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ON PARTICLE SYSTEMS AND CRITICAL STRENGTHS OF GENERAL

SINGULAR INTERACTIONS

D.KINZEBULATOV

ABSTRACT. For finite interacting particle systems with strong repulsing-attracting or general
interactions, we prove global weak well-posedness almost up to the critical threshold of the
strengths of attracting interactions (independent of the number of particles), and establish
other regularity results, such as a heat kernel bound in the regions where strongly attracting
particles are close to each other. Our main analytic instruments are a variant of De Giorgi’s
method in L? with appropriately chosen large p, and an abstract desingularization theorem.
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2 D.KINZEBULATOV

1. INTRODUCTION

The paper is concerned with well-posedness and other properties of N-particle system

N
1

j=1,j#i
{Bi(t)}+>0 are independent d-dimensional Brownian motions,

under broad assumptions on singular (i.e.locally unbounded) interaction kernels and drifts K;;, M; :
R? — R? (i = 1,...,N) that can have repulsion/attraction structure or can be of general form.
Our primary goal is to obtain conditions on M; and K;; that

1) reach blow up effects, and

2) withstand the passage to the limit N — oco.

Interacting particle systems of type (L)) arise in many physical and biological models [3, [, 10,
13, 151 16, 19, 23] [45] [52], [53]. Many of these models require one to deal with the interactions that
are not only singular but are so singular that they reach blow up effects: replacing K;; in (L)
by (14 ¢)Kjj, i.e.increasing the strength of interactions by factor 1+ ¢, can lead to a collapse in
the well-posedness of (II]) even if & > 0 is small. That is, the particles start to collide in finite
time with positive probability, and (1) ceases to have a weak solution.

One of the main questions studied in the present paper is what is the critical threshold value
of the strength of general singular interactions that separates the well-posedness of (1)) from a
blow up.

Throughout the paper, dimension d > 3. Important case d = 2 requires a separate study which
we plan to carry out elsewhere.

To illustrate the blow up effect in particle systems, and to formalize the notion of the “strength
of interactions”, consider a particle system with the model singular attracting kernel (II0):

d—2 X, - X,
2 |X - X;)?

1 N
iXj=—= > Vi

j=1,ji

dt +V2dB;, (1.2)

where k measures the strength of attraction between the particles. (It is convenient for us to
include factor % in the coefficient in (I.I0) because we are going to use Hardy’s inequalities, see
Example [1(2). The kind of Hardy inequalities that we need are not valid in two dimensions.)

(a) In the two-particle case N = 2, a simple argument shows that for

d \2
16 -2
K > 6<d—2)

and X7(0) = X2(0) the particle system (L2)) does not have a weak solution. Informally, in
the struggle between the drift and the diffusion the former starts to have an upper hand.
If fact, already if K > 16 the particles collide in finite time with positive probability even
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if X1(0), X5(0) are uniformly distributed e.g.in a cube, see [7] for detailed proof. On the
other hand, if

K < 16,

then (T2)) has a global in time weak solution for any initial configuration X;(0), X2(0) €
R?. The latter can be seen from the results of the present paper.

The weak well-posedness and the blow-up effects for the two-dimensional counterpart of

@2)

Z \/“X XJPdHde N > 2, (1.3)
J 1,j#1

were studied in detail, among other problems connected to the Keller-Segel model of
chemotaxis, in [10, [15].

The density of the formal invariant measure of (I.2))

_Jrd=2 1
)= [ |wi—a VA
1<i<j<N
is locally summable if and only if k¥ < 16(%2)2. Also, as k reaches and surpasses k = 16,

. 2,1
1 ceases to be in W .

Another analytic fact that suggests that the singularities of the drift in (I.2)) are critical
for any IV > 2, i.e. K in general cannot be too large, is the estimates on the constant in the
many-particle Hardy inequality (I.20) due to [22]. We employ their result in the proof of
Theorem 2I(iii).

The blow up effects are observed for the Keller-Segel model (here in the parabolic-elliptic
form):

Op— Ap+Ediv(pVv) =0, p(0,-) = po(-),
—Av = P

where p is the population density and v is the chemical density [10, 13, [15, 16, 23] 52],
see also references therein. Of course, [, po(x)dz = 1 propagates to [, p(t,z)dz =1 for
all t > 0. Solving the elliptic equation, one obtains the expression for the drift:

Vo=—-K;xp, Ki(y)=-cq cqg>0 (1.4)

Y
ly|*’
(we can further redefine x to have ¢y = 1). The resulting McKean-Vlasov PDE

Op — Ap — V/Ediv (p(K1 % p)) =0 (1.5)

is comparable to (L.2) only in dimension d = 2, where it does indeed arise at the mean
field limit of particle system (3] as N — oo [10] [15] 16l 52]. The fact that one needs
d = 2 is at the first regard somewhat disappointing for us, see, however, the end of remark
(iv) below. It should be added that there is a significant recent progress in understanding
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the behaviour of (LH), (IL3]) around and at the critical threshold k = 16 both at the level
of PDEs and at the SDE level, see [16], [52]. At the PDE level there are other important
results on admissible strengths of critical singular interactions and the McKean-Vlasov
equation, including recent result in [8], see Section [[2

The proofs of the results described in (b) and in (d) depend on the special form of the
Riesz interaction kernels in (I.2]) and (L4)).

Despite the prominent role played in applications by the Riesz interaction kernels, there are
many other situations where one needs to handle more general critical-order singular interactions.
These are in the focus of the present paper. In this case, one can no longer exploit the special
structure of the interaction kernel in (I2). It turns out that one can still cover large portions
(if not most) of the ranges of admissible strengths s of interactions and establish, in particular,
global weak well-posedness of particle system (I.I]), which however requires us to use some deep
methods in the theory of elliptic and parabolic PDEs. This is done in Theorems [ and [2(7)- (7).
For the model singular attracting kernel in (LI0) we prove a necessarily non-Gaussian upper
bound on the heat kernel (= the density of the law) of particle system (L.1I), see Theorem 2)(iv).
We believe that this bound is optimal in the regions where the particles are close to each other.

In Section we comment on the existing literature on particle systems with general singular
interactions.

We focus on weak solutions and exploit the connection of (1)) to the Kolmogorov backward
equation

N N
1
(8t_AI+NZ Z sz('rz_x])vll),u:oa v(oa):f()v (16)
=1 j=1,j#i
ie.v(t,r1,...,oN) = Ex, (0)=a1,.... xx (0)=an F (X1(t), ..., Xn(t))]. Our main instruments in this

paper are:

— De Giorgi’s method, but ran in L? with p chosen sufficiently large, in order to relax the
assumptions on the strength of interactions.

— A “desingularization theorem” obtained, using ideas of Nash, in the paper with Seménov and
Szczypkowski [38].

We impose conditions on the interaction kernels K;; stated in the form of quadratic form
inequalities, see (L) and (2I0), ([2I2)). The reason for this is two-fold. First, as we explain
below, such conditions are ultimate in the sense that they provide a minimal PDE theory for the
Kolmogorov equation (L6]); at the same time, there is a well developed machinery that allows
to verify these conditions, see Example [Il Second, these conditions provide a natural setting for
controlling the strength of interactions when N is large, see discussion after Theorem A.

Our class of general interaction kernels is given by Definition [II We postpone the definition of
our class of repulsing-attracting interaction kernels until the next section.

Let LP = LP(R?) denote the Lebesgue spaces endowed with the norm || - ||,. Let WP be the
corresponding Sobolev spaces. Denote by [LP]? the space of vector fields R? — R? with entries in
LP.
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Definition 1. A Borel measurable vector field K : R? — R? is said to be form-bounded if
K € [L2 ]¢ and there exists constant x (“form-bound of K”) such that

loc
IKoll3 < sl Vel +cxllell; Vo eWw™? (1.7)
for some ¢,, < o0.

In other words,
|K|? < k(=A) + ¢,

in the sense of quadratic forms in L?, which yields upon applying Cauchy-Schwarz inequaltiy
c

K.-V< —A)+ ——=.
We abbreviate (L) as K € F,.

The class F, is a well known in the PDE literature condition on first-order perturbation in
elliptic and parabolic operators. Moreover, unlike, say, the optimal Lebesgue class |K;;| € L a
larger class K;; € F,; is in a sense ultimate from the PDE perspective: assuming x < (%)27 it
provides coercivity of the quadratic form of the corresponding Kolmogorov backward operator in

L2(RN4):
N
1
A=-A,+ Z Z Kij(l‘i—l‘j)'vxi, iL‘Z(iL‘l,...,IEN)ERNd. (18)

Keeping in mind the connection between ([I.T]) and the Kolmogorov backward equation, it is natu-
ral for us to focus on the assumptions on K;; that provide some “minimal theory” of Kolmogorov

operator (Lg).

As the next Example [I(2) shows, the strength of attraction s in model system (L[2) is a
particular case of the form-bound x in Definition [l

Example 1. The following are some sufficient conditions for K € F,; stated in elementary terms:
1.

K|e L?! = KEcF,, (1.9)

with k that can be chosen arbitrarily small. (As a consequence, we obtain that the blow
up effects described above in (a)-(c) can not be observed if we restrict our attention to
|K| € L%, That said, the situation with the Lebesgue class drifts in the Keller-Segel model
(d) is different because the regularity of the nonlinear drift K; * p also depends on the
regularity of the initial condition pg and is improving as ¢ in pg € L? increases.)

Indeed, for every e > 0 we can represent K = K;+Ks with || K1||q < € and || K2||cc < o0.
So, we obtain, using the Sobolev embedding theorem,

1K ell3 < 20K lEllel%a + 2l Ell5 el
< Cs2| Kal[31IV oll3 + 21 K21 % [l ll3,
hence K € F,, with k = Cs2¢ and ¢, = 2| Ka2||%.
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Of course, above k can be chosen arbitrarily small at expense of increasing c,. Although
in some questions the value of constant ¢, is important (e.g.in the study of long term
behaviour of solution of (1)), they are not related to the problem of the blow up versus
well-posedness in (L.1]).

. (Critical point singularities) The model singular interaction kernel

K(y) = +/re2 Y

d
?W7 yE]R y (110)

(+ is the attraction, — is the repulsion) is in F,, with ¢, = 0. This is a re-statement of
the well known Hardy inequality:

d 2
@2l < 193, Wi e WRRY.

This inequality is sharp: K ¢ F, for any ' < k regardless of the value of c,.

A finer example is given by the weighted Hardy inequality of [21]. Fix0 < ® € L9(S91)

for some q > 22((d - 21)) + 1, where S9! is the unit sphere in RY. If

(d—-2)* ®(y/lyl)
4 |y|?

|51

K@) <k T,
[l age-1)

, where ¢ :=

then K € F,; with ¢, = 0. Using this example, one can e.g. cut off a wedge in the model
interaction kernel (LI10) while still controlling the value of the strength of interaction .

. (Weak L class interaction kernels) More generally, vector fields K in L%, i.e.such that

| K || d,00 := sup s|{y € RY : |K(y)| > s}|1/d < o0 (1.11)
s>0

are in F,, with \/& = || K||4,00|B1(0)] "7 -2, see [40]. When applied to (II0), this inclusion
gives the constant in Hardy’s inequality.

. (Morrey class interaction kernels) The scaling-invariant Morrey class May., with € > 0
fixed arbitrarily small, consists of vector fields K € [LZF¢]? such that

loc

1
2+4¢
1Ky, =  sup r< ! |K|2+5dy) T (1.12)
r>0,ycR4 |B ( )‘ B, (y)

By one of the results in [I4], if K € Msy., then K € F, with x = ¢||K|/as,. for
a constant ¢ = c¢(d,e) that depends on the constants in some classical inequalities of
Harmonic Analysis.

This sufficient condition for form-boundedness can be further refined by considering
the Chang-Wilson-Wolff class [[1]: K € [L2 ]¢ satisfies

1

2
K= s (s [ RPRG(RE ) <o,
r>0,yeRd |B ( )‘ B,.(y)
where ¢ : [0, 00[— [1,00] is an increasing function such that [} > Sd(és) < 0.

On the other hand, a simple argument with cutoff functions shows that the class of
form-bounded vector fields F; (say, ¢, = 0) is contained in the Morrey class M.
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It should be added that the cited results in [I4] 1] appeared as a part of broader
efforts to find necessary and sufficient conditions for form-boundedness stated in ele-
mentary terms (in the context related to study of Schrédinger operators with singular
potentials, including self-adjointness, estimates on the number of bound states, resolvent
convergence).

5. (Hypersurface singularities) Any interaction kernel K satisfying
_ c(Wlg<wi<yy

[lyl = 1[(= Inly| — 1[)#’
is form-bounded, which can be seen from the previous example by arguing locally. (Note

that the components of K are not in leo'tf for any € > 0; one can compare this with
example (i).)

K (y)|?

8> 1. (1.13)

The class of form-bounded vector fields F is closed with respect to addition and multiplication
by functions from L (up to change of x and c,). So, one can combine the previous examples.

Our main results, stated briefly, are as follows (omitting for now the repulsing-attracting inter-
action kernels):

Theorem A. (i) Let

N \2
K;; € Fm k<4l —— .
a ()
Then there exists a strong Markov family of martingale solutions of particle system (L)) that
delivers a unique (in appropriate sense) weak solution to Cauchy problem for the Kolmogorov
backward equation ([LG]).

(i) If k is smaller than a certain explicit constant cq n, then, moreover, conditional weak
uniqueness and strong existence hold for (I.1)).

(i11) In the special case

Kyly) = Vri=2 Y

2 JyP
if the strength of attraction satisfies only k < 16 and v is sufficiently small, then the first assertion
in (1) still holds. Moreover, in the model attracting case

d—2 vy
Kij(y) = \/ETW7

+ Ko,ij(y), Koj € Fy,

Kk < 16

the heat kernel of (L)) satisfies an explicit non-Gaussian upper bound that we believe to be optimal
in the regions where the particles are close to each other. (The constant 16 can be somewhat
improved in low dimensions.)

For detailed statements, see Theorems [I] and

The improvement in the assumptions on « in (#4) is due to the use of many-particle Hardy
inequality (L20). In assertion (7i) constant ¢4y | 0 as the number of particles N 1 oo, which,
of course, is not what we are after in this paper. But we included this assertion anyway for the
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sake of completeness and to demonstrate that as the strength of interactions becomes smaller the
theory of (ILI]) becomes more detailed.

We address the problem of well-posedness of stochastic particle system (II]) directly, by rewrit-
ing (LI)) as SDE

dZ = —b(Z)dt +v2dB, B is a Brownian motion in R™V¢ (1.14)
with Z = (X1,..., Xn) and drift
b= (by,...,by): RV? 5 RN?,

N
where b;(x) := % Z Kij(zi—x;), == (x1,...,oy) RV 1<i<N, (1.15)
j=1#i
and then applying results on well-posedness for SDEs with general drifts, in particular, our The-
orem [3 below. Until recently, the results on general singular SDEs could not compete, in terms of
the admissible point singularities of the drift, with the results on particle systems with singular
interactions. However, in the past few years, there was a substantial progress in proving weak
and strong well-posedness of SDE ([L14)) with general drift b, which now can have critical-order
singularities (i.e.reach blow up effects), see [31| B2, 29] 28| [42, 43, 44} [48]. That said, to apply
these results to particle system (I.I) when the number of particles is large in a way that would
allow to control the strength of interactions (measured, in our case, by constant k), one needs
to keep track of the strength of the singularities of the drift b (in our case, measured by its own
form-bound with respect to the Laplacian in RV9). In Lemma [ we show that if K;; € F,(R%),
then b satisfies

{ be Fs(RY) (1.16)

2 2
with § = (NJGZD K, C§= %c,{.

(Note that if ¢, = 0, as is the case for (LI0), then ¢s = 0.) Thus, we obtain our Theorem [l and
Theorem [2(7)-(74) for particle system (LI from our results on the general singular SDE (LI4)
in RV, which are Theorems [3, @

In this approach, it is crucial that the assumptions on the form-bound ¢ of drift b in Theorem
[l stay dimension-independent, so that when Theorem [ is applied to particle system (LI]) the
resulting assumption on x would not depend on the number of particles N (or, rather, would tend
to a strictly positive value as the number of particles goes to infinity). This is achieved by means
of De Giorgi’s method ran in LP which allows us to “decouple” the proof of the tightness estimate
needed to establish the existence of a martingale solution (cf. (Z23)) from any strong gradient
bounds on solutions of the corresponding elliptic or parabolic equations that, generally speaking,
introduce a dependence on the dimension in the assumptions on the form-bound of b.

Running De Giorgi’s method in LP with p > 2 allows to maximize admissible values of the
form bounds/strengths of interactions in particle system (LI]). At the level of strongly continuous
semigroups, the observation that working in LP with p large allows to relax the assumptions on
the form-bound of the drift was made even earlier in [41].
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By the way, in Remark [l we discuss the theory of the backward Kolmogorov equation (LG) in
the case when the strength of the interactions reaches x the borderline value, which requires us
to work in the Orlicz space with “critical” gauge function cosh —1 (that is, in some sense, a limit
of LP as p 1 o0).

The strong existence in Theorem [Iiv) (or in Theorem A(ii)) follows from the result in [29]
whose proof, in turn, is a modification of the method of Rockner-Zhao [49].

Theorems [3] M on the general singular SDE (LI4) are of interest on their own.

Theorem Bl deals with the existence and uniqueness of a strong Markov family of martingale
solutions of SDE (L14). In a number of ways, Theorem [B] continues the paper with Seménov [32],
see further discussion in Section

Theorem [] deals with conditional weak uniqueness for (I.I4)), i.e. the uniqueness among weak
solutions satisfying a rather natural condition (Krylov-type bound). The main novelty of Theorem
[Mis related to condition (Bo) that takes into account the repulsion-attraction structure of the drift.
However, in its present form this condition, when applied to particle system (L.IJ), imposes not so
natural conditions on the repulsing part of the interactions (i.e. admissible strength of repulsion
depends on the number of particles, see the last comment before Section [2.3]), so for now we leave
this result at the level of general singular SDEs.

1.1. About the proofs. The analytic core of the paper are Theorems [B [6] and [7] from which
Theorems [B] and @ for general singular SDEs follow.

In Theorem [Bl we prove Holder continuity of solutions to the elliptic counterpart of the Kol-
mogorov backward equation (L), i.e.(A—A+b-V)u=f, f € C, where b can, in particular,
be defined by (ILIH). This is needed to prove the strong Markov property for the martingale
solutions in Theorem Bl Theorem [lis proved by showing that solution of the elliptic Kolmogorov
equation u belongs to appropriate LP De Giorgi’s classes and then following De Giorgi’s method.
These De Giorgi classes, however, are somewhat different from the LP De Giorgi classes found in

the literature (cf. [I7]), i.e. they contain the integrals of
V(u—k)P?P2, keR, (1.17)
rather than the integrals of |V (u — k)4 |P.

Theorem [B i.e.an embedding theorem for a family of non-homogeneous elliptic Kolmogorov
equations that includes

A=A+b-VIu=b|f, feC>, (1.18)

is needed to construct martingale solutions in Theorem Bl It also has other uses e.g.we apply
it in subsequent paper [37] to construct strongly continuous Feller semigroup with general form-
bounded drift with form-bound in the critical range § < 4. The proof of Theorem [0l also uses De
Giorgi’s method. Although the assertion of Theorem [@]is a global L* estimate on u in terms of
a certain LP norm of the right-hand side, its proof is local. Otherwise we would have to impose
an additional global condition on b that would be difficult to verify for b given by (LIH). Also,
we will need an intermediate result in the proof of Theorem [0 in order to establish a “separation
property”, i.e.that u is small far away from the support of f.
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The point of departure of De Giorgi’s method is the Caccioppoli inequality. To prove it under
the repulsing-attracting form-boundedness type condition of Definitions Bl [, we extend the iter-
ation procedure (“Caccioppoli’s iterations”) introduced in an earlier paper with Vafadar [39] to
the non-homogeneous L? setting, as is needed to handle weak well-posedness of SDEs.

