as k,n — oo
0
due to |by — by| = |bx — bnl.

5.4. Proof of Theorem [3.4. Clearly, we are left to estimate 4(|b,w||2|Vw||2, where b, = b1y<p,

w = cosh ¥, and v = e "uy, as follows. Set og,, () = (g, (x — 2m). We have

o

lbpwl3 =Y 165 o, w3 < Z 0|V (0R,, w)]I3 + Z m)llor, wl3,

m=1 m=1 m=1

IV(er,,w)l3 = ler,, Vwli3 + |wVor, |13 + (er, Ver,,, Vu?)
= HQR'nvaHS - <QRWLAQR7n’w2>
< IVwlf3 + (d — 1)R;*(or,, w?),
Z OmlIV (or,, w) |3 < 4l|Vwll3 + (d - 1) Z Sm Ry (oR, w?),

m=1

4[brwll2||Vwll2 < 8][Vw|3 + Z Crnl0r,w?);  Cm = c(6m) +4(d = 1)6 R}

m=1
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Finally,

Z Cm<Qme2> < Z Cm<1B(wm7aRm)w2>

m=1 m=1

< (w? —1) i Cpn + wqa® i CnRY.
m=1 m=1

APPENDIX A. HOLDER CONTINUITY OF SOLUTIONS AND EMBEDDING THEOREMS

Throughout this section, b € Fs5, 6 < 4. We use notations introduced in the previous sections:
b, = E. b, e, 0, and

A, :i=—A+0b, V.
Theorem A.1 ([I9] Theorem 5]). The classical solution u = u, to non-homogeneous equation
(p+An)u=f, feCX pu>0, (10)

is Holder continuous in every ball Bi(x) with constants that do not depend on n (i.e. boundedness or
smoothness of b, ) or x € R%.

Theorem A.2 (special case of [19, Theorem 6|). Let u = u,, denote the classical solution to non-
homogeneous equation

(n+Au=balf, feCnL. (11)

Then for fized 1 < 6 < d;fQ and p > ﬁg, p > 2, there exist constants p; > 0, k, C and § €]0,1]

independent of n such that, for every x € R?,

_ 1 1
Bsu(p) u| < C((N —10) 7P (Lo, 51+ [0l 1o, <1 | F1P? o) PP

_ﬁ / ’ 1
+ 17 (L1 + 10alP? 1y, <) | £IP? px>f’7> (12)

for all p > pa, where pi(y) = ply — x), p(y) = (1+ Kly[*) 27", y € RL.
It follows that

1 1
ulloo < C sup ((M — o) *° <(1\bﬂ|>1 + |bn|p91\bn\§1)|f\p0,0x>”9

zE%Zd
-2 pb’ po’ 767
tTH p<(1‘bn|>1+|bn| 1|bn‘§1)‘f| Px>” .

To make the paper self-contained, below we reproduce more or less verbatim the proofs of [19]
Theorem 5] and [19, Theorem 6].
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A.1. Proof of Theorem [A1l Fix throughout this proof p > 2%\/3, p>2. Set
v:i=(u—k)y, kekR
Fix Ry < 1.

Proposition A.1 ([19, Prop. 1], Remark 12). For all 0 <r < R < Ry,

K » »
T 0 F Lalld + Kalllf = e ¥ L

I(Vo%)1p, |5 <
for generic constants K1, Ko (in particular, independent of k orr, R).
Lemma A.1 ([12 Lemma 7.1]). If {z,}3_o C Ry is a sequence of positive real numbers such that
Zmi1 < NOF zhte
for some Cy > 1, a > 0, and
R
z0 <N 0400 >

Then lim,,, z,, = 0.

Lemma A.2 ([12, Lemma 7.3]). Let p(t) be a positive function, and assume that there exists a constant
q and a number 0 < 7 < 1 such that for every 0 < R < Ry

©(TR) < T5<p(R) + BR?
with 0 < 8 < 9, and
o(t) < gp(T*R)

for every t in the interval (T*T'R,7*R). Then, for every 0 < p < R < Ry, we have

olp) < c((%)ﬁ@m) " Bpﬁ)

with constant C that depends only on q, T, 6 and (.

The proof follows De Giorgi’s method as it is presented in [12] Ch. 7] with appropriate modifications
to account for our somewhat different definition of LP De Giorgi’s classes, i.e. functions satisfying the
inequality in Proposition [A 1l

Proposition A.2 ([19, Prop.2]). For all0 <r < R < Ry,

1 v BRﬂ{u>0}|>g 2
supu < C; | — (uP1 “ - - - 4+ CyR>
e 1(|BR|< Ban >°}>) ( Bl .

for generic constants Cy, Co that also depend on ||f — pulloo (< 2|flloc), where o > 0 is fized by
ala+1)=2.

