
ar
X

iv
:2

30
3.

03
99

3v
1 

 [
m

at
h.

A
P]

  7
 M

ar
 2

02
3

REMARKS ON PARABOLIC KOLMOGOROV OPERATOR

D. KINZEBULATOV, YU.A. SEMËNOV

Abstract. We obtain gradient estimates on solutions of parabolic Kolmogorov equation with

singular drift in a large class. Such estimates allow to construct a Feller evolution family, which

can be used to construct unique weak solutions to the corresponding stochastic differential

equation.

1. Introduction and main results

We obtain gradient estimates on solutions of parabolic Kolmogorov equation

(∂t − ∆ + b(t, x) · ∇)u = 0

under general assumptions on a vector field b : R
1+d → R

d (d ≥ 3). These estimates allow

to construct, using an analogue of the iteration procedure in [7], a Feller evolution family that

determines, for every x ∈ R
d, a unique in a large class weak solution to stochastic differential

equation

Xt = x−
∫ t

0
b(s,Xs)ds +

√
2Bt. (1)

Here Bt is a d-dimensional Brownian motion.

The class of vector fields in this note is defined as follows: we write b ∈ Fδ,g if

b ∈ [L2
loc(R

1+d)]d

and there exists a constant δ > 0 and a function g = gδ of the form g = g′ + g′′ for some

0 ≤ g′ ∈ L1(R), 0 ≤ g′′ ∈ L∞(R), such that for a.e. t ∈ R,

‖b(t)f(t)‖2
2 ≤ δ‖∇f(t)‖2

2 + g(t)‖f(t)‖2
2 (2)

for all f ∈ C∞
c (Rd+1). Here and everywhere below, ‖f(t)‖2

2 :=
∫

Rd |f(t, x)|2dx, ‖∇f(t)‖2
2 =

∫

Rd |∇xf(t, x)|2dx.

The vector fields in class Fδ,g are called form-bounded. This class contains the well known

critical Ladyzhenskaya-Prodi-Serrin class, as well as vector fields that can have stronger singu-

larities, see examples in [3, 4].

The question of what values of constant δ are admissible is important, in particular, in light

of the following example. Consider Hardy-type drift b(x) =
√
δ d−2

2 |x|−2x (which is in Fδ,0 by

Hardy’s inequality, but not in Fδ′,g with any δ′ < δ). If
√
δ > 2d

d−2 , then SDE (1) with initial
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point x = 0 does not have a weak solution. Informally, constant δ measures the strength of the

singularities of b. In the example the attraction to the origin by the singularity of b is too strong.

On the other hand, by Theorem 3 below, SDE (1) with b ∈ Fδ,g has a unique in appropriate

class weak solution for every x ∈ R
d provided that δ satisfies the assumptions of Theorem 1. In

fact, it was proved in [5] that (1) with an arbitrary b ∈ Fδ,g, δ < 4 has at least one martingale

solution for every initial point x ∈ R
d.

A vector field b ∈ Fδ,g can be approximated by smooth bounded vector fields bn that preserve

the form-bound δ of b; the latter is crucial for what follows.

Definition 1. A sequence {bn} ⊂ [L∞(R1+d) ∩C∞(R1+d)]d of vector fields is called a regular-

izing sequence for b ∈ Fδ,g if, for any 0 < t < ∞,

(i) limn→∞ ‖bn − b‖L2(Q) = 0, Q = [0, t] ×K for every compact K ⊂ R
d;

(ii) there are functions {gn} such that gn = g′
n + g′′

n, g′
n ∈ L1(R), g′′

n ∈ L∞(R) and

sup
n

∫ t

0
gn(τ)dτ ≤ cδ(‖g′‖1 + t‖g′′‖∞) for some constant cδ

(g′ and g′′ are from the definition of “b ∈ Fδ,g”).