Finally, Theorem [7] needed to prove Theorem M on conditional weak uniqueness, contains rather
strong gradient bounds on solution of [II8). Tts proof uses a quite ingeniously constructed test
function of [41], see comments after Theorem [71

1.2. More on the existing results. (i) Gradient form interaction kernels
K=VV:R? - R? (1.19)

for some potential V on R? play a crucial role in Statistical Physics. We refer to [3, 45], see also
references therein. In particular, in [45] the authors proved strong well-posedness of the particle
system in RN\ Uy <;<j<n{((21,...,2n) € RV | 2; = 2;} for very singular interaction potentials
satisfying some fairly general assumptions (however, excluding purely attracting singular inter-
actions such as the ones in ([I.2]), covered as a special case by Theorems [I] 2]). For instance, the
result in [45] Sect.9.2] yields strong well-posedness of the particle system for potential

V(z) = |z <2 + sin i)

|z

The corresponding interaction kernel K = —10[z|~ "2z (2 + sin(ﬁ)) — |x| B cos(lgl‘) oscillates
between the repulsion and the attraction as x approaches the origin. The repulsion on average
dominates the attraction. Still, our results do not cover such interactions. In fact, although in
Theorem [2] our condition on the repulsing part of K is much weaker than the condition on the

attracting part of K, it is still a global condition: (div K)_ € L*(RY) + L>®(R9).

See also [9] [10] regarding the Dirichlet form approach to the problem of well-posedness of
particle systems with gradient form interactions.

We also mention [8] where the authors work at the PDE level on the torus, consider interaction
kernels of gradient form with the interaction potential V' pointwise comparable to \/Edz;Q log |z|
(which thus includes the attracting kernel in (ILI0)) and, importantly, obtain quantitative esti-
mates on the propagation of chaos for the McKean-Vlasov PDE for all x < 16((1%2)2.

(ii) The present paper deals with general singular interactions, i.e.not having a particular
structure such as gradient form. In particular, we refer to [19, 52] where the authors prove, as
a part of their results on the propagation of chaos, well-posedness of particle system (L)) for
interaction kernels K in the sub-critical Ladyzhenskaya-Prodi-Serrin class. Applied to (II]) (with
K;; = K), their condition reads as

|K| € LP + L (i.e.sum of two functions), p > d.
See [9] regarding time-homogeneous critical LPS class
|K| € LY+ L™. (LPS)

The class of form-bounded interactions kernels F, is larger than (LPS]) and, moreover, contains
some interaction kernels that are strictly more singular than the ones in (LPS)), such as (LI0).
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However, here we are not comparing our results with papers [9] [19, [52] since we do not prove the
existence of a mean field limit and its uniqueness.

Let us also make the following two comments regarding the relationship between class (LPS])
and class F:

— One advantage of the Lebesgue scale condition (LPS) is that it is easy to verify. However,
it is not necessarily easy to deal with when one considers particle systems of type (L))
for N large. Indeed, if, in order to prove well-posedness of (I.I]) we were to consider this
particle system as a special case of general SDE (LI4) in RV?, then the well-posedness
results on the Lebesgue scale for (L14) would require |b| € LI(RV9) + L (RN, ¢ > Nd
(see [45]) or ¢ = Nd (see [7]). Clearly, this severely restricts the class of admissible
interaction kernels K;; = K in ([LI5). There is a finer argument due to [19] that still
allows to prove strong well-posedness of (L)) for K € LP(RY) + L>=(R4), p > d, regardless
of the number of particles N, but it requires extra work.

On the other hand, form-boundedness handles transition from from-bounded K;; on
R? to form-bounded b given by (LIH) on RV rather effortlessly, see (II6). Moreover,
crucially for particle systems, it allows to keep track of the values of the form-bounds
(=strengths of interactions) regardless of the number of particles N. (To borrow an
expression from [9], the present work can be viewed as a “propaganda piece” for form-
boundedness and similar conditions in the context of particle systems and singular SDEs.)

— Consider drift b : R? — R?. If u is a weak solution of the elliptic equation (A—A+b-V)u =
fLA>0, feC® withbe L4+ L™ and u € W (e.g.using Theorem [7)) for r large,
then, by Hélder’s inequality,

rd
Au e L.

loc

However, for b € Fs, one can only say that

o
Aue Ly

(in fact, one can show that u € W?22). That is, if b is only form-bounded then there are
no W?2? estimates on u for p large.

Regarding general singular interactions, let us also mention a model of the dynamics of neu-
roreceptors considered in [46] where the fact that a neurotransmitter, after it gets attached to a
fixed neuroreceptor, prevents other neurotransmitters from entering, is modelled by introducing
singular repulsing interactions between neurotransmitters in some regions on space. It is thus
desirable to be able to handle interaction kernels with critical singularities that stay admissible
after one multiplies them by indicator functions (so that the interactions can be turned on or
turned off depending on the positions of the particles relative to each other and in space), as
e.g.the class of form-bounded interaction kernels considered in the present work.

(iii) De Giorgi’s method was used earlier in the context of singular SDEs in [48| 56| [58]. There
the authors considered singular drifts arising in the study of 3D Navier-Stokes equations.
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(iv) In dimensions d > 3 one does not obtain the Keller-Segel equation (5] as the mean
field limit of particle system (2] since, evidently, there is a gap between the singularity of
kernel K1 (y) = cqly|~%y in (LH) and the singularity of kernel K (y) = cq|y| 2y in (L2) (that, we
know, is already critical). Nevertheless, it is known in the literature on the Keller-Segel equation
[23, T3] that requiring extra regularity of the initial distribution pg € L%2 one can extend it to
p € L>®(R,, LY?), in which case, by Young’s inequality,

(Ki*p)(t,-) e LY, t>0,
i.e.the drift belongs to still admissible critical time-inhomogeneous Ladyzhenskaya-Prodi-Serrin

class. (By the way, repeating the argument in Example [[[(1), one sees that drift (K; * p)(t,-)
belongs to the class of time-inhomogeneous form-bounded vector fields, i.e. for a.e.t € R

ot Yells < oIVl +esllells Vo€ WH,

which, in principle, puts the corresponding Keller-Segel equation within the reach of our methods,
at least at the level of a priori Sobolev regularity estimates, see Remark [1)

The observation that to handle the d-dimensional Keller-Segel model one can use energy meth-
ods in LP with p large (larger than %) goes back already to [23] [13].

We also use energy methods in LP with p large, but we do it for a different purpose, i.e.to
relax the assumption of the strength of interactions . Furthermore, in the present paper we face
another situation where one needs to work in LP with large p. That is, in presence of repulsing-
attracting structure in the drift b we can replace the form-boundedness requirement by a more
general condition (“multiplicative form-boundedness”, cf. Theorem [)). Now, to treat the right-
hand side of nonhomogeneous equation (LIS8]), which is the analytic object behind the SDE with
drift b, we need an additional condition

b= € F, for some x < oo, €]0, 1],

where p’ := ﬁ <1+ «. This extra condition is least restrictive if a is small, which forces us to
consider large p. See Remark Bl for more details.

(v) We also mention recent results in [I2] on interacting particle systems and McKean-Vlasov
SDEs with distributional interaction kernels in Besov spaces (see also references therein). The as-
sumptions of [12] are somewhat orthogonal to the present work and, at least at the moment, do not
include the model interaction kernels (ILI0) (while including other quite irregular distributional
kernels) or keep track of the strength of interactions .

(vi) In what follows, we refer to a well known in the literature on parabolic PDEs and singular
SDEs classification of drifts:

— Sub-critical case if, upon zooming into small scales, i.e. applying parabolic scaling in
(O —A+b-V)v=0inR?

or in
t
Yt:y—/ b(Ys)d8+\/§Bt, yGRd,
0

the drift term vanishes. For instance, b € [L9]¢, ¢ > d is sub-critical.
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— Chritical case if zooming into small scales does not change the “norm” of the drift.

For instance, parabolic scaling does not change the form-bound of the drift or its L?
norm. So, both Fs and [L?)? are critical classes. Note that this classification does not
distinguish between critical drifts that reach blow up effects, such as b € Fg, and drifts
that do not reach blow up effects, such as b € [L4]¢. In other words, one can multiply
the latter by arbitrarily large constant without affecting well-posedness of the SDE, while
form-bounded drifts can in general “sense” this multiplication (since it, obviously, changes
the form-bound, which cannot be too large, see the beginning of the introduction). In
order to distinguish between these two very different cases, we say that the former have
critical-order singularities.

We also consider in the present paper other critical classes of drifts, such as multiplica-
tively form-bounded drifts (Definition 2.12) and weakly form-bounded drifts (Remark [
that expand the class of form-bounded vector fields Fs rather substantially.

— Super-critical case if zooming into small scales actually increases the “norm” of the drift.
For instance, b € L9, ¢ < d, is super-critical. Let us add that all known results on super-
critical drifts b require critical positive part of divb. This, of course, includes important
case divb = 0.

In Remark [0l we comment on the existing literature on PDEs and SDEs with super-critical
drifts. Briefly, super-criticality of the drift destroys many basic regularity results, but some parts
of the theory can be salvaged.

(vil) As was indicated above, the proof of Theorem [2[ii7) uses the many-particle Hardy in-
equality of [22]: for d > 3, all N > 2,

T ppdr < Vo(z)*d = (z1,... 1.20
Z /RNd ‘xz_l,‘g l‘_/RNd o(z)[*de, == (z1,...,2N), ( )

1<z<]<N

for all p € WH2(RN?), where

1 1
Can = (d—2)? max{ }
N4 V1+ 3R (N - 1)(N -2)
In the proof we replace constant Cy y with smaller constant Q However, the maximum for

large N and d < 6 in the definition of Cy x is attained in the becond argument. So, the constraint
k < 16 in Theorem (i) (or in Theorem A(74)) can be somewhat relaxed for d < 6.

The authors of [22] also provide, among other results, an upper bound on the constant in (I.20).
At the moment of writing of this article, to the best of author’s knowledge, the optimal constant
in (L20) is not known.

It is natural to expect that the relationship between Theorem [2[¢i7) and the many-particle
Hardy inequality (I.20) goes both ways, i.e.there is a direct relationship between the optimal
constant in many-particle Hardy inequality (L20) and the critical threshold value of k that sepa-
rates well-posedness of particle system (2] from a blow up, in which case Monte-Carlo simulations
for (I.2)) should produce the optimal Cy n in (L.20); we pursue this in [18].
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1.3. Notations. Put

(f) = Rdf(y)d% (fi9)=(fg)

(all functions in this paper are real-valued). For vector fields b, f : R — R%, we put
(b,f) :==(b-f) (- is the inner product in R?).

Let || - ||p—q denote the LP — L7 operator norm. Let C, denote the space of continuous functions
on R vanishing at infinity, endowed with the sup-norm. Let Bgr(y) C R? be the open ball of
radius R centered at y € R?, |Br(x)| denotes its volume. Set Br := Br(0). Given a function f,
we denote its positive and negative parts by

(f)+=fVv0, (f)-:=—(fA0).
Set

(@) = cexp (W;—J if |z] < 1,
0, if |z| > 1,

where ¢ is adjusted to [y, y(z)dz = 1, and put 7.(z) := 6%7 (f), e >0, z € RY Define the
Friedrichs mollifier of a function h € L . (or a vector field with entries in L ) by

loc loc
E.h = *h.

Acknowledgements. The author is sincerely grateful to the anonymous referee for making a
number of very useful comments.

2. PARTICLE SYSTEMS

For brevity, we will consider first the particle system without the drift terms M (X;):

N t
1
Xi(t) =i — > / Kij(Xi(s) — X;(s))ds + V2By(t), 1<i<N, te[0,T], (2.1)
j=1,j#i "0
where x = (21,...,zy) € RNY N > 2. However, we will explain in Remark [6 below how to put

the drifts back there.
Let e; : C([0,T],RN?) — RN be defined by
er(w) := wy.

Recall that a probability measure P, (z € RV?) on the canonical space of continuous trajectories

w=(w! ..., w") in RV is called a martingale solution to particle system (ZI]) on [0, T] if

1)
]P)z',O = 617

where P, ; :=Poe,; ! (on RNY),
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N T
Y Y /0 Ky (= wd)|dt < oo,

i=1 j=1,j#i

3) for every ¢ € C2(RN4) the process

r 1 N N . )
[07 T] S ¢(wr) - ¢($) +/O ( - Ay¢(wt) + N Z Kij(w; - wj> ! vyz¢(wt))dt
i=1j=1,j#1

is a martingale under P,.

We will also need the following definition. Let K satisfy (L), let {K™} be some sequence of
vector fields (in what follows, K™ will be more regular than K).

Definition 2. Let us say that { K™} does not increase the form-bounds of K if for every n > 1
IE"oll3 < £ Vel3 +eclleld Vo € WHA(RT),

i.e. {K"} satisfy (L) with the same constants as K.

2.1. General interaction kernels.

Theorem 1 (General interactions). Assume that the interaction kernels K;; in particle system

@) satisfy

N \2
K;; e Fy ith 4 —— 2.2
j € with kK < <N — 1) (2.2)

see Definition[d]). Then the following are true:
(see Definition[d]). Then the followi t
(i) There exists a strong Markov family of martingale solutions {P;},crna of particle system
1.
(ii) The function

u(z) := Ep, / e Mfwl .., wN)ds, zeRNY  fe RN, (2.3)
0

where X is assumed to be sufficiently large, is a locally Hélder continuous weak solution
to elliptic Kolmogorov equation

N N
1
<)\—A+NZ Z Kij(xi—:vj)-vm)u:f, I:(Il,...,SE‘N), (24)
i=1j=1,j#i
see definitions in Remark[7 where we also discuss the uniqueness of u.
(i1i) Fizp > ﬁ The family of operators {P,}i>o defined by
N
Pif(x) :==Ep,[f(w;,. ., w)], [ € CP®RYY,
admits extension by continuity to a strongly continuous quasi contraction Markov semi-
group on LP of integral operators, say P, =: e ™ such that

le™ % |pmg < cw't™ ¥ G7a), p<g<oo (2.5)
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for appropriate constants ¢ and w. In view of ([Z38), Dunford-Pettis’ theorem yields that
e~ v is a semigroup of integral operators. Their integral kernel e 7**(z, ) does not depend
on p and is defined to be the heat kernel of particle system (2.1).

If p=2, then we have

N
1
M0 —A+ >0 ST Kyjlwi—25) - Vi, | CZ(RN),

The semigroup et is unique among semigroups that can be constructed via approxi-

mation, i.e. for any sequence of bounded smooth interaction kernels {KZ},

Kj = Kij - in [Li (RY)7,

loc

that do not increase the form-bounds of K, for every f € C°(RNY) solutions {v,} to

N N
(8t_A+%Z Z KZ(il)i—l’j)'vxi)vn:Oa v, (0) = f

i=1j=1,j#i
converge to the same limit e=**v f in LP(RNY) loc. uniformly in t > 0.
() If, furthermore,

1

FEIN 1R

then for every initial configuration x = (x1,...,zx) € RN martingale solution P, satis-
fies for a given q €]Nd, %n_%[ Krylov-type bounds

T
]E]Pz / |h<5awslv s awév)|d8 < C”h”Lq([O,T]xRNd) (2'6>
0

and
T g 2
]Ell%/o |b(w;,...,wéV)Hh(T,w;,...,wévﬂds < c||b|h|§||g2([0’T}xRNd), (2.7)

for all h € C.([0,T] x RN?), for some constant ¢ > 0, where vector field b= (b, ...,by) :
RNd 5 RN s defined by
;X
bl(fL’) ::N Z Kij(l’i—l‘j), iL‘Z(iL‘l,...,SE‘N)ERNd, 1<i<N.
=1
Moreover, P, is the only martingale solution to (21 that satisfies (28], 1) (“con-
ditional weak uniqueness”).

(v) There exists constant C' < 1 such that if K;j is of the form

Kij(l’i, ZT; — [Ej) = C(il)l)KZO(iL‘l — I‘j), (28)
with ¢ having compact support, ||C]|ec < 1, and K?j e F,. with
C
< ———— (2.9)

(N — 1)2d2
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(the previous assertions are valid for such interaction kernels as well), then for every initial
configuration (z1,...,xyn) € RN? particle system (1)) has a strong solution on [0,T] that
is unique among all strong solutions defined on the same probability space satisfying (2.0]),

@&1).

We recall from the discussion in the introduction that if the strength of interactions & is taken
to be too large then a weak solution to the particle system (2.I]) can cease to exist. So, in Theorem
[Il(¢) we are dealing with the critical scale of the strength of interactions.

Let us emphasize that as the strength of interactions x becomes smaller, the theory of particle
system (2.I)) in Theorem [I] becomes more detailed.

We are rather satisfied with the conditions on the interaction kernels K;; in Theorem [I4)-
(i11) where the assumption on the strength of interactions s “stabilizes” to a positive value as
the number of particles N — oo, so, in principle, this opens up a possibility of studying the
existence of the mean field limit (see Remark [2). However, in assertions (iv), (v) of Theorem [II
the assumption on x degenerates to zero as N goes to infinity, which seems to be a by-product of
our method of embedding particle system (2.]) in the general SDE (A.1]). We comment more on
this below.

2.2. Attraction and repulsion. We now turn to the interaction kernels having a repulsion-
attraction structure. While the repulsion between the particles, in a sense, contributes towards
well-posedness of particle system (2.1]) by preventing collisions, the attraction can lead to the blow
up effects (see the discussion in the introduction). We take into account the attraction between
the particles by looking at the positive part of the divergence of the interaction kernels K;; in

@)

Definition 3. (divK), € L] _ is said to be form-bounded if there exists constant . such that

loc
(AivE)+p,0) < R4 [IVol3 + e, llell3, Vo e Wh?, (2.10)

for some ¢y, .

We abbreviate (2Z.10), with a slight abuse of notation, as
1
(divK)2 € F,, .

For example, the previous condition is satisfied if (div K) € L& (weak Lt class). This includes,
of course, (div K)4 € L%, in which case r can be chosen arbitrarily small (cf. Example I(1)).

Example 2. Let K be the model singular attracting kernel (LI0), i.e. K(y) = \/Edzi# Then

—92)2
N s

1
so, by Hardy’s inequality (div K)} € Fy,, iy = 2y/k, ¢, = 0.

Regarding the negative part (div K')_, which is responsible for the repulsion between the par-
ticles, we will only impose a rather quite mild condition that (div K)_ can be represented as the
sum of a function in L'(R?) and a bounded function.
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1
Already the hypothesis (div K;;)} € F,, allows one to easily prove, integrating by parts and
using Lemma 2] that solution v of the backward Kolmgorov equation for particle system (2.1])

N N
(&—A+%Z > Kij(xi—xj).vzi>v:o, v(0,-) = f(-) in RV?

i=1j=1j#i

satisfies a quasi contraction estimate
lo@®llp < e I fllp, t>0 (2.11)

provided k4 is not too large, for appropriate p and w,. However, without any additional assump-
tions on the interaction kernels K;; themselves, there is no hope of advancing substantially farther
than (ZI1)). In fact, without conditions on Kj;, even requiring div K;; = 0, puts us firmly in the
super-critical regime (cf. (vi) the introduction), so even the proof of a priori Hélder continuity of
solution v or of solution to the corresponding elliptic equation becomes out of reach. We need a
condition on Kj; that will put us back in the critical regime.