Proof. Without loss of generality, Ry = 1. Let % <r<p<l FixneC, n=1on B,,n=0on
R\ Brip, |V < p;fr. Set ¢ :=nv = n(u — k)4, k € R. Using Holder’s inequality and Sobolev’s
2



18 D.KINZEBULATOV AND YU. A. SEMENOV

embedding theorem, we obtain

2 ,, . pd a—2
lvZ 15,013 <1¢3 15,013 < (g, Ausky) (T2 15,,,) 0

< |B, N {u> k}A(VCE P, )

= 1By N {u> K} ([(VnE )k + 5 VobP1p, )
Hence

» 2 1 »
15,13 < el e > B (gt Ly, I+ 170D, ).
On the other hand, Proposition [A1] yields:

K

1 D
_7r)2\|1121B,)H§+K2Hf—MUH§o’Bpﬂ{u>k}\a (13)
SO

y 2 1 P
JoF 11 < €18, 1 > B3 (gl L, I3+ 1 = el By > 1)
C|B,Nn{u>k}7 » 2
< B D02 B b 34 O = B, > .

(14)

Now, returmng from notation v to (u — k), we note that if h < k, then ||(u — k)21p Afusk} |2
I(u=n)21p, Agusnyllz and [[(u—h) 215 Agusnyl3 2

<
(k—h)?|B,N{u > k}|. Therefore, we obtain from
ey

5 C
— 2 2 <« _ -
H(u k)+1BTH2 = (p—T)QH(
Cllf = pulB D )
+ == m)is 3B, 0 {u > RS,

Multiplying this inequality by |B, N {u > k}|* ( WH(
we obtain

h)i1p,|I131B, N {u > h}|*

ya
— h)31p,[j3*) and using a® + a = 2,

I(u— k) 315,138, N {u > k}|*
1 1f — pu| 2o l+a
<C — 21 B, N hH® .
< C| o=+ e | e (1= 1, 818, 0 {u > 1)
Now, take r := riy1, p := 13, where r; := $(1+ 57) and k := k11, h := k;, where k; := {(1 — 271,
with constant £ > R? to be chosen later. Then setting

zi = 2(kiyri) == ||(u— ki) 2 1p,, |[51Br, N {u >k},

we have

. 2PIR2] 1 2pic
21 1+
Zit1 < K|:2 + §P :|—2 é‘pa z; e
hence (using £ > R%)

2K 1
) (1+a)i = 1+
Zit1 < 2P R2 é‘pa TpaCi “
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We apply Lemma [A1l In the notation of this lemma, Cy = 2P0+ and N = %—55% We need

2o < N_éC'O_‘le
where, recall, zo = (uP1g,n{u>0y)|Br N {u > 0}|*. The latter amounts to requiring

€>C R 7z,
Take ¢ = R? + C’lpr%zO%. By Lemma [AT] z(¢, %) =0, i.e. sup r u < &, The claimed inequality
follows. O

Set

osc (u, R) := sup |u(y) —u(y')|.
Y,y €EBR

Proposition A.3 ([19, Prop. 3|). Fiz ko by
2ko = M(2R) + m(2R) := supu + inf u.

oR Bar

Assume that |Br N {u > ko}| < v|Bgr| for some v < 1. If
osc (u,2R) > 2"+1CR%, (15)
then, for ky, :== M(2R) — 27" osc (u,2R),
|Br N {u > ky}| < cn_ﬂd;d*)\BR\.

Proof. 1. For h €lko, k[, set w := (u— h)% if h < u < k, set w := (k — h)? if u > k, and w := 0 if
u < h. Note that w = 0 in Bgr \ (Br N {u > ko}). The measure of this set is greater than v|Bg|, so
the Sobolev embedding theorem applies and yields

(k—h)¥|Brn{u> kYT <c(wm1p,) T < c(|Vuw|la)

< ol AR (| (u = h)EP1p,ngusny) 2

where
A::BRﬂ{u>h}\(BRﬂ{u>k‘}).