(iii)
∫ t

0 ‖bn(τ)f(τ)‖2
2dτ ≤ δ

∫ t
0 ‖∇f(τ)‖2

2dτ +
∫ t

0 gn(τ)‖f(τ)‖2
2dτ (n ≥ 1, f ∈ S(R1+d)).

(S(R1+d) denotes the L. Schwartz space of test functions).

The collection of all regularizing sequences for b ∈ Fδ,g will be denoted by [b]r.

In Section 2 we construct a regularizing sequence in [b]r for any given b ∈ Fδ,g.

Our first result concerns the classical solutions of Cauchy problems

(∂τ − ∆ + bn(τ, x) · ∇x)u(τ) = 0, 0 ≤ s < τ < ∞, x ∈ R
d, u(s) = u0 ∈ C∞

c (Rd). (3)

Theorem 1. Let b ∈ Fδ,g. Assume that q > d and δ > 0 satisfy the following constraints:

q − 1 − q2δ

4
− (q − 2)2

4
− (q − 2)

q
√
δ

2
> 0 if d = 3, 4,

q − 1 − q
√
δ

2

(

√

q2δ

4
+ (q − 2)2 + q − 2

)

> 0 if d ≥ 5.

In particular, one can take

(a) If d = 3, then
√
δ = 1.8

d
, q = d+ 1

48 ; if d = 4, then
√
δ = 1.4

d
, q = d+ 0.014.

(b) If d ≥ 5, then
√
δ = 1

d
, q = d+ 1.

(b′) If d ≥ 5, then
√
δ = (1 − a

16+a
) q−1

q−2
1
q
, a = (q−1)2

(q−2)4 , q = d+ ε, ∀ε ∈]0, 1].

Let {bn} ∈ [b]r and let u = un be the classical solution to Cauchy problem (3). Then there are

constants Ci = Ci(q, d, δ) > 0, i = 1, 2 independent of n such that, for all 0 ≤ s < t < ∞,

sup
s≤τ≤t

‖∇u(τ)‖q
q + C1

∫ t

s

∥

∥∇u(τ)
∥

∥

q

qj
dτ ≤ eC2(‖g′‖1+t‖g′′)‖∞)‖∇u(s)‖q

q, j :=
d

d− 2
.
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Remarks. 1. Clearly, 1
d
< f(q) := (1 − a

16+a
) q−1

q−2
1
q

for all 0 < ε ≤ 1; supq∈[d,d+1] f(q) = f(d).

2. In the assumptions of Theorem 1 we actually obtain a stronger regularity estimate:

sup
s≤τ≤t

‖∇u(τ)‖q
q + c0

∫ t

s
‖|∇u(τ)|

q−2
2 ∂τu(τ)‖2

2dτ + c1

d
∑

i=1

∫ t

s

〈

|∇i∇u(τ)|2, |∇un(τ)|q−2〉

dτ

≤ ec2(‖g′‖1+t‖g′′)‖∇u(s)‖q
q.

The gradient estimates of the type established in Theorem 1 play an important role in study

of parabolic and stochastic equations. For example, similar estimates are used in [1] to study

stochastic transport and continuity equations (although under more restrictive assumptions on

b than the class Fδ,g, see [6] in this regard).

Let C∞(Rd) denote the space of continuous functions on R
d vanishing at infinity, endowed

with the sup-norm.

Theorem 2. Let {bn} ∈ [b]r ⊂ Fδ,g with δ and q > d satisfying the assumptions of Theorem 1.

Let un be the classical solution to Cauchy problem

(∂t − ∆ + bn · ∇)un(t) = 0, 0 ≤ s < t < ∞, un(s) = f ∈ C1
c (Rd). (4)

For each n = 1, 2, . . . and 0 ≤ s ≤ t < ∞ define operators U t,s
n ∈ B(C∞) by

U t,s
n f := un(t), U s,s = 1.

Then the limit

U t,s := s-C∞(Rd)- lim
n
U t,s

n (uniformly in 0 ≤ s < t ≤ 1)

exists and determines a Feller evolution family on M = {(t, s) ∈ R
2
+ | 0 < t− s} × C∞(Rd).