Definition 4. A vector field K € [L{ ]¢ is said to be multiplicatively form-bounded if there

exists constant ko (“multiplicative form-bound”) such that

}d

(1Klp, 0) < kol Velzllellz + e lloll3, Vo € W2, (2.12)
We abbreviate ([2.12)) as

K € MF,,.

It will be clear from the results below that the actual value of kg is not important for well-posedness
of the particle system (2.1)); it is the value of k4 that matters.

Note that the class of form-bounded vector field F,, is also a critical class, so we could use it
here as well. However, our ultimate goal is to identify the optimal (least restrictive) assumptions
on K;;, so we will work with the broader class MF,,:

Example 3. (i) Every form-bounded vector field is multiplicatively form-bounded, but not
vice versa, see Remark Rl In particular, all vector fields listed in Example [I] are multi-
plicatively form-bounded.

(ii) The class MF,, contains the largest possible, up to the strict inequality in € > 0, scaling-
invariant Morrey class Mj4.: if

1

1 1+e

|K||py,. == sup r< |K|1+Edy) < 00,
w r>0,yeRd |B7‘(y)‘ B,.(y)

then

K e MFHO? Ko = C(du E)||K||M1+E7

see details in Remark[8 Here one can already see the gain in comparison with the class of
form-bounded vector field F,,,, which contains only My, . (and itself is contained in My).
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(iii) If the following Morrey class condition is satisfied:
1

1 1+e
2 . 1+e
sup 17| —=—— |(div K) 4| dy) < 00,
r>0,ycRd < 1B (y)] B, (y)

1
then (div K)? € F,, with appropriate x .

It was demonstrated in [50] that condition b € MF s under additional divergence-free hypothesis
div b = 0 provides two-sided Gaussian bounds on the heat kernel of operator —V-a-V +b-V with
uniformly elliptic measurable matrix a. (Of course, having (div b)% € Fs_, as in the present paper,
destroys both the upper and the lower Gaussian bounds on the heat kernel even of —A +b-V.)

Put
F:={K | K € F,, for some kg < oo}
and
MF := {K | K € MF,, for some ko < 00}.

Definition 2] extends naturally to K satisfying ([2.12), (2.I0) or (ZI5) below. In all these cases,

in Section [6] we show that the vector fields K™ defined by
K":=E. K, €,]0, E;.isthe Friedrichs mollifier, (2.13)

are bounded, smooth and do not increase the corresponding form-bounds of K.

Theorem 2 (Repulsing-attracting interactions). The following are true:
(1) Assume that the interaction kernels K;; in particle system 2.1)) satisfy
(diVKij), € L1+LOO, 1+a

1 Kij| = €F 2.14
(divKy;)? € By, with ry < 42 Kl 2.14)

Kij S MF, {

for some o > 0 fized arbitrarily close to zero. The assertions (i), (ii) of Theorem [ are
valid for these interaction kernels as well.

(11) Assume that K;; satisfy a more restrictive condition than (2I4) in Theorem[2:
(diVKij), L'+ Lee,
Kij eF, . 1 . N (215)
(div Ky;)3 € Fro, with iy < 45—
Fixp > ﬁ. Then assertion (iii) of Theorem [ also remains valid.
-~ M+

N
(iii) Let

2, _
5 ly| 2y + Ko,ij(y), ye€R™ (2.16)

d
If the strength of attraction

k<16
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and Ky ;; satisfy conditions (Z2)) or (ZI4)) with sufficiently small form-bounds, then as-
sertions (i)-(i1i) of Theorem[1 with p > 474\% remain valid.

(iv) Furthermore, for the model attracting interaction kernel

K(y)zﬁd;

the previous assertions remain valid, the heat kernel e **(z,2) of particle system (2.1))
satisfies, up to modification on a measure zero set, the heat kernel bound

eftA(x,z)gCF% H n(t7%]2¢—2j|)a t €]0,T1,

1<i<j<N

for some C = Cr, for all z € RN, 2 = (21,...,2n) € RN provided z; # z; (i # j), for
a fived function 1 <n € C?(]0,00]) such that

{r—\/E%% 0<r<l,

“y, k<16,

T) =
n(r) 2, r> 2.
Remark 1. The additional right-most condition on K;; in (2.I4) is, generally speaking, much
weaker than the left-most condition (informally, the former treats |K| as a potential, while a
proper “potential analogue” of the drift perturbation K - V would be |K|?). For instance, if we
were to state condition (2.I4) on the scale of LP spaces, then it would become

{ (divK)_ € L' + L,

K| e LY+ L™, K| e Ls0+e) 4 1o

(divK)y € L% + L
where, recall, @ > 0 is fixed arbitrarily small, i.e.the right-most condition follows from the left-
most one. The same would happen if we were working on the scale of scaling-invariant Morrey
spaces (cf. Example [1I(4)).

The improvement of the assumptions on k in Theorem (i), compared to Theorem [I] and
Theorem [27),(i7), is due to a refinement of Lemma [2] by means of the many-particle Hardy

inequality (L.20) of [22].

The heat kernel bound in Theorem [2(7v) is not unexpected (although we could not find it in
the literature). Indeed, an elementary calculation shows that

ve):= [ oo VEE

1<i<j<N

is a Lyapunov function of the formal adjoint of A = —A, — /&2 L SV E] Vi o ? Ve
) i J

i.e. the following identity holds:

d—21 N T;— X
A _E . E e = 0. 21
" 2 N v l< |$i—l‘j|2w) ( 7)

i=1 =1

One can expect that such Lyapunov function will appear as a multiple in the heat kernel bounds.
That said, the question of how to prove such an estimate is non-trivial due to singularities in the
drift. An interesting aspect of Theorem [2{iv) is its proof, which uses an abstract desingularization
result from [38], see Appendix [Al
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In Theorem [(iv), we expect to have two-sided bound

_le—yl? Nd _ lz—y|?

C1t7NTd€ 2t p(y) < e M (x,y) < Cst™ T e ar pu(y), (2.18)

where

o) = [ 0@ >l -y,

1<i<j<N

as is suggested by the analogous results for Kolmogorov operator —A — v/k|z| ™22 -V, 0 < k < 4
on R? see [47]. Moreover, there should be an analogous to Theorem 2{iv) and ([2.I8) result in
the case of attracting interactions, see [47] and [36] regarding —A + /k|z| 22 -V, 0 < Kk < oo.
([36, 38] deal with the fractional Laplacian (—A)®/? perturbed by the model singular drift term
cle]=z -V, 1 <a<?2)

One drawback of assertions (iv), (v) of Theorem [Iis the difficulty with taking into account
the repulsion/attraction structure of the interaction kernel K simply by looking at the divergence
of K, as we do in Theorem That said, in what concerns conditional weak uniqueness for
the particle system (as in Theorem [I{(v)), in Theorem M we consider the general SDE (&1l
and propose another condition on the drift b that provides conditional weak uniqueness for ([.T])
while taking into account the repulsion/attraction. We show in Example [ that there is some
truth to this condition: it is always satisfied in dimensions d > 4 for the model repulsing drift
b(z) = —V3952|z| =2z, regardless of the value for the form-bound & > 0, as one would expect.
This requires us to obtain gradient bounds in L? starting with ¢ > d — 2, hence the need to work
in the elliptic setting. (In the parabolic setting we would need ¢ > d.) Nevertheless, this result,
when applied via Lemma 2] to drift (Z.I9)) with repulsing interactions K;;(y) = —\/E%|y|_2y,
leads to a condition on x that still depends on the number of particles N. So, there is still work
to be done to find a proper analogue of Theorem @ for particle system (2.1).

2.3. Comments on the proofs of Theorems [l and [2. Tt is not difficult to modify the proofs
of Theorems [l and 2] to extend them to the sums of the interaction kernels satisfying (2.2)) and
(2I4), under properly adjusted assumptions on the form-bounds.

We prove Theorems [I] and [2 by embedding particle system (2I) in the general SDE (41
considered in RV, with drift b = (by,...,by) : RV? — RN defined by
N
Kij(l’i—l‘j), iL‘Z(iL‘l,...,[EN)ERNd, 1<7<N. (2.19)
=1,j#i

Jj=1j
<(R?), then b defined by [ZI9) satisfies
{ b e Fs(RN)

Lemma 1. If K;; €

!

with § = (NJQQI)Z K, C§= %c,@.
Lemma 2. If K;; € MF,(R?), (div K;; 2 ¢ F. (RY), |K;|"T* € Fo(RY), a € [0,1], then b
J J/+ + J

defined by (219) satisfies

with 6 = YLk, c5= (N —1)c,, (2.20)

b € MF;(RNY)
VN
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{ (divh)? € Fy, (RVY), (2.21)

with 64 = XAk, s, = (N = 1)ey,,

1ta
|b| 2 € FX(]RNi)7 . (2.22)
with x = %a, Cy = %Cm

Lemmas [Tl P allow us to obtain the existence of a strong Markov family of martingale solutions
to (2I) in Theorem [(7), Theorem [2(7) from Theorem [B¢) for general SDE (4.1)). Theorem [3]
and other results in Section [ dealing with general singular drifts, are of interest on their own.

In Theorem [3]the family of martingale solutions for (1) is constructed by applying a tightness
argument where the central role belongs to the estimate

t1
E/ b (Yo(s))|ds < Cltr — to) 5, to,t1 € [0, T] (2.23)
to
(this is (I0.5)), where b, is a regularization of b that does not increase form-bounds d, d4 (see
Definition ) in Lemmas [l 2] and Y; is the strong solution of (41l with drift b.. Constants C,
~ > 0 are independent of ¢.

To prove ([Z23) and, furthermore, to prove the strong Markov property, we establish regularity
results for non-homogeneous elliptic PDEs (5.1)) and (5.6). These are Theorems [H and 6] obtained
via De Giorgi’s method ran in LP, where p depends on the values of form-bounds § and d,.
Theorems [ and [@ are the main analytic results in the present paper. We prove Theorem [l by
showing that u belongs to LP De Giorgi’s classes and then following the arguments in [17, Ch. 7],
that is, applying De Giorgi’s method. As was mentioned in the introduction, we deal with LP De
Giorgi classes that are somewhat different from the LP De Giorgi classes found in the literature

(cf. [I7]).

Remark 2 (On the number of particles N — oo ). Let interaction kernel K satisfy (2.2)). Then
in (Z23) v = v/2 — 1 (see the proof of Theorem [3) and, by Lemma /I
(v -1)? (N —1)?

N2 KR, C§ = TCK.

Let ¢, = 0 (as is the case for the model singular interactions (II0)), then ¢s = 0. In turn, as
N — oo, constant § tends to x. Thus, our assumptions on the form-bound withstand the passage
to the limit N — oco. However, in the tightness estimate (Z.23]) applied to (Z.19) the constant C
depends on N (this is because in the proof of [2:23) via De Giorgi’s method we apply Sobolev’s
embedding theorem on RV?, which becomes weaker as the dimension of the spaces increases, and
hence De Giorgi’s iterations converge slower). So, (2.23) does not allow to conclude the existence
of a mean field limit by arguing as e.g.in Fournier-Jourdain [15]. This is not surprising since
[223), as it is proved now, does not take into account the exchangeability hypothesis on (2.1])
even if we were to impose it.

5:

In [32], we proved, using De Giorgi’s iterations in L?, that the general SDE (1)) with b € Fy,
0 < 4 has a martingale solution for every initial point. This result yields the existence of a
martingale solution part of Theorem Bl under condition on b, which we included in Theorem
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[3 for the sake of completeness. In what concerns (A]), in the present paper we make the next
step and prove the strong Markov property.

Remark 3. One of the main observations of the present paper is related to condition of
Theorem [Bl This condition dictates the multiplicative form-boundedness assumption (2I4) on
the interaction kernel K when the latter has repulsion-attraction structure. In ([A3), we relax the
a priori condition |b| € L% as in to |b] € Lit* for a > 0 fixed arbitrarily small, aiming
at stronger hypersurface singularities of b (and thus of K). To achieve this, we once again need
to work in LP for p large. In fact, when dealing with the right-hand side of non-homogeneous

equation
(b=A+b-Vu=[b|f (feC),

as is needed to prove weak well-posedness of the general SDE (4.1]), we need to impose an extra
condition

\b|1+Ta e F, for some y < oo, €]0, 1],

which is related to p via inequality
p=-—"L_<1ta
p—1
(cf. Theorem [B]). If we were to consider this non-homogeneous equation in L?, we would have to
take o = 1, and so and (ZI4) would force the old form-boundedness assumption on drift b,
i.e.as in (A1]). This is another situation where one needs to work in LP with p large, not related

to maximizing admissible values of the form-bounds.

Another technical novelty of the paper is Theorem [ i.e.the embedding theorem, which has
applications beyond this paper, see [37].

As we already mentioned in the introduction, the proof of Caccioppoli’s inequality (Proposition
M) under assumption (2I4]) uses an extension of the iteration procedure introduced in [39]. In [39],
the authors worked in L? and used Moser’s method to prove the Harnack inequality for positive
solutions of (=V -a -V +b- V)u = 0 with measurable uniformly elliptic matrix a and b € MFy,
0 < oo, provided that the form-bounds of the positive and the negative parts of div b satisfy some
sub-critical assumptions.

Assertion (iv) of Theorem [ follows, after applying Lemma [I], from the result in [29] whose
proof, in turn, follows the method of Réckner-Zhao [49]. In [29] we needed a technical hypothesis
that b has compact support, hence the condition in (iv) on the support of . That said, this
hypothesis can be removed in [29] by working with weights vanishing at infinity, which we plan
to pursue elsewhere.

3. OTHER REMARKS ON THEOREMS [I],

Remark 4 (On McKean-Vlasov equation with form-bounded interaction kernel). If K € F,,
then in the McKean-Vlasov PDE

Oip — Ap —div (pK) =0, K(t,-) = K(-) * p(t,"), (3.1)
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with the initial condition py > 0, (po) = 1, the drift K is a time-inhomogeneous form-bounded
vector field [0,00[xR? — R? having the same form-bound as K, i.e.for a.e.t € [0,00[, for all
peWwh?

(K @OPe") = (K (- = 2)p(t, 2))-*¢%)
(apply Cauchy-Schwartz’ inequality and use {(p(t, 2)), = 1)

< (B = 2)Pp(t, 2))9%) = (K (= 2)Pe®)p(t, 2)),
(apply K € F,; and use again (p(t,2)), = 1)

< 5(|Vel?) + cnl0?).

Thus, in particular, all a priori estimates on solutions of the Kolmogorov forward equation with
time-inhomogeneous form-bounded drifts (which can be obtained e.g.using the dual version of
the method of [28]) transfer to solutions of McKean-Vlasov equation (3.).

Remark 5 (Borderline strengths of interactions). Applying the result of [26] for general form-
bounded drifts b € Fg, § < 4, one can reach the borderline values of the strengths of interactions

N 2
K = 4<m> if (m) hOldS, or

N
ky =4——— if (ZI5) holds

N-1
by considering the corresponding to (2.1]) Kolmogorov backward equation in the Orlicz space with
gauge function ® = cosh —1. This space is situated between all LP and L (paper [26] deals with
the dynamics of the torus but, as we show in subsequent paper [37], one can also work on R?,
although at expense of requiring a fast vanishing of the drift at infinity).

This result can be viewed as some sort of dual variant of the theory of entropy solutions of the
forward Kolmogorov equation (regarding entropy solutions, see [9]). That said, it seems like one
can prove more by working with the backward Kolmogorov equation, e.g. construct strongly con-
tinuous semigroup for the borderline value of the form-bound in addition to the energy inequality
and the uniqueness of weak solution, see [26].

Remark 6 (Drifts). One can easily extend the proofs of Theorems[I] 2lto include particle system

N
1
dX; = Mi(X;)dt — > Kij(Xi— X;)dt +v2dB;, 1<i<N,
J=1J#i

having singular drift terms
M; € F!“

Let us discuss for simplicity the case when K;; satisfy ([2.2)). We require that p, x satisfy

(Vi + —NA; 1\/E)2 < 4.
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We only need to embed this particle system into (&IJ), i.e. prove an analogue of Lemma [ for
vector field b = bM + b with oM, b% : RVN4 — RN having components

N
1
WM (z) == M;(z;), bE(x):= ~ > Kij(wi—x;), 1<i<N, (3.2)
Jj=1j#i

and then e.g.use Theorem [ for the general SDE (£1I]). Repeating the proof of Lemma [I we
obtain right away that

—1)2 _1)2
oK = 7(N D) K, Cskx = 7<N D) Cr

bE € Fsx(RVY)  with = ~

and
WM e Fsu(RYY)  with 6™ =y, csm = Ne,

see Remark [[Tlin Section [1 for the proof. It remains to note that the sum of two form-bounded
vector fields is form-bounded, i.e.b = b™ + bK is in Fs with v/ = VoM 4 /5K , and 6 must be
strictly less than 4, cf. Theorem [3l

Arguing similarly, one can treat general drifts M;(X;,...,Xx) (1 < i < N) in the particle
system after adjusting the hypothesis on the form-bound, i.e. now §* = Npu.

Remark 7 (On the uniqueness of weak solution to elliptic Kolmogorov PDE). Our most com-
plete uniqueness result for the Kolmogorov elliptic equation in (2:4) with the interaction kernels
satisfying (Z2) or (ZIH) is proved in [26] on the torus, see Remark Bl Speaking of R?, let us first
say a few words about the case of very sub-critical strengths of interactions.

Definition 5. If K satisfies (2.2]) with x < (%)27 we say that u is a weak solution of (2.4)) if
u € Wh2N L>® and

R
N<U7¢>+<VU7VS@>+N<Z Z Kij<$i_$j)'vxiuv<p> =(f.»)

i=1j=1j#i

for every p € W12, (Recall that in ([2.4) the initial function is bounded, so the solution is bounded
as well.)

Definition 6. If K satisfies (ZIF) with x4 < 255, then u is a weak solution to Z4) if u €
W2 L[> and

1 N
TN > [<di"Kij($i — z5)u, ) + (Kij(zi — 25)u, Vi, 0) | = (f, 0)

for all p € W12,

In both cases the uniqueness of the weak solution follows upon applying Lemmas [, 2] and the
Lax-Milgram theorem in L?, i.e. we can take p = 2 in Theorem [i(7ii), Theorem B(ii).

In the general case, we need to consider ([Z4) in L?, where p is as in Theorem [(#i) or Theorem
Rl(i7). In this regard, we refer to [50] for the definition of weak solution and results on weak
solutions of parabolic equations in LP.
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If K satisfies (Z.14]), then we can prove that u constructed in Theorem [(7) is a weak solution
of (2.4) e.g.in the following sense.

Definition 7. If K satisfies [Z.14)), then we say that u is a weak solution of ([24) if u € I/Vli)f NL*>
and

plu, ) + <Vu V)

S Z Z { (div Kij(x — xj)u, o) + (Kij(x; — x5)u, Va,0) | = (f, @)

=1 j=1,j#i

for all p € W% N L2° (LS° are bounded functions with compact supports).

loc

The latter is a way to establish a link between function u defined by (2.3) and the formal elliptic
equation (2.4). However, the proof of uniqueness of such a weak solution under condition (2.14))
remains elusive. Still, we can prove that u given by (23] is unique among weak solutions that
can be obtained via a reasonable regularization of K, see Theorem Blv). Alternatively, we can
restrict our attention to the subclass of weakly form-bounded vector fields, see Remark [8 and
prove uniqueness via the Lax-Milgram theorem in the triple of Bessel potential spaces

W2 cw i cwie

where WP@ := (A — A)~% LP (rather than the standard W12 C L? C W~12), see [35], although
this comes at the cost of requiring that the weak form-bound of K (and therefore its multiplicative
form-bound kg, cf. (3.4))) must be strictly less than 1.