Now, it follows from Proposition [A 1] that

P C
w—"1)5P1pn0sny) < 2o ((w—R)PLlp,ngusny) + CalBer N {u > h}|
(19— n)E 1 )< %
< C3RY?(M(2R) — h)? + C5R%.
For h < k, we have M(2R) — h > M(2R) — k,, > CR7, where we have used (I3). Therefore,
summarizing what was written above, we have
(k—h)8|Bpn{u> kYT <cAZR"T (M(2R) — h)%.
2. Select k = k; := M(2R) — 27" Yosc (u,2R), h = k;_1. Then
M(2R) — h =2 "osc (u,2R), |k —h| =2"""osc (u,2R),

SO

2(d—1) 2(d—1)

<|Brn{u>k}|= T <C|A;R¥2,

|Br N {u > ky}|
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where A; := BN {u > k;} \ (BrN{u > k;—1}). Summing up in i from 1 to n, we obtain

2(d—1)

n|Br N {u > ky}| < CRY2|Br n{u > ko}| < C'R*4~Y),

and the claimed inequality follows.

O

Proof of Theorem [A1, completed. Fix ko by 2kg = M(2R) + m(2R). Without loss of generality,
|Br N {u > ko}| < 1|Bg| (otherwise we replace u by —u). Set k, := M(2R) — 27" losc (u, 2R) > ko.

By Proposition [A.2]

|Br N {u > ky}|

Br
2

< Crsup(u — ky,)
Br

<BRﬁ {u> kn}|

1+a
1+ CyR?
| Br] > ?

We now apply Proposition [A.3] (with, say, C = 1). Fix n by

cn_ﬁ< L i
— \2C; '

Then, if osc (u,2R) > 2”+1R%, we obtain from Proposition [A3]

1 2
M (?) ~ ko < 5(M(2R) ~ k) + Co R,
S0,
R 1 11 2
M 3 < M(2R) — 5T O5C (u,2R) + 3 a1 08¢ (u,2R) + CoR?,

R R 11 2
M <§> —-m <5> < M(2R) — m(2R) — 3 51 OS¢ (u,2R) + CaR?.

Hence, since osc (u,2R) = M(2R) — m(2R),

R < (1 1
osc u,; < ~ gnt2

If osc (u,2R) < 2”+1R%, then, clearly,

R 1 1 2
S)l< (1= ~“Rb».
osc <u, 2) < <1 2n+2>osc (u,2R) + 2R

)OSC (u,2R) + CoR¥.

1 f v 2
sup(u — ky) < Cl(‘BR|<(U—kn)plBRﬁ{u>kn}>)p < Brl ) 4—6’2RZ

(16)

(17)

This yields the sought Holder continuity of u via Lemma [A2] with 7 = %, 6 = log, (1 — 27""2) and
0<fB< % A d. (Note that the second inequality in the conditions of Lemma [A.2 holds if ¢ = 1 and ¢

is non-decreasing, which is our case.)

A.2. Proof of Theorem [A.2l Recall that v := (u — k), where u = u,, solves
(n+A)u=lb,|f, feCnLh.

It suffices to carry out the proof for the case f > 0. We will need

O
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Proposition A.4 ([19, Prop.4]). Fiz Rg <1 and p >
and every k > 0,

\/g,p22. Then, for all 0 <r < R < Ry

ullo s, 13+ 1(Vo)1s, |5 < ﬁ\lﬁlm\l%

p p
+ Ko (L, 51 + [bal 2 s, <1) 112 Lus k1B, )13
for constants K1, Ky independent of r, R, k and n.
Recall that we have fixed 1 < 6 < d;fQ

Proposition A.5 ([19, Prop.5|). There exists constants K and § €]0,1[ such that, for all p > 1,

1 _B ’ ’ 1
SUp < K<<UﬁelBl>W + 17 (L1 + b1y, <) | FIP? 1Bl>”7>- (18)
1
2

Proof. Proposition [A.4] yields
o 15,15 + 02 y12(5,) < KR =) o], 5,
1|07 flusklfy s,y 0= (K k20,
where © := 1y |~1+|bn|P1jp, <1 and IN(l, K, are generic constants. By the Sobolev embedding theorem,

_ 1
IOy + 0 < LR 20l 5+ ColOF Ll 5,

r

Next, we estimate the left-hand side from below using interpolation inequality:

1 1 d—
MBHUHiq(BT) < BullolZos,) + A= BN s . 0<B<1, —=p +0-F—F

Put g:= 2,501 <6y < d 5. We fix 8 €]0, 1] sufficiently small so that 6 < 6.