Remarks. 1. The limit u(t) = U t,sf does not depend on the choice of concrete regularization

{bn} ∈ [b]r (in this sense, the “approximation solution” u to Cauchy problem ∂t − ∆ + b · ∇ = 0,

u(s) = f is unique). Moreover, one can show that u = U t,sf , f ∈ C∞ ∩L2 is a weak solution of

∂t − ∆ + b · ∇ = 0 in the usual sense, and that it satisfies the gradient estimates in Theorem 1

if f ∈ C∞ ∩W 1,q.

2. Theorem 1 can be extended to non-homogeneous parabolic equation with form-bounded

right-hand side, moreover, the corresponding gradient estimates can be localized, which, together

with Theorem 2, allows to prove the following result (see [3] for details).

Theorem 3. Let b ∈ Fδ,g with q > d close to d and δ satisfying conditions of Theorem 1. Then

there exist probability measures Px, x ∈ R
d on (C([0, T ],Rd), σ(ωr | 0 ≤ r ≤ t)), where ωt is the

coordinate process, satisfying

Ex[f(ωr)] = P 0,rf(x), 0 ≤ r ≤ T, f ∈ C∞(Rd),

where P t,r(b) := UT −t,T −r(b̃), b̃(t, x) = b(T − t, x), such that Px is a weak solution to SDE

Xt = x−
∫ t

0
b(s,Xs)ds +

√
2Bt. (5)

Moreover Px is unique in a large class of weak solutions (see [3]).
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The assertions of Theorem 1 and Theorem 2 for q > d close to d, but under more restrictive

assumption
√
δ < 1

d
, are contained in [2]. In this paper we improve these results and to some

extent simplify the corresponding proofs. In particular, in the proof of gradient estimates we

do not try to exclude the time derivative ∂τu as was done in [2], but use it, thus needing less

restrictive assumptions on δ.

2. Construction of a regularizing sequence for a b ∈ Fδ,g

Set E1
εf(τ, x) = eε∆τ f(τ, x), Ed

ε f(τ, x) = eε∆xf(τ, x), E1+d
ε = E1

εE
d
ε ,

bn(τ, x) := E1+d
εn

(1Qnb)(τ, x), Qn = [0, n] ×Bd(0, n).

Select {εn} ↓ 0 from the requirement limn

∫ t
0 ‖E1+d

εn
(1Qnb)(τ) − (1Qnb)(τ)‖2

2dτ = 0.

Note that |Eφ| ≤
√

E|φ|2, |E(φψ)| ≤
√

E|φ|2
√

E|ψ|2. We have (for a.e. t > 0)

|Ed
εn

1Bd(0,n)b(τ, x)|2 ≤ 〈eεn∆d(x, ·)1Bd(0,n)|b(τ, ·)|2〉 ≤ δ‖∇x

√

Ed
εn

(x, ·)‖2
2 + g(τ)

= ε−1
n δ

〈 |x− ·|2
4εn

eεn∆d(x, ·)
〉

+ g(τ) ≤ C(d)ε−1
n δ + g(τ).

Thus |Ed+1
εn

(1Qnb)(τ, x)| ≤
√

C(d)δε
− 1

2
n +

√

E1
εn
g(τ) an so |bn| ∈ L∞(R1+d). It is clear that bn

are smooth.

Next, for f ∈ S(R1+d),
∫ t

0 ‖bnf‖2
2 =

∫ t
0 ‖bnft‖2

2, where ft(τ, x) := 1[0,t]f(τ, x), and

∫ t

0
‖bnf‖2

2 ≤
∫ t

0
〈E1

εn
(1[0,n]b

2), Ed
εn

|ft|2〉 ≤
∫

R1
〈1[0,n]b

2, E1+d
εn

|ft|2〉

≤ δ

∫ n

0
‖∇

√

E1+d
εn |ft|2‖2

2 +

∫ n

0
gE1

εn
〈Ed

εn
|ft|2〉

≤ δ

∫ n

0
E1

εn
〈Ed

εn
|∇|ft||2〉 +

∫ n

0
gE1

εn
〈Ed

εn
|ft|2〉

≤ δ

∫ n

0
E1

εn
‖∇|ft|‖2

2 +

∫ n

0
gE1

εn
‖ft‖2

2.