Remark 8 (Sufficient condition for multiplicative form-boundedness). A Borel measurable vector
field K : RY — R? is said to belong to the class of weakly form-bounded vector fields F1/? if
|K| € L, and

loc &
I1K|2(A = A) " |asye < & (L — L? operator norm) (3.3)

for some A > 0. We have

F!/> C MF,. (3.4)

Indeed, if K € F}/?, then, arguing as in [50], we have
1
(K, ) < 5{(A—A)20,0) < K[(A = A)2g2]lgl

= ry/IVel3 + Aleli3liellz < £l Vellallellz + sVAlll3,

ie. K € MF,.
The class F/? (and therefore MF,) contains the largest possible up to the strict inequality in
€ > 0 scaling-invariant Morrey class M., i.e.if

1

1 1+e

Kl o= s (e [ ) <o
r>0,0€R? ’BT| B, (x)

then M1y, C F\/? with x = c(d, €)|| K ||, [
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It is easily seen that M;,. is larger than Ms, which, in turn, contains F,. That said, we also
need to control the form-bounds. In fact, we have
F,CF/. (3.5)
Indeed, rewriting K € F,; as

KA = A) "% |lamye < Ve

(with A = ¢, /kK), we obtain the required result by applying the Heinz inequality. In [B.5]) we have
a proper inclusion because the class of weakly form-bounded vector fields also contains the Kato
class of vector fields |||K|(A — A)~%||s < /& while F,; does not (see [24] [33]).

Remark 9 (Stronger hypersurface singularities). We refer to [28] and [31] for the results on weak
well-posedness of general SDE (L) with drift b € Fy/* or with b in the time-inhomogeneous ana-
logue of the Morrey class M. (it is quite close to F5'* but also covers critical-order singularities
of the drift in time). This allows to treat
ble) = £ ().
le] - 1]

for a fixed 0 < v <1, c € Rand 0 < n e (g, ie hypersurface singularities that are essentially
twice more singular than (CI3). That said, in these results the assumptions on the form-bound §
are dimension-dependent. So, if we were to apply them to particle system (2.I)) we would arrive
at the assumptions on the strength of interaction s that degenerate to zero as N 1 oo (i.e. are of
the form k < (NLd)Q), which is not what we are after in the present work.

4. SDES WITH GENERAL SINGULAR DRIFTS

Theorem [I] and Theorem [ (excluding the heat kernel bound in assertion (iv)) are proved by
embedding particle system (ZI)) in general SDE (1)) via (II5) and then applying Theorem
below. The general SDE, which we consider here, to lighten the notations, in R? instead of RV¢,
is

Y(t)=y— /Ot b(Y(s))ds + V2B(t), te€[0,T], yeR?, (4.1)

1

L4 {B(t)}i>0 is a Brownian motion in R%,

where a priori b € [L

Let us add that once we put the drifts in particle system (2.1]) using Remark [6] we can obtain
most of Theorem [3] from Theorems [I] and 21 by taking all K;; = 0. So, thanks to Lemmas [I] and
Bl our results on particle systems and general SDEs are, to a large extent, equivalent. Of course,
the heat kernel bound in Theorem [2l(iv) is specific to particle systems. Also, Theorem [ does not
have at the moment a particle system counterpart, although we believe that it is of interest on its
own.

Set

b, :=FE. b, €,10, E.isthe Friedrichs mollifier, &, | 0. (4.2)
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Theorem 3. Assume that a Borel measurable vector field b in SDE (&1l satisfies one of the
following two conditions:

beFs withd <4 (A1)

or

(divb)_ € L' + L, -

b e MF, b= € F (Ag)

(divh)? € Fy, with d, < 4,

for some o > 0 fixed arbitrarily small. Then the following are true:

(i) There exists a strong Markov family {Py},cgra of martingale solutions of SDE (&), i.e.
Py [wo = y] =1,

T
Ey/ |b(wy)|dt < o0
0
and for every ¢ € C?(R?) the process

[Qﬂarw¢@0—dw+[ﬂ—A+hvwwwﬁ

s a martingale under Py.
(i) The function

u(z) = Ep, /00 e M f(ws)ds, zeRY feOPRY, (4.3)
0

where X is assumed to be sufficiently large, is a locally Holder continuous weak solution
to elliptic Kolmogorov equation ()\ —A+b- V)u = f (see Remark[7] for the definitions).

In assertions (iii) and (iv) we replace condition ([Ag]) with a somewhat more restrictive

hypothesis
beF,
1 1 (A3z)

(divd): € Fs, with 04 <4, (divd)? € L' + L.

If b satisfies (A4, fix p > 272\/3. If b satisfies ([A3), fix p > ﬁ.
(1ii) (|41, 150], see also [33]) The family of operators

Pif(z):=FEp,[f(w)], t>0, feC¥r

admits extension by continuity to a strongly continuous quasi contraction Markov semi-
group on LP, say, P, =: e "™ such that

le™

for appropriate constants ¢ and w.
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The following approximation uniqueness result holds: for any sequence of bounded
smooth vector fields

bp — b in [LE]¢

loc

that do nmot increase the form-bounds on b in or (A7), the classical solutions v, to

(0 —A+0b,-V)v, =0, v,(0)=f€CT

—tA

converge to the same limit e~ "*r f in LP loc. uniformly in t > 0.

(iv) The resolvent (u+ Ap(b))~" has Feller property, i.e. for each u greater than some po > 0
it extends by continuity to a bounded linear operator on Cuy:

Ru(v) = [(n+ Ap(0) 7 1 17N Cu] 07, € B(Cac).

Moreover,
R, (b,) — R,(b) strongly in Cs, 1> po,

where R,,(by,) coincides with the resolvent of —A +b, -V on Cx, n=1,2,...
(v) (Approzimation uniqueness) If b satisfies

{ b € MF,

1 44
(divb)_ € L' + L™, (divb)? € Fs, with 0y <2, (4.4)

then there exist generic constants Ao > 0 and » €]0,1[ such that if, additionally, |b] €
L?>=”, then, for any sequence by, of bounded smooth vector fields satisfying [@4) with the
same constants as b and such that b, — b in L?>~*, the sequence of the classical solutions
Uy, tO

A=A+by Vup=f, fEC®, A>X

converge in L? to the same limit which, thus, does not depend on a particular choice of
{bn}.
In (44i) we can consider b,, defined by (£.2).

In subsequent paper [37] we strengthen assertion (iv) by constructing strongly continuous Feller
semigroup in Cy, for —A+b-V, b e Fy, for all § < 4.

Combining assertion (v) with Theorem 5] one can further show that the limit u is locally Holder
continuous and is a weak solution of (u — A+ b V)u = f. Furthermore, one can construct the
corresponding strongly continuous semigroup in L?, but we will not pursue this here. We included
assertion (v) to emphasize that there is, in principle, nothing pathological from the point of view
of a posteriori estimates about condition b € MF compared to b € F used in (i), (iv). That
said, the proof of assertion (v) is somewhat more involved than the proof of the uniqueness of the
limit in (#ii) and uses Gehring’s lemma. It is ultimately an L? argument, hence the need for a
more restrictive condition 4 < 2 in (Ag), see Remark [I7] for details.

We need assertion (iv) of Theorem Blin the proof of the following uniqueness result.
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Theorem 4 (Krylov-type estimates and conditional uniqueness). Assume that a Borel measurable
vector field b satisfies one of the following conditions:

9\ 2
beFs wz‘th5<<5> A1 for some g > (d—2)V2 (By)

or

be Fs N [WEHRD]? for some finite 8, has symmetric Jacobian Db := (Vibi)g i1

the normalized eigenvectors e; and eigenvalues A; > 0 of the negative part of Db — %I
for some q > (d — 2) V 2 satisfy \/\je; € F, with v := Z?Zl vj < %.
(B2)

Then the following are true for the strong Markov family of martingale solutions of SDE (4.T])
constructed in Theorem [J:

(i) For every y € RY, martingale solution P, satisfies Krylov-type bound

oo 0 2
Be, [ e Vlaflwds < ClglfItli, vge R, viec. (15)
0

forq> (d—2)V 2 close to (d—2) V2, for all X sufficiently large.

(i") {Py}yera is the only Markov family of martingale solutions to (1) that satisfies Krylov-
type bound in (7).

(i1) For everyy € R?, P, satisfies Krylov bound:

e, [ e U@Ids <CIfl e, YIEC, (46)

for all A sufficiently large.

(") We make [EG) more restrictive by selecting q close to (d—2)V2, so that in ([0 d+q 5 =

QL N 1= for some € > 0 small. Let {P tiera be another Markov family of martingale solutions
for (IE[I) that satisfies Krylov bound

Epg/ e‘AS|f|(ws)ds§C’||f||%A%, VfeC. (4.7)
- Jo

(one such family exists, it is {Py},cpa from above). Assume additionally that, for some 1 €]e, 1]
we have

(1+]a]=2) =PV oa e 1!
for some B > < ﬁxed arbitrarily large, and either (By) holds with § <z /\ 1, where

0 4= if d > 4,
e 255 V1) ifd=3,

3(e1—¢)
or ([Ba) holds with ¢ = q and v < %. Then {P2} cpa coincides with {Py},cra from above.

Some remarks are in order.



PARTICLE SYSTEMS WITH SINGULAR INTERACTIONS 31

1. In the last assertion, the uniqueness class of martingale solutions satisfying Krylov bound
(&), which depends on our choice of e, determines the extra conditions that one needs
to impose on b. Note that if in (By) one has |[b| € L%, or in (Bg) the eigenvectors have
entries in L%, then the form-bounds § and v; (j = 1,...,d), respectively, can be chosen
arbitrarily small, in which case these extra conditions on b are trivially satisfied.

2. In (Bg) we require Jacobian Db to be symmetric, so b = VV for some potential V.

Let us illustrate condition (Bg) with the following example.
Example 4. Let d > 4. Let

bz) =~V =2 2

2 |z’

a drift that pushes solution Y; of (@I} away from the origin. Put for brevity ¢ := v/§ % > 0.
We have divb = —c(d — 2)|z|72 and V;b; = c[—|z|728;; + 2z;2;]|x|™*]. Therefore, for every
£= (&) € RY,

. d
divb 1 .. d—2 _ -
€100 - 0= 3 170~ L = o T2 = 1) ol e + 2elel -6
=1 q q
=& (By = BL)S,
where By > 0 is the matrix with entries 2cz;z;|z|~%, and B_ = —c(% —1)|z|72I > 0. Thus,

constant v in condition (Bg)) can be made as small as needed by selecting ¢ > d — 2 sufficiently
close to d — 2, and so for this b condition ([B]) can be satisfied for any strength of repulsion from
the origin.

In the previous example it is crucial that we can select ¢ as close to d — 2 as needed. By
working in the parabolic setting we could obtain a stronger uniqueness result, i.e. for every fixed
initial point . However, the parabolic setting requires us to take ¢ > d [30], and so the previous
example becomes invalid: we have to require smallness of § even in the case of repulsion.

Remark 10 (On some other classes of singular vector fields arising in the study of singular SDEs
and PDEs). 1. A number of important results on the regularity theory of —A +b-V was obtained
in [54} [55] which considered supercritical form-boundedness type conditions on b (in the context of
the study of 3D Navier-Stokes equations). These are conditions of the type: there exists e €]0, 1]
such that |b| € LiF#([0, 0co[xR%) and

loc

/ h / Ib(t, )12t )t < § / Ve, zde + / T o, )zt
0 R4 0 0
for all € € C°([0, oo[xRY) (4.8)

for some § > 0and 0 < g € L{ ([0, oo[) under, necessarily, some assumptions on div b which cannot
be too singular. Here super-criticality /criticality /sub-criticality refer to how the assumptions on b
behave under rescaling the equation. In the super-critical case one has to sacrifice a large portion
of the regularity theory of —A + b -V including the usual Harnack inequality and the Holder
continuity of solutions to the elliptic and parabolic equations. See also counterexample to the

uniqueness in law for SDEs with super-critical drifts in [68]. However, some parts of the theory,
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such as the local boundedness of weak solutions, can be salvaged, see cited papers, see also recent
developments in [4] 20]. Let us also note that if we were to specify (A38]) to the critical case when
the usual regularity theory is still valid, then we would need to take € = 1, i.e. we would obtain
condition (2.I5]), but not more general condition (2.14)).

2. As was noted in [32], after supplementing (A.8)) with condition (div b)% € F, for some v < 4,
one can still prove the existence of a martingale solution to SDE (@I]). In the present paper
we work in the critical setting which allows us to preserve most of the important results in the
regularity theory of elliptic equations that do not involve estimates on the second order derivatives
of the solutions (which are destroyed by the form-boundedness assumptions), and thus allows to
prove, e.g.the strong Markov property, approximation uniqueness or conditional weak uniqueness
results for particle system (I.I]) (see, however, [20] who constructed a Markov family of weak
solutions in a super-critical setting using a selection procedure).

Let us also add that above super-criticality refers to the assumptions on b, but not on (div b) ..
In fact, as the counterexample to weak solvability of (LI4]) with the model attracting drift shows,
one cannot go beyond the form-boundedness assumption (critical) on (div b)..

5. REGULARITY RESULTS FOR PDES

1. To prove Theorem [3, we need the regularity results of Theorems [B] [6] for non-homogeneous
elliptic equations (5.)), (5.6), respectively In these results we assume additionally that the co-
efficients of (5.10), (5:6) are bounded and smooth. However, importantly, the constants in the
regularity estimates are generic, i.e. they depend only on the structure parameters of the equation
such as the dimension d, constant term A and the form-bounds of the vector fields (but not on
the smoothness or boundedness of the coefficients).

Theorem [B] = strong Markov property in Theorem [3
Theorem [6] = existence of martingale solutions in Theorem [3l

Theorem 5 (Hélder continuity of solutions). Let b : RY — R? be a bounded smooth vector field
such that either

beFs withd <4 (this is ([AL)
or
b e MF, _
. 1 . (AQ)
(divby)? € Fs, with 64 <4,

where divb = div by —divb_ for some bounded smooth functions divby > 0. Let f € C°, A > 0.
Then the classical solution u to non-homogeneous equation

A=A+b-V)u=f (5.1)

is locally Holder continuous with generic constants that also depend on || f]]oo-
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(The difference between (A and is that in the former case we do not require divby to
be positive and negative parts of divb, which are continuous but not necessarily smooth.)
The fact that the constants are generic is of course the main point of Theorem

Define weight
ply) = (1 +kly*) =", yeRY, (5.2)
where constant constant & > 0 will be chosen sufficiently small. This weight has property

Vp| < <g—%1>v@$. (5.3)

For a fixed x € R, put p,(y) := p(y — z).

Theorem 6 (Embedding theorem). Let b,h : R? — R be bounded smooth vector fields such that

beFs withd <4, hecF, withy <oo (5.4)
or
b € MF; for some § < oo, 1ir
) lh| 2" e Fy,  with x < o0 (5.5)
(dhfb+)§ S F$+ uﬂﬂz5+ < 47

for some v > 0 fized arbitrarily small, where divb = divby — divb_ for some bounded smooth
functions divby > 0. In the former case, fir p > 2%\/5, p > 2, and in the latter case fix p > ﬁ,
pP<1l+v,p>2.

Then, for a firted 1 < 0 < ﬁ, there exist generic constants Ao, k (in p), C and g €]0,1[ such
that the classical solution u to non-homogeneous equation

A—A+b-Viu=|hf|, feC™ (5.6)

on R? satisfies for all A > X\ V 1:

_a 1
lulloo < C Sgpd <()\ — Xo) 70 <(1\h\>1 + |h\p91|h|§1)\f\pepz>”9
1652

_B ’ ’ _1
+Apmmﬂ+mwlwamwmw). (5.7)

2. The following result is needed to prove conditional weak uniqueness in Theorem [l

Theorem 7 (Gradient bounds). Assume that a bounded smooth vector field b satisfies either
condition (B1)) of Theorem[]] or
beFsN [I/Vli)cl (R with finite § and symmetric Jacobian Db := (kai)zn:lv
and the negative part B_ of matriz Db — %I for some ¢ > (d—2) V2 (B3)
satisfies (B_h, h) < v{(|V|h||?) + c,(|h|?) for some v < %.

Then the following are true:
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(i) For every g € F there exist generic constants pg and K such that, for every u > pg, the
classical solution u to elliptic equation (n — A —b-V)u = |g|f, f € CX, satisfies

IVIVulz[l2 < Kllg|f]2 |2

(ii) There exist generic constants g and K such that the classical solution u to elliptic equation
(W—A—=b-Vu=f, feCx, satisfies, for all u > po,

q g
IVIVul2]le < K[ 112 00
d+qg—2

In both assertions, by the Sobolev embedding theorem, u is Holder continuous, although using
these gradient bounds to prove Holder continuity would be excessive: in Theorem [ we arrive at
the same conclusion directly, using De Giorgi’s method, under less restrictive conditions on b.

For example, condition (Bs)) holds if condition (Bg)) of Theorem [ is satisfied, see Lemma 21

Assuming that b € Fs, § < (25)% A 1, [41] proved estimate

2
7! (5.8)

for solution u to elliptic equation (ux— A —b-V)u = f. This estimate was used in [41] to construct
the corresponding to —A —b-V Feller semigroup via a Moser-type iteration procedure. The norm
| fllq in the right-hand side of (5.8) does not allow to obtain the uniqueness result in Theorem [l
from (5.8)), unless b satisfies additional assumption |b| € L(4=2)V2_ Still, the argument of [41] can
be modified to include a weaker norm of f, and this is what we do in the proof of Theorem[7l In
particular, we use the test function

IVIVul|ls < K| fllq g €l(d—2)V2,

¢ =—V-(Vu|Vu|i=?) (5.9)

of [41]. In more recent literature one can find other test functions that give gradient bounds on

u of the same type as in Theorem [7] (moreover, these test functions work for larger classes of

equations). However, importantly, test function (5.9) yields the least restrictive assumptions on

form-bounds § and v, which are in the focus of the present paper. In fact, one can argue that by

multiplying the elliptic equation by test function (5.9) and integrating by parts, one differentiates
YVu

the equation in the optimal direction V] We refer to [27] for more detailed discussion and

references.

6. SMOOTH APPROXIMATION OF FORM-BOUNDED VECTOR. FIELDS

Let b € [LL (R%)]4. Define
b, :=E.b, >0,

where, recall, E.h denotes the Friedrichs mollifier of function (or vector field) h, see Section
for the definition.

Lemma 3. Ifb € Fs, then the following is true:
1. be € [L®(RY) N C® (R, b — b in [LE (RY)]? as e | 0.
2. b. € Fs with the same constant ¢s (thus, independent of ).
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Proof. 1. The smoothness of b. and the convergence follow from the standard properties of
Friedrichs mollifiers, so it remains to prove that |b.| € L>°. By Holder’s inequality,

)| € VE: b (z) = v/ {ve(z = )[b() ),

=)
1
b= ()] < (1b()[*re (2 =)
(we apply the hypothesis b € F(;)
(5<’V\/'ya T —- ‘ >+05 = (Ce -2 —i—c(s)%.
Hence |b.| € L* for each € > 0.
2. Put p. = \/E-¢?%, ¢ € W12, Then
1b=0l13 < (Be[bl, 0%) = [1be: 13 < 8lIVepe 3 + csllwell3,

where
(¢Ve)
Vel = | 2522 N I
(we apply Cauchy-Schwartz’ inequality)
1

< IWVEVelPlla = | EVel[IF <IIVel2 (6.1)
and, clearly, ||¢:|l2 < |l¢]l2- O
Lemma 4. If b € MFy, then the following is true:

1. be € [L®(RY) N C® (R4, b, — b in [LL (R4,

2. b, € MFs with the same cs.
Proof. 1. We only need to prove |b.| € L. By b € MFy, for all z € R¢,

|be ()| < ([b(-) e (z =) < 6|V Vre(z - ')!2>% +es=Cel +os.
2. Let . = /E.02, p € WH2, We have

(Ibel, ©) = (|blE-©?) = (Ibl?) < 8]V pellallell2 + csllee 3,
where, repeating the previous proof, |[Vee|2 < [[Vell2, [leell2 < llell2- O

Assume that divb € Ll .. We can represent divb. = E.divb as
divb, = divb, 4 — divb. _,

where

divbe 4 = E.(divbd)y, divb. _ := E.(divd)_.
Note that smooth functions div b, + > 0 are in general greater than the positive and the negative
parts (divbe)y :=divb: V0, (divd.)_ := —(divb. A 0) of div be.