Hence, takmg into account that ¢ = pfy,

_ ~ 1
NBHUHLWO(B y = < Cl(R - T) QH’UHZP(BR) + 02‘|®pf1u>k“ip(BR)'
Applying Holder’s inequality in the RHS, we obtain

_ 6—1 ~ 1
W01 a0 5, < C1(B =) 2(BR T [0 05,y + C2lOF FLusillh 5, (19)
Set
1 1
R = 2 —|— 2m+1’ m 2 0,

so B™ = Bp, is a decreasing sequence of balls converging to the ball of radius % By (@),
~ m ~ 1

UBHUHipGO(BmH) < 12° HUHipG(Bm) + O2H@pf1u>k‘|ip(3m)

A oam ~ m 1

< 0122 HUHZEPH(BW)—FCQH‘B ﬂ{v >0}‘9

(20)
where
H:= (0% |f[P"15)7 (B° = By, i.e.ball of radius 1)
On the other hand, by Holder’s inequality,

1—-2
90

61880 sy < Dol gy (187 1 0> 0}
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Applying ([20) in the first multiple in the RHS, we obtain

-
688 gy < Coim (2 ey + H157 0 (0> 0} ) (17 0 > 01

Now, put v, := (u — k)4 where kp, := £(1 —27™) 1 £, where constant £ > 0 will be chosen later.
Then, using 22/ < 2P9™ and dividing by &P?,
1 o
b va-i-l HLp9 Bm+1
&p ( )

. opom . . =55
< O (2 o By + g BB 0 (0> b} ) (187 0 > B} )

Using that p > 1, we further obtain

—_

| p9
gw Um+1 HLpe(Bm+1)

2p9m 1 B m " 1—%
< (B lom 1y + gt B0 (0> b} ) (187 0 > i)

From now on, we require that constant ¢ satisfies £&? > p=%H, so

1 0
@vaJrluipe(BmH) (21)

1—-2

_ 2p9m . n
< C( gpg H'UerlHLpe(Bm) + |B N {U > km+1}|> <B n {’LL > karl})

Now,
&
— km

< (ki1 —km> p9<vglem> gTPIgpO(mHL) |1y, |20

|IB™ N {u > kmi1}] = ]Bmm{ )% > 1}

p9(Bm)7

so using in ZI) [|vmr1llzre(sm) < ||vm |l Lre(pm) and applying the previous inequality, we obtain

2
1 om(2— 1 0 %0
gpg H”m+1HLp9(Bm+1) <2 =) <€F|”m|ipe(3m) :

Denote z,, : 5,,9 vaHLpe(Bm) Then

0 o
2 < Oy =0,1,2,..., a: =1- g, = 9P0(2—75)
0

= 1

and zp = E%<’U/ﬂ€130> C~ay —az (recall: B® := Bg, = B;) provided that we fix ¢ by
fpg = C’é’ya% <uﬂ9130> + ,LL_BGHG.

Hence, by Lemma [A1], z,, — 0 as m — oo. It follows that sup Byjy Ut < &, and the claimed inequality
follows. O

To end the proof of Theorem [A.2}, we need to estimate (u”’1p,)"/7? in the RHS of (I8) in terms
of f. We will do it by estimating <uﬁ_0p>1/ P? and then applying inequality p > clp, for appropriate
constant ¢ = ¢q4.
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Proposition A.6. There exist generic constants C, k and pg > 0 such that for all u > g,
(1 = no)(wPp) + |Vt [2p) < C{(Ljp,151 + balPLip, 1<1) £ 170)- (22)

Proof. The proof is standard, i.e. we multiply equation ([I)) by u|u[P~2, integrate and then use apply
to the drift term quadratic inequality and the form-boundedness condition. In the term that contain
Vp we apply inequality |Vp| < (g +1)y/kp with k chosen sufficiently small; since our assumption on §
is a strict inequality § < 4, this choice of x suffices to get rid of the terms containing Vp. The details
can be found e.g.in [19]. O

Proof of Theorem[4A.3, completed. By Proposition [A.5] for all u > 1,

1 _B ’ ’ 1
SBup( )\u(y)\ < K<<ul”90x>p" + 1 (L ys1 + a7 1, <1) | F1P° Pw>”7>’
yeL1(z

2

where p,.(y) := p(y — x), and constant C' is generic. Applying Proposition to the first term in the
RHS (with p# instead of p), we obtain for all g > oV 1

_ 1 1
S;P( : lu(y)| < C<(N —10) P { (Lo 51 + [P Lpp, 1 <1) L1700 ) 77
yeb1 (z

2

_B ’ ’ %
+ 02 (L1 + 1007 Lo, 1<) 1F1P pa) 7
This ends the proof of Theorem [A2l O

Following the proof of Theorem [A.2], we obtain

Corollary A.l. In the assumptions and the notations of Theorem [A.2, if u = u, solves on RY
(4 Ap)u = f, then, for every x € R?,

_ 1 1 _B ’ 1
oy )“|<K<(ﬂ—u1) 2 (| f17° pa) 77 + 7 (| I pw’)‘

where K does not depend on x € R% or n.
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