Lemma 5. If (divb); € Fy,, (divb)_ € L' 4+ L™, then the following is true:
1. divb. 4 € L®NC>®, divb. 4 — (divb); in Ll ase ] 0.
2. divb. y € Fs, with the same cs, as the one for b.
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Proof. The first statement follows from the properties of Friedrichs mollifiers and the following
estimate (we use notations from the previous proof): for every = € R9,

divbe 4 (z) < ((divh) ()re(z — ) < 5| V7@ = )|") + o5 = O + s,

Let us prove the second statement:

(divbe 40, 0) = ((divd)192) < 0| Veell3 + cs, l0:ll3 < 341IVell3 + cs, Il

Finally, we will need

Lemma 6. If |h|1+TW € F, (y>0), then the following is true:
1. he := E.h € [L®°(RY) N C= (R, he — h in [LL (RY)]? ase |0,
2. |he|"=" € Fy, with the same c,.

Proof. By Hélder’s inequality, |he|'™ < E.|h|**7, so (|ho|*T7p?) < (|h|*F7,¢2), where, recall,
14
0 = VE-02, o € WH2. Now we apply |h| = € Fyy and use |[Vee|a < |[Voll2, lelle < l@lle. O
7. PROOFS OF LEMMAS [l AND

Recall: b= (by,...,by) : RN4 — RN is defined by

N
1
bz(:p) :N Z KZ](.’EZ'—'T]'), £L':(.CL'17 7xn)€]RNd7 1§2§N
j=1,j#i
Below | - | denotes, depending on the context, the Euclidean norm in RV¢ or R?. In this section,

(,) is the integration over RV,

Proof of Lemmalll. We have

N N 1 N 2
B <SP <3 (5 3 Kol - )
i=1 i=1 j=1,j#i
N N
N -1
§Z N2 Z |Kij (i — ;)]
i=1 Jj=1,5#i

Therefore, (|b]2p2) < SN, St Zj-vzl j2i{|Kij(x;i — 25)]?¢?), where, denoting by Z vector « with
component x; removed, we estimate

(IKij (s — 25)|P0%) = / |Kij(zi — x;)P0*(;, )dw;d
R(N—-1)d JRd

(we use K;; € F.(R?) in z; variable)

< /€/ / ]Vxl.@(:ti,:i)deidi’ —Q—c,.i/ Ydx
R(N-1)d JRd RNd

= K(|Va, %) + cnl0?).

Hence (|b]?¢?) < (N];—zl)2/£<|Vg0|2) + %cdaﬂ), as claimed. O
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Proof of Lemmal2. Let us first prove ([2.20). We have

N
(el?) Zlb'ltp2>§21 Y (Hile =)l

Denoting by Z the variable x with component z; removed, we estimate

(Ko (2 — 27)|0%) = / Ko (i — )2 (@0, 2)dasda
R(N-1)d JRd

(apply K;; € MF,(R%) in z; variable)

< [ wastmnpan) ([ e mim)

< W{|Vaip?) 2 (927 + cul?).

Nl

Therefore,
N N N
1 N -1 1 1
Z Z |K” ')|802> < Z N |:K/<|v33i80|2>2<802>2 +CH<(P2>:|
=1 J:l,];ﬁz =1
fV

Applying these estimates in (7.1), we obtain ([2:21][)
Next, we prove (Z2I)). We have div b(z) = Efil + E;-V:L#i(div K;;)(x; — xj). So,

(divd)4 Z ! dviij)_,_(:ci —xj).

Hence, by (div K”)_% € F.., (R?) (note that this condition is linear in (divK;;)4),

(v B, 9%) < St IVl + (N = Dew, (67,

i.e. we have proved ([2.21)) for (divb);.
Now, we prove ([2.22)). Recall that « € [0,1]. We have, using Jensen’s inequality,

|brl+“<2|b |1+a<2( >0 U<:ci—xj>|)1+a

Jj=1,j#i
N N
< NEE X Mt
i=1 Jj=1,5%#i

Therefore, applying ]KU] * € F,(R?), we obtain

(N_1)1+04 (N_1)1+a

(Ib]' %) < WUUV@’ ) W%WQ%

which gives us ([2.22)).

+ c,.i/ @2($i,i)d$i] dz
Rd

37
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Remark 11. In Remark [ we promised to prove that vector field b : RN? — RN defined by
B2) is in Fgar (RN?) with 67 = i, csne = Ne,. Here is the proof:

M 2 _ al ()2
M (@) = M),
i=1

where (recall that (, ) is the integration over RN z is vector x € RV with component z; € R?)

(M) ?) = / / M ()| (2, B s
R(N-1)d JRd
(we use M; € F,(R?) in z; variable)
< / / Vool 2) Pdedz + ¢, / Pz = u(|Vaol?) + cule?).
R(N-1)d JRd RNd
So,

N
(DM (@) %) = > (IMi(2:)P%) < u{|Vel?) + New(p?),

=1

as claimed.

8. PROOF OF THEOREM

With the exception of our proof of Proposition [l which is, modulo its homogeneous L? version
in [39], is new, we follow closely De Giorgi’s method as it is presented in [I7, Ch.7] with ap-
propriate modifications to account for our somewhat different definition of LP De Giorgi’s classes
(= functions satisfying the inequality in Proposition[I], see discussion in Section 223)). If we were to
take p = 2 (obviously, at the cost of imposing very sub-optimal constrains on the form-bounds),
then, once Proposition [Ilis established, we could simply refer the reader to [I7, Ch.7].

If b satisfies = fix throughout this proof p > 2%\/5, p> 2.

If b satisfies = fix p> ﬁ, p> 2.
Fix some Ry < 1. Recall that u is a classical solution of equation (5.]) in R4, i.e.
()\—A+b~V)u:f,
where f € C°, A > 0.

Proposition 1 (Caccioppoli’s inequality Nel). Let v := (u—k)1, k € R. For all0 <r < R < Ry,

1(VoE)1p, 5 < 0¥ 1,15 + Kalllf = Au|® 1usi1p,l

o
(R—1)2
for generic constants K1, Ko (in particular, independent of k or r, R).

Proof. Let us first carry out the proof in the more difficult case when b satisfies condition (As)).
We will attend to the case when b satisfies (A;]) in Remark
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We fix a family of [0, 1]-valued smooth cut-off functions {1 = 0, -, fo<r <r,<r on R? satisfying

{ 1 in B,,,
/]7: . —

0 inRY- B,
and
|V |? c
< 1 8.1
P P O (8.1)
&
VIVl < T 1B (8.2)
VIV < —=1s, (8.3)
ro — T1)2

for some constant c. For instance, one can take, for r1 < |y| < ro,

lyl—r1
1+ == e 1

n(y) =1 _/ p(s)ds, where p(s) :=Ce -9, sprip=[1,2],
1
with constant C' adjusted to fl s)ds = 1.
We put equation (5.1) in the form

(—A+b-V)(u—k)=f—)u

(keeping in mind that even if A > 0 solution u of (5.1]) satisfies a priori estimate |[u||ooc < A7 f]lc0s

so the || - ||co norm of the right-hand side of the previous identity is bounded by 2|| f||c0 ), multiply
it by vP~1n and integrate, obtaining

Ap—1 L L p P
L 3 )<Vv§, (Vo2)n) + =(Vvz,02Vn)
p p
—i—g(b-Vv%,vz n) < {|f = Aul,v""1n).
p
Then, applying quadratic inequality (fix some € > 0), we have
4p—1) 4
( (pp ) 5 ) <\V1}2| n) <UP 77| > 2(b - VouZ, 02 n) + p{|f — Aul, vP"1n) (8.4)

(We are mtegratlng by parts in the second term)

IN

2
4%<”va77|> + (bv®,vEVn) + (divb, vPn) + p(|f — \ul,vP " n)

L+ L+ Is+ 1.

By (810,

— L i1 |2
_4e(r2—r1)2||v Bl
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y (A,
I, < ([bv¥, v |Vy))

< SV (o8 /T allv? /Tl + csllv? A2
< 5(” 8) /[l + 5V /7] ||2) 1% /Tl + csllo /TR

Hence, using (82), (83]), we obtain
1
(Vl)g)]_B

1 » 1 »
I < b ——— g llv=1 N
= C<m” Akt B”"g) Vo el
CsC P 2
_r1||v213r2||2~

Thus, since ro —ry < 1,

I < 5

& D r
p— (Vo2)1p,,[|2[lv=15,,

for appropriate constant C'.

1 p
1+ —— 21
< - (7“2—7"1)2>”U2 Brz
Next, by (Ag),

I3 < (divby, vPn) < 84|V (02 )lI3 + cs, [0 v/ill3

p QV’I] 2
= 5+||(VU2)\/5+U2%||§ +cs, vzl
» V7

<o (el + (1 5 ) IETLE ) s 1A VAR (1> 0)

C1 P
(R

p 1
<S5 (1+e)||(Voz)ymll3 + 13, ¢ =04 <1+a>c+c(5+.

Finally, we estimate using Young’s inequality (p’ = %):
L s Byt L L) (02> 0)
—Iy < = — (/= v>0 2 .
p Ty pe} g

Applying the estimates on I1-I; in (84), we obtain

p C p ®
IIVo3 |1, |5 < " —[[(Voi)1p,, 205 15,42
2— 71

1 D 3
(1t s IoF L + Callf = Ml Lisolag B (89
(re —71)
Divide (83]) by ||U§IBR||§:
Vo)l 2 C Vo)l 1
LT N\ ZET PN i+ Jees oo
s —r-m [oFipls (rz— 1)

where

I1f — M2 1,501p,]3

[v81,5015,3

S? =

Inequality (8.0) is the pre-Caccioppoli inequality that we will now iterate.
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Put

I(Ve$)1s 0, I3

- —1
a? = 2z ,

" 08 1m0l p,3

the inequality (8.6 yields
az < C(R—r)""2"ap41 + C*(R —r)722*" + C2S?
with constant C independent of n. We multiply this inequality by (R —7)? and divide by C?22".

Then, setting y,, := (Rg;)ba", we obtain

Y2 < ynp1+ 1+ (R—1)252 (8.7)
foralln = 1,2,... A priori, all a,’s are bounded by a non-generic constant ||(Vo2)1p,||2/|[v2 15,2 <
00, SO sup,, Y, < 0o. Therefore, we can iterate (87) and thus estimate all y,, n = 1,2,..., via

nested square roots 1+ (R —7)25?% + \/1 + (R —1r)25% 4+ /., obtaining
Y2 <3+2R-7)%8% n=12...
Taking n = 1, we arrive at a; < K;(R —r)~2 4+ K352 for appropriate constants K; and Ko, i.e.

I(Vv2)1s, I3 11£1% Lox01 5,13
p p
vz 15,3 v 15,3

S K1<R—T)72+K2

)

as claimed.

Remark 12. If b satisfies condition (A;]), then we can work with somewhat simpler cutoff func-
tionsn € C®, n=1in B, n=0in R\ B,,, i.e.|Vn| < ci(ra—71) 7%, |An| < ea(re —r1) 72, and
we do not need to integrate by parts in order to estimate the second term in the RHS of (84).
Instead, we only need to apply quadratic inequality:

2/(p- Vot vEn)| < a(|Vlfn) + (bR ), o= —
The proof of Proposition [l is completed. O
Lemma 7 ([I7, Lemma 7.1]). If {2;}32, C Ry is a sequence of positive real numbers such that
Zig1 < NC’éziHa

for some Cy > 1, a > 0, and

Then lim; z; = 0.

Lemma 8 ([I7, Lemma 7.3]). Let ¢(t) be a positive function, and assume that there exists a
constant q and a number 0 < 7 < 1 such that for every 0 < R < Ry

¢(TR) < 7°¢(R) + BR’
with 0 < 8 < 4, and

o(t) < qp(7"R)
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for every t in the interval (T**1R,7*R). Then, for every 0 < p < R < Ry, we have

(p) < C<<%>B¢(R) + Bpﬁ)

with constant C that depends only on q, 7,  and (.

Proposition 2. For all0 <7 < R < Ry,

1 e
1 »(|IBpN{u>0}\7 2
< Cy [ o (WP 5000 AR CE M NN
by (gtetmneem) () e

for generic constants Cy, Ca that also depend on || f — Mullco (< 2] fllo), where o> 0 is fized by
ala+1)=2.

Proof. Without loss of generality, Ry = 1. Let % <r<p<l FixneC¥,n=1onB,,n=0o0n
R%\ B%, V| < 2. Set ¢ :=nv =n(u—k);, k € R. Using Holder’s inequality and Sobolev’s

p—r’
embedding theorem, we obtain

a—2

» » 2, pd a—=
10815, 12 < IC5 15,13 < (A ausiy) @ ((F21p,,,) T
2

<a|Byn{u> k}i(IV¢E PLp, )

2

= 1B, N {u> k}Ma(|(Vn2)vE +nEVoE 15
Hence

lv% 15,

2 1 p P
2 < aalBy 0 (0> kN (2 lob i, 4 190 s,., 1B)

On the other hand, Proposition [ yields:

V05 L, 1§ < g 0515, 5+ Kl = Nl B, 1> 13, (8:8)
SO
0¥ 15,1 < €13, 1 {u> 01 (s lob L I+ 17 = Al |, > 1))
< OB D> By e Ol — Ml By 0 > K (5.9)

(p—r)?

Now, returning from notation v to (u — k)4, we note that if h < k, then [|(u — k)%prﬁ{u>k} Iz <
II(w— h)ngpm{u>h}||2 and |[(u— h)ngpm{th}H% > (k—h)P|B,N{u > k}|. Therefore, we obtain

from (8.9)

[(u—k)i1p,

c . ,
3 < WH(U— h)31p, 03B, N {u > h}|7

Cllf = AullE,

g 2
—mp e h):1g, 3B, N {u> h}|a.

+
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p
Multiplying this inequality by |B,N{u > k}|* ( < Wﬂ(u—h)jlgpﬂg"‘) and using o’ + o = 2,
we obtain

1w = k)15, 1318, O {u > Kk}|*
1 [1f = Aullg 1

=Cle= * wne o

2 o) 1+a
w—h) i1 1B, N {u > b))

Now, take r := r; 41, p := r;, where r; := g(l + 2—11) and k := ki1, h := k;, where k; := £(1—27%),
with constant £ > R? to be chosen later. Then, setting

2= z(ki ri) = |[(u— k)31, [31Br, 0 {u > ki}|,

we have

) P R2 pia
Zi+1§K|:221+2 R:|i2 1+a

& | R? ¢pe “i
hence (using £ > R%)

2K 1
) (14w) 14+«
Zipp < 2P0 1—2 _fpa‘ z; .

We apply Lemma [l In the notation of this lemma, Cy = 2P+ and N = 2R—I§£%a We need

1 =y
20 < N QCO «
where, recall, 20 = (uP1p,n{u>01)|Br N {u > 0}|*. The latter amounts to requiring
2 1
E>C1R vazf.

1
Take & := R + C’lR_P%zé’. By Lemma [7, z(§, %) =0, le.supru < &. The claimed inequality
follows. O

Set

osc(u, R) :== sup |u(y) —u(y')|.
Y,y €EBR

Proposition 3. Fiz ko by

2kog = M(2R) + m(2R) := supu + inf u.

Bor Bar

Assume that |Br N {u > ko}| < v|Br| for some v < 1. If
osc (u,2R) > 2" IORY, (8.10)
then, for ky, := M(2R) — 27" tosc (u,2R),

rN{u >k, _crf?(dd*l) Bg]|.
B ko <
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Proof. 1. For h €)kg, k[, set w := (u— h)% if h <u <k, set w:= (k— h)? if u >k, and w := 0 if
u < h. Note that w = 0 in Bg \ (Br N {u > ko}). The measure of this set is greater than v|Bg|,
so the Sobolev embedding theorem applies and yields

(k=) 5| Brn{u>k}T <ey(wm™1p,) T < ep{|Vw|la)
< eo|AE(V(u— )5 Pl pngusny)?,

where
A:ZBRO{U>]I}\(BRO{U>I{?}).
Now, it follows from Proposition [ that

z C
(IV(u =) 1ppnusny) < R—i((u — WP 1By pngusny) + Ca| Bar N {u > h}|

< C3R¥2(M(2R) — h)? + CsR?.

For h < k,, we have M(2R) — h > M(2R) — k,, > CR?, where we have used (BI0). Therefore,
summarizing what was written above, we have

(k—h)¥|Br N {u>k}T <cA2RT (M(2R) — h)%.
2. Select k = k; := M(2R) — 27" tosc (u,2R), h = k;_1. Then
M(2R) — h =2 "0sc (u,2R), |k —h|=2""""osc (u,2R),
SO

2(d—1) 2(d—1)

< |BgrN{u > k;}|

|Br N {u > k,}| < C|A;|R2,

where A; := BrN{u > k;} \ (Br N {u > k;—1}). Summing up in ¢ from 1 to n, we obtain

2(d—1)

n|Br 0 {u>kn}|" 0 < CRTBr 0 {u > ko}| < C'RHY,

and the claimed inequality follows. O

Proof of Theorem [3, completed. Fix ko by 2ko = M(2R) + m(2R). Without loss of generality,
|BrN{u> ko}| < £|Bg| (otherwise we replace u by —u). Set k, := M(2R) — 27" tosc (u, 2R) >
ko. By Proposition 2]

1
| BR|

|Br N {u > k,}|
| BR|

sup(u — ky) < C’l(

Bpr
2

1 >
(= k)L ) ( ) LR}

14+«

Br N ko I\ 7 2

< C; sup(u—k:n)<| r0{u> }) —Q—C’gRi
Br |BR‘

We now apply Proposition Bl (with, say, C = 1). Fix n by

__d 1 e
2@-1 < | —— .
on” T < (2 Cl)
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Then, if osc (u,2R) > 2"+1R% . we obtain from Proposition [

M <§> —k, < %(M(QR) — k) + CoR?,

S0,

1 1
M (E) < M(2R) — ——osc (u,2R) + osc (u, 2R) + CQR%7

D) on+1 9 on+1
R R 11 2
M (5) —m (5) S M(QR) — m(2R) — imosc (U, QR) + CQRP.
Hence, since osc (u,2R) = M (2R) — m(2R),
R 1 2
0sC (u, 5) < (1 - W)OSG (u,2R) + CoR>. (8.11)
If osc (u,2R) < 27+1R% . then, clearly,
R 1 1 2
osc (u, 5) < (1 - W)OSG (u,2R) + iRP' (8.12)

This yields the sought Holder continuity of u via Lemma B with 7 = 1, § = log, (1 —27""2) and
0<p< % A d. (Note that the second inequality in the conditions of Lemma [§ holds if ¢ = 1 and
© is non-decreasing, which is our case.) U

9. PROOF OF THEOREM

If b satisfies (5.4)), then we fix throughout the proof p > ﬁ, p > 2. If b satisfies (5.5]), then

we fix p > ﬁv p>2,p <1+, where, recall p’ := %.
We are going to modify some parts of the proof of Theorem Bl But there are some important
differences:

(1) To prove Theorem [0l we need to obtain an L> bound on solution u of nonhomogeneous
equation (B.0), i.e.estimate (7). At the first sight, establishing an L° bound seems
to be easier than what we did in Theorem [0, i.e. proved Holder continuity of solution.
However, equation (0.0 is more sophisticated than the elliptic equation in Theorem
its right-hand side contains a posteriori unbounded function |h|. (To add more details: in
the proof of Theorem [3] we will need to take vector field h = b, and h = b, — b,;,, but,
crucially, the sought L° bound on solution u should not depend on n or m. In other

words, L>° bound on solution u should not depend on the boundedness or smoothness of
b and h.)

(2) Since there is now a posteriori unbounded factor |h| in the right-hand side of (5.6), we
will need a different Caccioppoli’s inequality, i.e. the one in Proposition [

(3) Although the sought L° bound on solution u of (5.6)) is a global bound on R?, we will
still have to argue locally, i.e. work with cutoff functions. There are important reasons for
this, see explanation Section [L.11
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Proposition 4 (Caccioppoli’s inequality Ne2). Fix Ry < 1. For all0 < r < R < Ry and every
k >0, the positive part v := (u — k)4 of u — k satisfies

MoE1p, |5+ [(Vo?)1s,

K
2 1 2 2
2 < WHW 15,2

+ Kol (Ljpys1 + W 2 Lnj<0) 1 £1 2 Lus k1B, |13

for generic constants K1, Ko (so, independent of r, R and k).

Remark 13. Comparing the Caccioppoli inequality of Proposition d with the one in Proposition
[ one notices that we kept bounded function 15~ + |h|%1|h|§1 in the right-hand side. We will
use this function as follows. In the proof of Theorem Blwe will consider, in particular, h = b, — b,,.
We will need to show that the corresponding solution u goes to zero locally uniformly on R? as
n,m — oo, which will be possible to do using (5.1)) precisely because we kept 1jp~1 + ]h|§1‘h‘§1.

Proof. We extend the proof of Proposition [I] to the setting of Proposition @ Once again, first
we carry out the proof in the more difficult case when b and h satisfy condition (5.5]), and then
attend to the case when b and h satisfy (5.4) in Remark [I4l

Let {1 = vy ry fo<ri <rs<r be a family of [0, 1]-valued smooth cut-off functions satisfying (8.1])-

B3)

From equation (5.6 we obtain, since both A and k are non-negative,
A=A4+b-V)(u—Fk)<I|hf|.
After multiplying by vP~!n > 0 and integrating, we obtain

4(p-1)

AvPn) + (Vv?,v5Vn)

(b-Vus, vin) < (hf],vP"1y).

Then, applying quadratic inequality (fix some € > 0), we have

o) + () = ) (o < 2

(we are integrating by parts)

[Vn?

) Y= 2(b- Vo, vin) + p(lhfl,vP"n) (9.1)

V 2 b 2 .
< |—7;7| )+ (v, 0B V) + (divh,vPn) + p(h S0P ) = L+ T+ Iy + L.
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Terms I;-I3 are estimated in the same way as in the proof of Proposition [Il Term I is different,
so we argue as follows:

1 _
514 < ((Ih[pys1 + (W[ Lp<a) | f] 0P~ 1)

(we open the brackets and apply Young’s inequality)

’

p
' 1
< Z(|h|P 1= 10Pn) + p—5p<1|h|>1\f\p77> (e2>0)
2

= | D

™
[\

1
+ = (v"n) + thlpl\h\g\f\”m

2

’B\

<using 14+~ >p', we apply \h|1+TW € F, in the first term,

/ 14+ P
e. (|h[P" Ljp=1vPn) < ((Ih]7=27)% (02 /)?) < x(|(Vo?) \/—+v2 | ) + e Upn%so:)
P le |V77‘2 P 1
<2 i Vot -2 = D){wPn) + —{(O|f|P1y=0n),
s2 x(IVo? [n) + 2p,x< ) >+p, (ex +1)(v n>+p€§< |fIP1ys0m)

where © := 151 + |[h[P1}h /<. Selecting e, sufficiently small and applying the estimates on I;-14
in (@), we obtain

MoF1p, 15+ IIVv 1p,, I3 <

Cl P P
(0, vt L,

1 P 1, .2
+ O 14+ ——— | ¥ 15,13 + G502 £15 1m0l 5,2,
(ra —7r1)

so, dividing by ||[vZ1p, |3, we arrive at

A[vits,, 3+ I(Voi)1s, 1§ _ G AlvEls, 3+ [(Vv5)1s, |2

[v2 15,3 T2 m [02 15,2
1
+ Oy <1+7) + (0352, 9.2
(1"2 — T1)2 ( )
where S? := ki /] $1uo01np3 . This is the pre-Caccioppoli inequality that we will iterate. Put

HU2 1,018,113

P P
Mo21p o 3+(Ve2)ls o, I3
a2 — R on—1 R on—1
" 05 1,5015,3 ’

so the inequality (@.2)) yields
a2 <CO(R—7r)"12"a, 11 + C*(R —r)"22*" + G252

with constant C independent of n. We multiply this inequality by (R —7)? and divide by C?22".

Setting v, := %

, we obtain
Yn < Yo+ 1+ (R—1)25° (9-3)

for all n = 1,2,... We note that all a,’s are bounded by a non-generic constant (A\|v%15|3 +
1(Vu3)1g,]l2)/v21B,]l2 < o0, so sup,, y, < oco. Therefore, we can iterate (@.3) and hence
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estimate all y,, n = 1,2, ..., via nested square roots 1 + (R — r)25? + \/1 +(R—r)282+ /-,

obtaining
2 <3+2R—-7)28% n=12...

Taking n = 1, we arrive at a; < K;(R —r)~2 4+ K352 for appropriate constants K; and Ko, i.e.

1 D
12| |5 1y>015,3
||’U%1BR||%

Moo 1p, |13+ [[(Vv?)
||’U%1BR||%

2
lBr||2 SK]A(R_'I")72+K2

)

as claimed.

Remark 14. If b and h satisfy condition (5.4)), then, again, we can work with cutoff functions
neEC®, n=1in B,,,n=0in R\ B,,, ie|Vn <ci(ra —r1)7 1, |An| < ea(re — r1) 72, and we
estimate the second term in the RHS of (@) right away using quadratic inequality:

1 2
2/(b- Vo2, vin)| < a(|Vo|2y) + 1o (7o), a= —.
@

V5

Regarding the terms containing h, we simply take v = 1, which transforms condition |h\1+T7 €eF,,
X < oo from (5.5)) into condition h € F, in (5.4)), and argue as in the estimate on I above.

This ends the proof of Proposition [l O
Recall that we have fixed 1 < 0 < d%z in the statement of the theorem.

Proposition 5. There exists generic constants K and 8 €]0,1[ such that, for all X > 1, the
positive part uy of solution u of non-homogeneous equation (5.8) satisfies

0 1 _B ’ ’ L
SUp 1 < K(@ﬁ 15,07 + A7 ((Lpys1 + [hPLn<1)” |F1P) 15,)7 ) (9.4)
1
2
Remark 15. In the proof of Proposition [ we iterate simultaneously over (a) balls of decreasing

radius (b) super-level sets of solution u. To get an overview of the proof, one can first formally
take r = R = oo to see that the iterations over super-level sets indeed work as intended.

Proof. Proposition @l yields
MvE1p, 5+ 102 1208,y < Ki(R=7)2([v]1} 05,
1
+ K2||®pf1u>k||iP(BR)’ v i= (u — k)+7 k Z 0,

where © := 1jp>1 + [h[P1jh<; and K1, K, are generic constants. By the Sobolev embedding
theorem,

_ 1
A””HiP(BT) + ||U||i%(3 ) <Ci(R—r) 2||U||ip(BR) + C2||®"f1u>k||ip(BR)-

Next, we estimate the left-hand side from below using interpolation inequality:

1 1 d—2
NNl o5,y < BNV o5,y + (1= 5)”””2% ) 0<f <1, i /32—) +(1- /B)p—d'

r
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8
Remark 16. 1. To prove the previous inequality, we put for brevity r = d_ =A% and write
=9

wulo|? = (uﬁv) v ol , s0, denoting here the integration over B, by (- > we have

1 a8 B)q
P

{plo]?) < {(nFav)?)

Hence
b 1 m(1—B)2
pa [l < ((urav)P)P (o) =A%,

and it remains to apply in the right-hand side Young’s inequality ab < [5’(1% +(1-— B)bﬁ.
2. We could take 8 = 0, in which case

pd A
d—2 T 4d—2

but then we lose the dependence on A in the second term in the right-hand side of ([@.4). Strictly
speaking, we do not need to keep track of the dependence on A in this work, but this is needed
for some other applications of Theorem [B] e.g.to construct strongly continuous Feller semigroup
in [37]. To get an overview of this proof it is worthwhile to first ignore A and to take 8 = 0 and
Oy = =%

q:

Put 0y := %, sol << d%‘lz. We fix § €]0, 1] sufficiently small so that 6 < 6.
Hence, taking into account that ¢ = pfy,

- = 1
NN sy < CoBR =) 20l + CollOF FLusik 17, 51
Applying Hélder’s inequality in the RHS, we obtain
_ -1 ~ 1
N0l oy 5,y < Cr(B = 1) BRI 017005,y + C2llO7 flusl (- (9.5)

Set

1 1
Rm::§+2m+17 mZO,

so B™ = Bp,, is a decreasing sequence of balls converging to the ball of radius 1. By (@.5),

)‘ﬁHU”LpGO(BmH) = 0122m||vl|pp6(3m) + CQHG) f1u>k||Lp(Bm)
< Co2 ol g, + CoHIB™ 1 {0 > 0} 1, (96)

where
= (0% |f[P150)7 (B° = By, i.e.ball of radius 1)

On the other hand, by Hélder’s inequality,

-
(61880 gm0y < Dol sy (187 0 00 0)
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Applying ([@.0) in the first multiple in the RHS, we obtain

-
60820 gty < ON (227 ol + 157 0 (o> 0} ) (187 0 o> 03}

Now, put v, := (u — kn,)4+ where k,, := £(1 —27™) 1 &, where constant £ > 0 will be chosen
later. Then, using 229 < 2P9™ and dividing by P9,

1 00
@vaJrlane(BmH)

9P pOm 17%
< O (T Moy + g BB 0 (0> s} ) (187 0> b))

Using that A > 1, we further obtain

1 0
@H’Um“rlHLPQ(Bm-FI)

2p9m m m 17%
< (5 o1y + A B 0 > R} ) (1870 (> b} )

From now on, we require that constant ¢ satisfies € > AP H, so
1

@vaﬂﬂiepe(gmﬂ) (9.7)
_ [ 9pOm 1—g5
< C( £ ||vm+1||ip9(3m) +|B™ N {u > km+1}|) (|Bm N{u> km+1}|>
Now,
B™ A {u> k)| = |B™ A {( 7@2 Y

< (kmt1 —km)™ p9< pelB ) =& p92p9(m+1)”vm”Lpe(Bm)a
so using in Um+1||rro(Bmy < ||Vml|Lre gy and applying the previous inequality, we obtain
(B™) (B™)

1 Om(2— 1 2=,
fpg ||vm+1||Lp€(Bm+1) < CQp " 90 (5?9 ||Um||Lp9(Bm)) .

Denote z, := 5pg||vm||L,,9(Bm) Then

0 s
a1 SO m=0,12 ., ai=1-g, y 1= 2P0 )

1

and z0 = 77 (u+ 1po) < C =y —ar (recall: BY := By, = B;) provided that we fix ¢ by
P9 .= Canya? (U1 50) + AP H.

Hence, by Lemma [ z, — 0 as m — oco. It follows that Supp, ,, U+ < &, and the claimed
inequality follows. O

To end the proof of Theorem [6] we need to estimate (ulfl B,)/P% in the RHS of (@.4) in terms
of h and f. We will do it by estimating <uﬂep>1/ P9 where, recall,

p(z) = (1+klz[*)72~
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and then applying inequality p > c1p, for appropriate constant ¢ = cq.
Proposition 6. There exist generic constants C, k and \g > 0 such that for all A > g,
P
(A= 20) (W70} + (Vb 20) < C((Lngsr + L) | F170). (9.8)

Proof. Let b satisfy condition (B.5]). We may assume without loss of generality that p > ﬁ is
rational with odd denominator. We multiply equation (5.6) by u?~!p and integrate to obtain
dp—1)

P2
Now we argue as in the proof of Proposition[], but instead of the iterations we use a straightforward
estimate |Vp| < (£ + 1)Vkp in order to get rid of Vp in the previous identity. We arrive at

b b 2 b yo 2 b b
AMuPp) + (Vuz, (VuZ)p) + - (Vu2, uzVp) + —{b- Vuz, uzp) = (hlf, u~"p).

pxwm+(ﬁ%}9—§ﬁ<vﬁﬁm

<P (d +1)%k(vPp) + (%l + D)VE(b|uP p) + (div by, uP p) (e, >0)

4e
d
(25 X{(|Vu®|?p) + 2¢ x(2 + 1)%k(uPp)

e DU+ (s + 0P L) 79 ).

The terms (|blu?p), ((div b)4,uPp) are estimated by applying quadratic inequality and using con-
dition (B.3)). Selecting e, €', k sufficiently small, we arrive at the sought inequality.

If b satisfies (5.4]), then the proof is similar but easier (i.e. we do not need to integrate by parts,
only to apply quadratic inequality to (b- Vu?,u%p) and use form-boundedness of b). O

Proof of Theorem[d, completed. By Proposition Bl for all A > 1,

1 _B ’ ’ J7
sup  |u(y)| < K(W””px}?e + AT (s + 0P Lp<a) 1F1P pa) ? )

yGB%(I)

where p,(y) := p(y — z), and constant C' is generic, so

1 _B ’ ’ %
ulloo < K sup <<U’pepx>”9 + AT (Lpys1 + 0P L <) [F1P pa) 7 )
TES 17.d

Applying Proposition [ to the first term in the RHS (with pf instead of p), we obtain for all
A> XV

1
|ul|oe < C sup ((A - Ao)fp%<(1\h\>1 + |h\p91|h|§1)\f\pepz>”6

mG%Zd
_B ’ ’ L,
+ AT <(1\h\>1 + |h|p9 1|h|§1)|f|p0 Pz>"9 )

This ends the proof of Theorem [6 O
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10. PROOF OF THEOREM [3]

(i) By the assumption of the theorem, the Borel measurable vector field b : RY — R? satisfies
either

beFs; withd <4 (A1)

or
b € MF; for some § < oo,
(divb)_ € L' + L,
(divh)? € Fy, with 0, < 4,

]b|1+Ta € F, for some o > 0 fixed arbitrarily small, and some x < oo.

We define a regularization of b as in Section
be == E:b, €0,

where E. is the Friedrichs mollifier. Then, recall, {b.} are bounded and smooth, preserve all

form-bounds in (A7) or in (A3), and converge to b in [LZ ] or in [L{ ]9, respectively.

Step 1. By the classical theory, for every € > 0, there exist unique strong solution Y; to SDE
t
V) =y~ [ bVi(s))ds + VEB(), e R,
0

where {B(t)};>0 is a Brownian motion in R¢ on a fixed complete probability space (Q, F, F, P).
Fix T > 0.

Lemma 9. Let vector field g € [C,(R?)]? be such that:
1. If b satisfies condition (A3), then

(g0, 0) <XVl +exliels, wew™?, (10.1)
where constants x, ¢, are from condition (A]).
2. If b satisfies condition (A1), then (IO holds with o =1, x =& and ¢, = ¢s.
Fizy>0byl+a=(1+~)2% Then
t1
B[ e(Vi(s)lds < Catts —10) . (10.2)
0

where constant Cy does not depend on e, y or tg, t1 (but it depends, by Theorem[d, on constants
X: Cx)-

(We will be applying (10.2)) with g = b..)
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Proof of Lemma[d First, let g € [C.(R%)]?. By Holder’s inequality,

E / g(Ya(s))lds = B / LM Mg (Ve (s))ds

to to
1
y o0 m
<70 - )1 (B [ gy o)) s )
0
= Mty — o) Fru(2) T (10.3)

where u,. is the classical solution to non-homogeneous elliptic equation
[(1 +VA—A 40, - V}ue = |g|1+’y.

Note that, in view of the results of Section B, condition implies the second condition on
b of Theorem [l for b.. (If b satisfies condition ([A;]), then b, satisfy the same condition in Theorem
Bl) Further, we take in Theorem [B] h := g|g|” and f = 1 in a neighbourhood of the support of
g. In view of 1+ o = (1 +~)2 and ([ITI), h satisfies condition |h| 2" € F, of Theorem [6l Thus,
Theorem [6] applies and yields

n / o
|tuel|oe < C su d(<(1|g|>1 + 1g| TP 1) p0) P+ (Ljggsr + 18l TP 1 g1<1) pa) 70 )7
m€§Z

(10.4)

where the right-hand side is finite (by our choice of p) and clearly does not depend on e. It is
seen now that (I0.2)) follows from (I0.3]). Using Fatou’s lemma, we can replace the requirement
that g has compact support by g € [Cy(R9)]%. O

Inequality (I0.2)) yields, upon taking g := b.,
t1 N
B [ 009)lds < Calts — 1) (105)
to

(note that |b-|**7 have independent of ¢ finite form-bound x and constant ¢, see Lemma[f]). This
gives us the next lemma. We will write Y¥ to emphasize the dependence of solution Y, on y.

Lemma 10. (i) For every > 0,

sup sup P{ sup Y¥(t+0') —Y¥(t)| > B| < CH(o), (10.6)
>0 yeRd te[0,1],0’€[0,0]

where constant C and function H are independent of €, and H(o) [ 0 as o | 0.
(1) For every y € R?, the family of probability measures

PE:=(PoYY)™', &£>0,

xX

is tight on the canonical space of continuous trajectories on [0, T].

Proof of Lemma[I0 The argument is standard. For reader’s convenience, we include it below (we
repeat more or less verbatim a part of [32]). Put for brevity 7= 1. We have, for a stopping time
0< 7L<,
T+0o
YY(r+0)-YY(7) =/ bn(s,YY(s))ds + V2(B(t + o) — B(1)), 0<o<1. (10.7)

T
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Next, note that (I0.5]) yields
T+o 5
E/ b (s, Y (s))|ds < Coor+1, (10.8)

see Remark 1.2 in [56] (to show that (I0.5) = (10.8]), the authors of [56] use a decreasing sequence
of stopping times 7, converging to 7 and taking values in S = {k27™ | k € {0,1,2,...}}, and
note that the proof of estimate (I0.8) with 7, in place of 7 can be reduced to applying (I0.5]) on
intervals [to, t1] := [¢,c+ o], ¢ € S.) Thus, applying (I0.8) in (I0.7), one obtains

E sup |YY(r+0')— YY) < CooT + Co? =: H(o).
o’ €[0,0]

Now, applying [67, Lemma 2.7], we obtain: there exists constant C independent of € such that

sup sup E sup YY(t+0') = Y¥(t)|2| < CH(0). (10.9)
e yeRd L t€[0,1],07€[0,0]

Applying Chebyshev’s inequality in (I0.9), since H(o) | 0 as o | 0, we obtain the first assertion
of the lemma. The second assertion follows from the first one, see [51, Theorem 1.3.2]. O

Fix y € R%. Let P, be a weak subsequential limit point of {P7},
Pyr — P, weakly  for some ¢y, | 0. (10.10)

Let us rewrite (I0.2)) as
t 5
EZ/t g(w)lds < Ca(ty — 1) ™.
0
Taking g := b.,, and then applying (I0.I0), we obtain E, ftil be. (ws)|ds < Ca(ty — to)T7, and

hence, using e.g. Fatou’s lemma, E, ftil |b(ws)|ds < Ca(ty — 1) T < oo.

Step 2. Let us show that, for any fixed y € R?, any subsequential limit point P, of {P5} (say,
(I0I0) holds) is a solution to the martingale problem for SDE (.1]). Set

¢
MP® = p(w) — p(wo) +/ (=A@ + b, - V) (ws)ds, ¢ e C2
0

It suffices to show that E,[M/G] = E,[M7G] for every By -measurable G € C,(C([0,T],R?)).
We will do this by passing to the limit in £ in

ESH (M G = ESF (M7 G.

That is, we need to prove

t

li’Icn]Ez’“/O (be,, - V) (ws)G(w)ds = ]Ey/o (b- V) (ws)G(w)ds, (10.11)
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Proof of (I0.I1). First, let us note that repeating the proof of ([I0.2]), but this time selecting
h:=glg|", g :== b, —be,, , f=|Vep|, we have

t1
B [ [ben, (0] = b () [ Vi)

to
1
1 ’ ’ 1 T+~
< CS Slipd <<(1g>1 + |g’(1+7)p91|g|§1)|V(p|p0px>pe + <(1\g\>1 + |g’(1+'y)p0 1\g\§1)’V¢’p9 px>p€/> y
TEFL

Since ¢ has compact support, the RHS converges to 0 as m1, my — 00. Now, it follows from the
weak convergence (I0.I0) and Fatou’s lemma that

E, / b(wn) — be,, (w0)| IV ol

to

1
< Cs sup <<(1|b—b6m|>1 + 10— be, TP 1<) [Vl i) 7

z€LZ4

1
, . L \TH
F{(Lpmb, 1+ 0= e, [TFIPIL ) [Vl Pz)""') )

where the RHS converges to 0 as m — oo. We are in position to prove (I0.II):

B [ e, - VOGS B, [ (o) ()Glw)ds

t
< B / ber, — e, ||Vl (ws)|G ) ds

+ |E,** /0 (be,, - V) (ws)G(w)ds — Ey/o (be,, - V) (ws)G(w)ds

+

)

t
E, / be,, — B[Vl (w0 )| G w) ds
0

where the first and the third terms in the RHS can be made arbitrarily small using the estimates
above and the boundedness of G by selecting m, and then ny, sufficiently large. The second term
can be made arbitrarily small in view of (I0.I0) by selecting nj even larger. Thus, (I0.I1]) follows.

Step 3. Let us now find a subsequence €5, | 0 that works for all y € R? and yields a strong
Markov family of probability measures P, y € R?, solutions to the martingale problem for SDE
@I). Denote RSf := u., where u. is the classical solution of (A — A + b, - V)u. = f in RY,
feCr A>X V]

5f(y) = Eep: /0 e f(ws)ds.

By Theorem[B], u. are uniformly in ¢ bounded on R?. By Theorem [Blapplied to b., solutions u. are
Holder continuous on every compact, also uniformly in € > 0. By the Arzela-Ascoli theorem and a
standard diagonal argument there exists a subsequence £, | 0 such that sequence {R5 f} converges
locally uniformly on R?, for every f in a fixed dense subset of Cy. Let us denote the limit by Ry f.
The latter, and the uniform in € estimate || RS f||oc < $|/f|loc allow us to extend Ry f to all f € Cy.
Thus, Ry f € Cy, f € Cy. Now, for this subsequence ¢, | 0, for any y — y, any two subsequential
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limits P*, P? of {P*} (we use (I0.I0)) have the same finite-dimensional distributions (see [5] for
details, if needed) and therefore coincide: P, := P* = P2. Hence Ep, [;* " f(ws)ds = Rxf(y).
By what was proved above, P, is a martingale solution of ([1]). A simple argument (see [5]) now
gives that, for every t > 0, y — Ep, f(X;) is a continuous function. The latter, in turn, yields
that {P,},cga is a strong Markov family (the proof can be found e.g.in [5] or [6l Sect.I.3]).

This completes the proof of assertion (i).

(i) Let b, be defined by ([£2)), so that vector fields {b,} do not increase the form-bounds of
b. In the end of the proof of (i) we show that there exists a subsequence b, (for brevity, {b,}
itself) such that, for every f € C°(R9), the classical solutions {u,} to elliptic equations

A= A4by-Vu, = f

converge locally uniformly on RV? to
o0
x+— Ep, / e M fwl . wM)ds, xeRNY (10.12)
0

where )\ is assumed to be sufficiently large. This yields the local Holder continuity of u. At the
same time, u, are weak solutions of (2.4) in the sense of Definitions [l and [/l The possibility to
pass to the limit € | 0 in these definitions follows from the standard compactness argument (for
details, if needed, see e.g. [39]).

(iii) The proof goes by showing that v,, constitute a Cauchy sequence in L ([0, 1], LP(R%)), see
[25], see also [33]. At the elliptic level this was done earlier in [41] using Trotter’s theorem. The
proof of the (LP, L7) estimate is due to [50]. (Strictly speaking, these papers did not consider
condition (A3]), but it is easy to modify the proofs there to cover the case as well.)

(iv) It suffices to show that, for all u > pg, for every f € C2°,
R f— (n+Ap)7'f inCxasel, (10.13)

possibly after a modification of (1+A,) "' f on a measure zero set. The rest follows from estimates
IRueflloo < I flloos It +Ap) " fllo < 7t flloo (an immediate consequence of the fact that
the corresponding semigroups are L contractions) using a density argument.

Let us prove (I0.13)). Put u. := R, . f, so u. is the classical solution to (u — A +b-V)u. = f
on RZ. Then, by Propositions [ and 6 (with |[h| = 1), for all u(> 1V Xg) + 1

sup Jus(y)| < C<<!f!”"px>P19 n <!f!”9'px>"_19’)

yEB L (w)
for constant C' independent of €. It is seen now that for a fixed f € C°, for a given € > 0, we

can find R > 0 such that

sup lue(y)| < e.
yERI\BR(0)

In turn, inside the closed ball Br(0), the family of solutions {u.}.~ is equicontinuous by Theorem
So, applying Arzela-Ascoli theorem and using the convergence result for the semigroups in LP
from assertion (444), we obtain (I0.13).

(v) The proof is an application of Proposition [[l and Gehring’s lemma:
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Lemma 11. Assume that there exist constants K > 1,1 < q < oo such that, for given 0 < g € L9,
0< heLiNL>® we have

(gt 1BR>)% < oot + (e 0 1BM>)%

forall0 < R < % Then g € L® for some s > q and

(o) =0 (gptomien) + o 1o

We are in position to prove assertion (v). Without loss of generality, f > 0, so u,, > 0.

q

s

0=

Step 1. Set (un)pB,, = \E;T,?\WnleR>~ Repeating the proof of Proposition [ with p = 2 for
Up, — (Un) Byp, We Obtain
K,

1
72«“” - (un)BzR)2132R> + K2<|f - ﬂun‘QlB2R>v 0<R< 5 (10'14)

(IVun|*15,) < 5
|Bap|@

By the Sobolev-Poincaré inequality,

d+2

N

1 1 1 24 24
<B2R <(u7l - (un)B2R)21B2R>> < C|BR| d <|B2R| <|vun| a+2 1B2R>) y (10.15)
ie.
d+2
1 a4
(= ()81} < 1Bl (o (T 511,00
2

Then the condition of the Gehring lemma is verified with g = \Vun\%, g% = |Vu,|? (soqg= ‘%‘2)

and h = c|f — uun|d27+d2. Hence there exists s > ‘%2 such that

a+2

s

1 ,_2d_
+C2<|B |<|f Hun|éd2f21B2R>> )

s 24 : 1
(vl #1a,) < 05Vl )

where all constants are independent of n.

Now, passing in both sides of the previous inequality to the cubes (inscribed in Bg in the
left-hand side and circumscribed over Bsp in the right-hand side), then considering an equally
spaced grid in R? so that the smaller cubes centered at the nodes of the grid cover R?, applying
the previous estimate on each cube, and then summing up, we obtain the global estimate

IVeunll? 20 < C3l|Vunll3 + Call f — punll? 2
2 d+2

Step 2. Let us show that sup,, ||Vu,||3 < co. To this end, we multiply (4 — A+ b, - V)u, = f
by u, and integrate, obtaining p|u,||3 + ||Vun||§ + (by, - Vun, Up) = (f,un), where

(by, - Vg, up) = (dlv b, u2) > — ((dlvb ), u?).

Hence, by our form-boundedness assumption on (div b, ),

(= %)l + (1= % ) IVl < (), (10.16)
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So, applying the quadratic inequality in the right-hand side, we arrive at (u — 5= — 1)|ju,||3 +
cs

) .
(1= %) | Vun 3 < 3113 Since 84 < 2, sup, [Vunl3 < oo for > g := 5= + L.

Step 3. Next, ||un|l2 < C|f]l2 and a priori bound ||un||ee < ||f]lee yield sup,, ||un||sdz_+d2 < 0.

Hence sup,, ||f — pun? 20 < 0.
d+2
Steps 1-3 give us a gradient bound
sup ||Vun||§d2_+d2 < o0

which we are going to use at the next step.

Step 4. Put h := u,, — u,,. Then

pllBll3 + IVRIZ + (bn - Vhy h) + ((bn = bm) - Vi, h) = 0.

So,

Cs 1 1)
(1% = 5) 1003 + (= STMIE < (0 = b) - Fum )] (1047

In turn, the right-hand side
[((br, — bm) - Vm, h)| < ||bn, — bm”Qf%HvumHsdz—sz”f”oo
where 0 < 7 < 1 is defined by

! 2d
9o (¢ 24\ _ _Sds
d+2 2d

STt2

(recall that sdQ—_i‘_i2 > 2). Since {b,} converge to b in L?~*, we obtain that the RHS of (I0.17)
converges to zero as n, m — 00, so {u,, } is a Cauchy sequence in L?. (This yields the independence
of the limit on a particular choice of {b,, } since we can always combine two different approximations

of b obtaining again a Cauchy sequence of the approximating solutions.) O

Remark 17. We carried out the proof of assertion (v) assuming that 04 < 2 instead of d; < 4
as in the other assertions. In fact, to handle 61 < 4 we need to consider (u—A+by,-V)u, = f in
L, p> ﬁ. However, the step where we use the Sobolev-Poincaré inequality ([0.15) in (I0.14)

is ultimately an L? argument. Hence the need for a more restrictive condition J, < 2.

11. PrROOFs OF THEOREM [I[(7),(%) AND THEOREM [2](¢)

Theorem [1(7), (i) and Theorem [(7) follows right away, in view of Lemmas[I] 2 from Theorem
B(4), (#) where we consider the general SDE in RN? with Y = (X1,...,Xx), B = (By,...,Bn),
y = (x1,...,2y) and drift b : R¥? — RNV defined by (2.19). O

12. PROOF OF THEOREM [2](7)

This follows right away from Theorem [Bl(iii) and Lemmas [T 2
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13. PROOF OF THEOREM [II(iii)-(v)

(i11) follows from Theorem [Bl(i77) and Lemmas [ 2

(iv) follows from the uniqueness result in [30], see also [28], and Lemma [Tl

(v) follows from the result in [29] upon applying Lemma [Il The assertion before, i.e.that
Theorem [1I(7)-(4v) is also valid for the interaction kernels of the form (28], follows upon applying
an appropriate (straightforward) modification of Lemma [l

14. PROOF OF THEOREM [2l(iii), (iv)

(#11) Since the sum of two form-bounded vector fields is again form-bounded, we only need to
improve Lemma 2] for K(y) = \/E‘12;2|y|’2y and then simply repeat the proof of Theorem [II()-
(#ii). In Lemma 2l we have three estimates (Z.20), (Z21) Z.22) for b = (b, ...,bx) : RV? — RN,

where now

N
d—21 By ,
bz(ﬂc):\/ETN Z :visz’ = (x1,...,2,) ERVY 1 <i<N. (14.1)
jorgpi 1%~ Tl

We do not need to change (2.20) and (2.22) since the actual values of the form-bounds there are
not important for the sake of repeating the proof of Theorem [2, only their finiteness matters. The
form-bound d in ([Z21]), however, plays a crucial role. Let us estimate it using the many-particle

Hardy’s inequality (20):

N N
1
(divb)y =divb=")" ~ > div K (a — ;)
i=1 Jj=1,j7#i

_ el > 1

2
N 1<i<j<N i 1:]]

Applying ([CZ0), we obtain that (divb)? € Fj, with 6, = v/ Armed with this result, i.c.a
replacement of Lemma [2] we repeat the proof of Theorem [2] (i.e. we apply Theorem [B] where we
still have 04 < 4).

(iv) We apply Theorem Bl from Appendix [Al There  := RV and p is the Lebesgue measure on
RY4, The semigroup e~** and thus the heat kernel e=**(x, %) is from assertion (ii). The weights
{@s}s>0 are defined by

ps(x):= [ nG2lai—zl), s>0.

1<i<j<N

It is easily seen that these weights ¢, satisfy conditions (S2)) and (S3) of Theorem 8 In turn,
condition (S7) with j = 5% and r > 2(2 — &=L/k)~! was verified in Theorem [2(ii) under
hypothesis (Z.I5)), see (2.5). Let us verify the “desingularizing L' — L' bound” ([S) for 0 < s < t:

Step 1. Set
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and put
pi@)=¢ (@)= [ mlw—a5le), | —ale = \flwi — 252+, >0

1<i<j<N

Define
d—2 1
Yi(a) = [ (s 7lai—ayl) VR N
1<i<j<N
and put
g
be = _vzzg) (clearly, independent of s).

This is a vector field RV4 — R¥4 guch that

N N
bV = VRS T Y Y v

Without loss of generality, we discuss the (minus) first component RV¢ — R of b,:

vx © 1 —Jre=2 1 _JRd=21
wlaw :E Z H |$i—$j|s\/_ 2 vi1<|$1—1¢k|5 2 N)

2<k<N 1<i<j <N, (i,5)#(1,k)

d—2 1
—VESE N

B Ve |zr — 2ple
- Z —/r9=2 1
2<k<N |71 — Tk|e

2 N
:_\/Ed—Qi T — Tk

2 N x1 — 2|2’
2§k§N|1 kle

In the same way,

V131 ¥
SDE

_ Z Vm??s(\l’l—xk\s)

y 2= (e — o)

We now compare these quantities (this will be needed at the next step):
(a) If |x1 — xk]e < /s for all 2 < k < N, then, by the definition of 7,

_vxlqus + Vxﬁps —

e e 0.

Therefore,

vilws . (_ vl’ldja + vlﬁp‘S vl‘flﬁ‘S + vIﬁDE
©° Pe ©° (G ©°
(b) If there exists one kg such that |21 — zk,|c > 24/s, but for the other k # kg |21 — x| < /s,
then, since z1 — 1s(|z1 — Tk, |c) is constant and so V,, ¢° = 0, we have
vl-l/(/)E vl'l SDS _
v e

) =0, divy, (-

) =0.

d—21 x1 —zy,
2 Nz — k2

VE
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Hence
vl’l‘:ps . (_ VI1§/}E + VI1;06 leg/fs + vll‘:ps)
® (4 © (4 ®
(¢) More generally, if there exist 2 < M < N — 1 indices ko such that |z; — zg, |- > 24/s, but
for the other k # ko |r1 — zx|c < /s, then we have
VIIESDE . (_ vl'lsdja + le‘:os VII":&E + vl'l‘:os)
© (4 ® (G ©
Over the annuli /s < |x1 — x| < 24/s we make a change of variable to finally obtain, for all
possible values of |z; — zle, 2 < k < N,

d—2)2%1
< \/E%Nllsfl.

) =0, |divg, (-

d—2)2M
< \/E%Fllsfl.

) =0, |divg, (-

AV Ve AV N-—-1 _ . Ve, 0 Vg, ©° N-1 _
‘ 1P ,(_ 11/)54_ 1P )’§61 s 1’ lexl(— ﬂﬁ + 1P )‘Scz s 1
©° Ve ©° N (CH ©° N
for constants ¢; and cs independent of £ and s.
The same holds for the other components of b, = —%. Thus,
Va0 Ve 0f N-—-1 _ . Vs 0f N-—-1 _
‘—(p . (b‘E + L ) <c s71 le(bg + L ) < ey s~ (14.2)
©° ©° VN ¢ VN
Step 2. Define the approximating operators A. := —A, + b, - V, having domain W1 = (1 —

A)7'LY. Since ¢f, (p°)~! are bounded and continuous, one sees right away that et ()71

is a strongly continuous semigroup in L' whose generator coincides with —¢.A.(p.)~! having
domain W?%1. This generator can be computed explicitly:

(peAe((pe)*l — _A+V(bs+2vf )—Q—WE’ (143)
We = 2 (o Y div(p + 2.
¢ 15 15

By ([I4.2), potential W, is (uniformly in €) bounded: |[W.| < %i for a constant ¢ independent

of . Employing formula (IZ3) and using the general fact that e/(*~Vf) is an L' contraction, we
obtain

N-1¢
s

lo=e ™ (%) h||y < VA = ||A||1, he L. (14.4)

It remains to pass to the limit € | 0 in (I4.4]). This is done at the next step.

Step 3. Define b = —V$¢, where ¢(z) = [[1 <, j<n 2 — xj|*ﬁ%% is a Lyapunov function
of the formal adjoint of A (i.e.2IT holds). Then
N N
d—21 Ti— X
bV, = — iy
v Ve 2 NZ,Z.|$i—$g’|2 Va,
i=1 j=1,j#1

It is seen using e.g.the Monotone convergence theorem that b, — b in [L2 _]V9. Moreover, the
N-1

vector fields b, do not increase the form-bound § = K(T)Q (< 4) of b. Therefore, by Theorem
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B(4d),
e~the et in LM(RNVY), (14.5)

2
where r > NI/
Now, from (I44) we have

. N—1
lpee ™ glly < e VA

t
s

leglli, g€ L' NL>™.

In view of (IZ5) and since ¢° — ¢ a.e., we can use Fatou’s lemma to obtain |pe *g|; <
©g||1, which yields condition (S4) of Theorem [§ (recall that by our assumption s > t).

.t
ecs

Thus, Theorem [§] applies and gives assertion (iv) of Theorem [2 O

15. PROOF OF THEOREM [7]

We will need the following result on the regularization of the vector field b in Theorem [

Lemma 12. Assume that b € [I/Vli)cl (R has symmetric Jacobian Db = (kai)zn:l and the
negative part B_ of matrix

divb
B(b) :== Db — v I, for someq> (d—2)V2,
has normalized eigenvectors e; and eigenvalues A\j > 0 satisfying \/Aje; € Fy . Setv := Z?zl vj.
Set b, := E.b. The following are true:
1.
B(b.)+ E.B_ >0,
2.
(B-h,h) < v(|VIh|[*) + cu(|]?), (15.1)
and

((B-B-)h,h) < v(|V|h][*) + . (|h?), €>0,

for all h € [C°(RH))4, with ¢, =3¢

=1 Cv; -

Proof. 1. We have, by definition, B(b) = B —B_, and B(b.) = E-By—E.B_. Clearly, E.B; > 0,
which yields the required.
2. We have B_ = Z?:l )\jejejT. Put for brevity A = A; and e = ¢;. Denote the components

of e by e¥, k=1,...,d. Then (\(ee')h,h) = Ezyi:ﬂhkﬁ@k Xelhi) = (A(h-e)?) < (\h|?|e]?).
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Therefore,

d
(B_h,h) <> (Aj|hl*le;]?)
j=1
(we use \/Aje; € F, ;
d
<> vlIVIRIP) +ch ([l?)
j=1

which gives us the first inequality in assertion 2.
Let us prove the second inequality in assertion 2. Writing again A = ); and e = ¢; and denoting
the k-th component of e by e*, we have

d d
(E-(Xee h,h)y = > (E-(VAehVAe)hihs) = > (VAFVAEEL (hihi))
k,i=1 ki=1
d
< S (VEIPEVA VAl Eal?)
k,i=1
< (el [he[*),

where h. denotes the vector field with k-th component \/E.|hi|?. Hence, using the previous
estimate, we obtain

d

d
(E-B-)h,h) = (E-(Ajeje] )h, h) Z (Ajlesl, 1)

j=1

(use \/Aje; € F,))

< v(|VIhe|?) + e (he]?)

(note that |h.| = \/E:|h|? and apply (6.1)))
< v(|VIRI) + eu(|Rf?),

as needed. 0
Proof of Theorem[7 in the case drift b satisfies condition (Ba)). We start with the proof of assertion
(ii). Put
w:=Vu, w;:=Vu.
Multiplying equation (u — A +b-V)u = f by the test function
d

6= =3 Vilwul™?) = =V - (w|u|?)

i=1
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and integrating by parts twice in (—Au, ¢), i.e

d d d
(—Au, — Zvi(wi|w|q72)> = Z(Vz‘w, V (wilw|?7?)) = Z(sz‘, V (wilw|17?))
i=1 i=1 i=1
d d
= (Vi [w] ) + (g — 2) > _(Vws, w;|w] > V|w])
i=1 =1
d 1
= Y (IVwiPll") + (a = 2)(5 VIwl, [wl* > V]w)),
=1
we obtain
pl|wl?) + Ig + (g = 2)Jg + (b~ w, ¢) = (f, ), (15.2)
where

d
=D (IVwil? [w|"?),  Jy = V]l [w]??).
=1

Step 1. Regarding term (b - w, ¢) in (I5.2)), we have

(b-w,¢) = (Bw, wlw|*~?) +

—~

b-Viwl, [w™t) B = (Vibi)i i

= (Bw, wlw|?™?) = ~(divb, [w|?)

| =

—(B_w, wlw|7?).
Hence, applying (I5.0]), we arrive at
(b-w,¢) = —v(|V]w|#|*) — ¢, (|w|?)
2
= L, — e,

so (I52) yields

2

o= clful) 41, + (0= 2= Lo ) gy < (1.0, (15.3)

Step 2. Let us estimate (f, @) in the previous inequality. To this end, we evaluate ¢:

(f,0) = —(f, [w]T™Au) — (¢ = 2)(f, [w|*"Pw - V]w]). (15.4)

(a) We estimate

b (2 ), (15.5)

[(F w2 Aw)] < eo(fw]2|Auf?) + 5
€0

where g9 > 0 will be chosen sufficiently small.
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Let us deal with the first term in the RHS of ([I5.5). Representing |Au|?> = |V - w|? and
integrating by parts twice, we obtain

d
([w|"2|Au?) = =(V]w]?? - w, Au) + Y (w;V|w]?™%, V) + I
i=1

1 _ 1 1
< (0= D) (0l 218uP) + 00| + (0= 2) (3, + 300 ) + I
—2
So, for any fixed » > 4=,

q—2 _ 1 1
(1 — ﬂ) (lw]"?| Aul?) < I+ (g —2) (”Jq + §Iq + 5']‘1)‘ (15.6)

Let us handle the second term in the RHS of (I5.5):

(% lw]"=2) < ||f||2 Hqu
2 2 qff csq?
< esllfII ||V|w|2||2 =ClI e Ja® . C=—
< q—c&-qu N [T
q q TFq—2
(b) We estimate
_ 1 —o\ 2
(a = 2)[{=f, [w|"Pw - V]w|)| < (¢ —2)J7 (f? [w]?72)*
< (a=2)(erdy + 4 (f2 [w]*72),
where we estimate the very last term in the same way as above.
Substituting the above estimates in (I5.4]), we obtain
ci(e,e €,€
(5001 < eeolly +7p) + 2o g 4 2Oy e (15.7)

where ¢1(e,e1) > 0 can be made as small as needed by first Selectlng €1 sufﬁciently small, and
then selecting € even smaller.

Step 3. Now, we return to (I5.3). By [I5.7),
? (E £1)

ci(e, e
(5= e lul?) + (U= eso)y + (g =2 = L cog - Lo c Sy
—2

By the pointwise inequality

V]ul? = \Z ST
o

< (Ehawiwely <ZIsz|2

[l

we have
Jg < 1.

In particular, provided ey is sufficiently small so that 1 —ceg > 0, we have (1—ceg)l; > (1—ceo)Jq-
Therefore,

2

(N - CV)<‘w‘q> + (q -1- qzl/ - 6(60,5,51))Jq < C(€0a€a€1)||f||z+qd_27 (15'8)
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where constant c¢(gg, €,£1) can be made as small as needed by first selecting €, sufficiently small,
and then selecting ¢ even smaller (¢ is already fixed). Take po := ¢,. Recalling that J, =
2 ||V|Vul? |3, we obtain the required gradient estimate from (I5.8).

P 2

Proof of assertion (i). Steps 1 and 3 do not change. Step 2 now consists of estimating (|g|f, ¢),
which we represent as

(glf, ¢) = —(lglf, [w|""*Au) — (q — 2){lg| f, [w]|"*w - V|w]).
(a’) We have

_ _ 1 _
(g1, [w] "2 Aw)| < eo{Jw|* | Aul?) + 4—€0<Ig!2f2,lw|q %), €0 >0,

where (|w|972]|Aul?) is estimates in the same way as in (a) above, and

_ _4 _ 4
(gl lw|®=2) = (|g]*~ v [w]77, |g|+ £)
—2

IN

_a_ 2 g
e (|g*|w|?) + e *{plgl* 1)
(we are using g € Fs,)
q-—
q

<

2 _a 2 2 _4q
e |87 o+ e {lul | + e H (g2 f7).
(') We estimate

(g — 2)|{[glf, [w]*w - V]wl)| < (g — 2)J¢ (|g2]f2, Jw]"~2)?
< (q—2)(e1dy +4e7 (g 2, [w]*?)),

where we bound (|g|%f?, |w|9=2) as in (a).
Now, arguing as above, we arrive at

2

(1= e = coleore1,) (wl?) + (= 1 = T — cfeo,2,20)Jy < Cleo,2,20)(lgP 1),

where constant ¢(eg,¢,e1) can be made as small as needed by selecting ¢; sufficiently small and
then selecting € even smaller. So, taking o := ¢, + co(€0,€1,€), we obtain the required gradient
estimate.

Proof of Theorem[7 in the case drift b satisfies condition (B). One needs to estimate term (b-w, ¢)
in (I5.2) differently. Indeed, b is no longer differentiable and hence one cannot integrate by parts.
Instead, arguing as in [41], we evaluate the test function ¢ as

(b w,9) = —(b-w, [w|*™Au) — (¢ = 2)(b- w, [w|"w - V]uwl),

and then re-uses the elliptic equation to express Aw in terms of pyu, b-w and f (or |g|f). Then
we repeat the argument from [4I] up to the estimates on |(f, ¢)| (assertion (iz)) and |{|g|f, )|
(assertion (7)), which we take from Step 2 above.
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16. PROOF OF THEOREM [

Let b, be constructed as in Lemma[3] i.e.
by = Esnba En \L 0,

so that b, are bounded, smooth, converge to b locally in L? and, crucially, do not increase neither
form-bound ¢ of b nor constant cs.

A comment regarding the case when b satisfies condition (By]). Below we use gradient bounds
from Theorem [ for vector fields b,,. The proof of these gradient bounds depends on a somewhat
less restrictive condition than (Ba)), i.e.b € Fs, § < oo, and

(e, B-)h, by < v{|VIRIP) + cu(|h]*), (16.1)

where B_ is the negative part of matrix (kai)i,i:l - di(‘]’bl. (Indeed, if By denotes the positive
part of the last matrix, we have

div b,

(kaiz)z,iﬂ - I=F, By—-FE, B, E, ,Bs>0,

and can repeat the proof of Theorem [Tl for b,, and E., B_.) By Lemma[2] inequality (I6.I]) does

hold with constants v = 2?21 vj and ¢, = 2?21 cy; that are, obviously, independent of {e,},

and so the constants in the gradient bounds in Theorem [ for b,, do not depend on n.

Proof of assertion (i). Let {P.},crae be the strong Markov family of martingale solutions to (4.1))
constructed in Theorem Bl Fix some y. Our goal is prove the following estimate: there exists
generic ¢ > (d —2) V 2 and C such that, for all g € Fs,, 0; < oo, and all A greater than some
generic Ag,

e, [ lgfl(w)ds < el (16.2)

for all f € C.. Let g,, the bounded smooth regularization of g constructed according to Lemma
Bl Using the gradient estimate of Theorem [7)(i), after applying the Sobolev embedding theorem
twice, we obtain

oo q 2
ey [ g dlen)ds < Clanlf1HE, mm=12..,
0
where P? is the martingale solution of the regularized SDE
t
Y(t) =y _/ ba(Y (s))ds + V2B(E), >0
0

and, by the construction of P, in the proof of Theorem Bl P? — P, weakly (we pass to a
subsequence of {b,} if necessary). Thus, we have

> 2
EP?J / ei)\s|gmf|<w5)d8 S C”gm‘f‘%”57 m = 1a27 e
0

Fatou’s lemma applied in m now yields (I6.2)) and thus ends the proof of (7).
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Proof of assertion (i'). Let {P}},ere, {P2},cra be two Markov families of martingale solutions
to SDE

Y(t)=y— /Ot b(Y (s))ds +V2B(t), t>0.

Fix some y. By our assumption, there exists ¢ > (d — 2) V 2 such that, for all g € Fs,, 01 < o0,
and all A greater than some generic Ag,

oo . 2
EP@/ e Mg fl(ws)ds < Cllglf|2 115 (16.3)
0
for all f € C.. Let v, be the classical solution to equation

where F' € C.(R?). We will need the weight p(z) = (1 + k|x|?)7#, k > 0, where constant 3 is
fixed greater than £ so that p € L*(R%). By It6’s formula applied to e~ pv,,, we have

EIP’;'J [eiAt(pUnxwt)} = p(y)vn(y) + EIF’;'J /0 Pei)\s(_)‘ + A =b-V)v,(ws)ds — Sy,

where S, is the remainder term given by
t
S = Eps / e M [—(Ap)vy, — 2Vp - Vo, +b- (Vp)v,](ws)ds.
0

So,
Eog e~ (o) 1)) = p(w)o) + By [ pe™ Pl )

— Eps /0 [e™*p(b — by) - V] (ws)ds — Sh,. (16.4)

Proposition 7. For every k > 0,

t
Ep, / e [p(b — by) - Vo] (ws)ds — 0
“Jo
as n T oo uniformly int > 0.

Proof. We have

oo

t
ey [ %0~ ) Venl()ds] < [Bey [ e p(b— bu) - Tunlw)is|
- Jo - Jo
(we apply ([[6.3) with g := p(b—b,) € Fa5)
g 2
< Klo(b - b,) Venl .

In turn, for a 0 < 8 < 1, we have

lo(b = 1) [Vl 2|2 < [|p(b = ba) [51p(b = by ) [Vvn | 777 |37 (16.5)
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Regarding the second multiple in the RHS of (I6.5): we assume that 6 is chosen to be sufficiently
close to 0 so that %5 > (d —2) vV 2. Then, by b —b,, € Fa;,

1p(b = b2) [ V0n|7T=|[3 < [|(b — bp) | Vv, |79 |13
< 28]V |V, |70 |12 4 2¢5|[ Vv, |70 | 2.

Hence, by the gradient estimate of Theorem [1(i), sup,, [|p(b — bn)|Vv| 2@ ||2 < occ.
The first multiple in the RHS of (I6.5):
lp(0 = 0a) 13 < (1pa)b = bal?) + (1 = 1p,0))p, plb = bul?)
< (Lpp© b = bal?) + (L + kR "7 (plo — b, %)
Since b, — b in L, the first integral can be made as small as needed (uniformly in R) by
selecting n sufficiently large. In the second integral sup,, (p|b — b,|?) < oo, since, by b — b,, € Fas,

(plb = bul?) < 26((V/p)?) + 2¢5(p),

so it remains to apply |Vp| < BvVEp. At the same time, (1 + kr2)~# can be made as small as
needed by selecting r sufficiently large. This completes the proof. O

Proposition 8. S, — 0 as k | 0 uniformly in n and t.

Proof. Using |Vp| < 8vVkp, |Ap| < B2k, we have
t
Sul < VECEs, [ lploal + 20170 + plb]on)(w2)ds.
- Jo

Now we can argue as in the proof of the previous proposition, using additionally |v,|lec <
A7 F| o0, to show that sup,, Ep: fg[p\vn\+2p|an\+p|banH(ws)ds < o0o. In fact, in this case the
proof is easier since none of the terms contains simultaneously b and Vuv,,. Selecting k sufficiently
small, we can make S,, as small as needed. O

We now complete the proof of assertion (i'). Let us note that, for every k > 0,
Ep: [e M pu,(wi)] — 0 as t — oo uniformly in n.

Indeed, [[vnflooc < A7Y[Flloo, 50 [Epi [e™ puy (wi)]| < A7"e™", which yields the required. Com-
bining this result with Propositions [7] and B, and taking into account that, by Theorem [iv),
{vn} converge uniformly as n — oo to a continuous function v, we obtain from (I6.4]) upon taking
n — oo and then taking & | O:

Ozv(y)—i—Ep;/ e MF(wg)ds, i=1,2.
0

Taking into account the continuity of F' and w, and invoking the uniqueness of Laplace transform,
we obtain that Ep: F'(w;) = Epz2 F'(w;) for all ' € C;, ¢t > 0. We deduce from here that the one-
dimensional distributions of IP’; and Pz coincide. Since we are dealing with Markov families of
probability measures, we conclude that ]P’le = IP’?, for every y € R%.

Proof of assertion (ii). The proof follows closely the proof of (i), but uses the gradient estimate
of Theorem [7(¢) for ¢ > (d —2) V 2 chosen closely to (d —2) V 2. In fact, this proof is easier since
we no longer need to take care of extra form-bounded vector fields g as in (7).



70 D.KINZEBULATOV

Proof of assertion (ii’"). We modify the previous proof of (i’). By our assumption,
Bey [ e Uflw)ds < Olflenpzss ¥FEC A> o (16.6)
The analogue of Proposition [ is proved as follows. Clearly, hypothesis
1+ |22 P Pp|=aV T e LY, & €le 1]

d
implies that, for any k > 0, p]b|ﬁvﬁ € L'. We have

o0

|E]P’; /0 [e™p(b = by) - V] (ws)ds| < |EIF”y /0 [e™*p(b = by) - V] (ws)ds|

(we apply (I6.6) using Fatou’s lemma)

d 2
< K|lp(b—=b,) - Vu,||» = A
< Koo~ bu) -Vl o= 50 2
1 1 1
< Kllplb - bl Fuallee S+ 2=1 0 6
where s’ = 2_‘161 v 1—251 and s = gfé, where ¢, was defined in assertion (i7”) of Theorem Ml that

we are proving. Theorem [7|(4i), which applies by our assumptions on ¢, v and ¢, in the end of
assertion (i7”), and the Sobolev embedding theorem, yield

sup ||V, | ged < 0O,
Therefore, the second multiple in the RHS of (I6.7) is uniformly (in n) bounded.

In turn, for every fixed k, the first multiple in the RHS of (I6.7) tends to zero as n — oo.
Indeed, since 0 < p < 1, we have

sup [[p'b5, |1 < sup [|pb;, |1 < oo,
n n

where the finiteness is seen, after integrating by parts, from E. p < Cp with constant C' inde-
pendent of n (here we simply use the fact that the Friedrichs mollifier is a convolution with a
function having compact support) and our hypothesis ||p[b|*'||; < co. Now, we represent

1p(d = bu)lls = 11810y (0 = bu)lls + 11 = Lp0)) (b — by
< L) (b= ba)lls + (1 +ER?)TPE =D (o) + (pb)).

The second term can be made as small as needed by selecting R sufficiently large (uniformly in n).
Then, for R thus fixed, the first term can be made as small as needed by selecting n sufficiently
large, since b, — b in Lf;c by the properties of Friedrichs mollifier.

Arguing as above, we prove sup,, Ep; fot [plvn| + 20|V on| + plbp||vn|](ws)ds < oo, and hence have
the analogue of Proposition [

The rest of the proof of (ii') repeats the proof of (i’).
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APPENDIX A. A DESINGULARIZATION THEOREM FROM [3§]

Let X be a locally compact topological space, and p a q—ﬁnite Borel measure on X. In what
follows, L" = L"(X, p) (1 <7 < 00). Let j > 1, put j' := 745.

Let A be the generator of a strongly continuous semigroup e~
that for some constants ¢, j > 1, for all ¢ > 0,

tA on L" for some 7 > 1, such

’

le™ M o0 < et (51)

We consider a family of weights ¢ = {¢s}s>0 in X such that

1

0< s, o € Li . (X,pu) foralls>0, (S2)
inf oy (z) > 0.

oinf e (x) > co > (Ss)

Theorem 8. Assume that conditions (S1) - (S3) hold and there exists constant ¢y, independent of
s, such that, for all0 <t < s,

lose o flly < call flly,  feL'nL™. (S4)

Then, for each t > 0, e ™ is an integral operator, and there is a constant C = C(j, cy,co) such
that, up to change of e **(x,1y) on a measure zero set, the weighted Nash initial estimate

= (@, y)| < Ot gu(y) (A1)
is valid for p a.e. T,y € X.

For the sake of keeping the paper self-contained, we reproduce here the proof of Theorem [§]
from [38].

Proof of Theorem[8 1. We will use a weighted variant of the Coulhon-Raynaud extrapolation
theorem. Put

0<ye L'+ L% | fl,m = (fF)P.
Let UH? be a two-parameter family of operators
Uty =utTumiy, fel'nl™®, 0<f<7<t<oo.
If for somel1<p<g<r<oo,v>0

1T fllp < Ml £l e
1T fllr < Ma(t = 0)"" |1 flq

for all (t,0) and f € L* N L™, then

1T f|l, < Mt —0)""/ P fIL, o (A.2)
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where B = TIL and M = 2v/ (=8 A My 7P Here is the proof of [(B2) for reader’s conve-

qr—

nience. Put ¢y := 2. We have

IS f 1l < Mot — te) " [T fllq
< My(t—to) V| U fIT U0 f],7

< MM P (= to) U A2 N1

and hence

(t = )/ AT £l (| £l < MaMLP2 OO [ — )/ =Tt £ || £l )

Setting Ror := sup;_gpejo,7) [(t — 9)”/(1_’8)||Ut70f||r/||f||p,\/@], we obtain from the last inequality
that Ror < M'=#(Rr)?. But Ry < Rar, and so Ror < M. This gives us (A.2).

2. We are in position to complete the proof of Theorem 8 By (S4)) and (Sa),

le™*hlly < gt llpse™ o5 pshlh

<clalhl, e heLy

com*

The latter, (S1)) and the Coulhon-Raynaud extrapolation theorem with 1 := ¢, yield

le™™ flloe < Mt o fll1, O<t<s, feLX.

Note that (S;) verifies the assumptions of the Dunford-Pettis theorem, which yields that e=* is
an integral operator. Therefore, taking s = ¢ in the previous estimate, we obtain (A). O
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