∫ n

0
E1

εn
‖∇|ft|‖2

2 =

∫

R1
1[0,n]E

1
εn

(1[0,t]‖∇|f |‖2
2)

=

∫

R1
(E1

εn
1[0,n])1[0,t]‖∇|f |‖2

2 ≤
∫ t

0
‖∇f‖2

2.

∫ n

0
gE1

εn
‖ft‖2

2 ≤
∫ t

0
(E1

εn
g)‖f‖2

2.

Therefore
∫ t

0
‖bnf‖2

2 ≤ δ

∫ t

0
‖∇f‖2

2 +

∫ t

0
gn‖f‖2

2, gn(τ) := E1
εn
g(τ).

It is seen now that {bn} is regularizing sequence of b.
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Remark 1. Let E1
ε and Ed

ε denote K. Friedrichs mollifiers in one and in d variables, respectively.

We could define

bn := E1+d
εn

(1[0,n]b).

Then, arguing as above, one easily concludes that {bn} is regularizing sequence for b.

3. Proof of Theorem 1

Proof. Denote w = ∇xu(τ, x), φ := −∇ · (w|w|q−2) ≡ − ∑d
i=1 ∇i(wi|w|q−2). Since bn is smooth

and bounded, we can multiply the equation by φ̄ and integrate by parts to obtain

q−1∂τ ‖w‖q
q + Iq + (q − 2)Jq = Xq, (6)

where

Iq :=
d

∑

i=1

〈

|∇wi|2, |w|q−2〉

, Jq :=
〈

|∇|w||2, |w|q−2〉

, Xq := Re〈bn · w,∇ ·
(

w|w|q−2)

〉.

1. Case d = 3, d = 4. Clearly, Xq = Re〈bn · w, |w|q−2∆u〉 + (q − 2)Re〈bn · w, |w|q−3w · ∇|w|〉,
Re〈bn · w, |w|q−2∆u〉 = Re〈bn · w, |w|q−2(∂τu+ bn · w)〉

= Bq + Re〈bn · w, |w|q−2∂τu〉
= Bq + Re〈(−∂τuu+ ∆u), |w|q−2∂τu〉
= Bq − 〈|∂τu|2, |w|q−2〉 − q−1∂τ ‖w‖q

q − (q − 2)Re〈|w|q−3w · ∇|w|, ∂τu〉

Re〈bn · w, |w|q−2∆u〉 ≤ Bq − 〈|∂τu|2, |w|q−2〉 − q−1∂τ ‖w‖q
q + (q − 2)J

1
2

q 〈|∂τu|2, |w|q−2〉 1
2

≤ −q−1∂τ ‖w‖q
q +Bq +

(q − 2)2

4
Jq

≤ −q−1∂τ ‖w‖q
q +

[

q2δ

4
+

(q − 2)2

4

]

Jq + gn(τ)‖w‖q
q .

|〈bn · w, |w|q−3w · ∇|w|〉| ≤ B
1
2
q J

1
2

q ≤
[

1

4ε
Bq + εJq

]

≤
[

1

4ε

q2δ

4
+ ε

]

Jq +
gn(τ)

4ε
‖w‖q

q

=
q
√
δ

2
Jq +

gn(τ)

q
√
δ

‖w‖q
q (ε =

q
√
δ

4
).

Thus

Xq ≤ −1

q
∂τ ‖w‖q

q +

[

q2δ

4
+

(q − 2)2

4
+ (q − 2)

q
√
δ

2

]

Jq +
(q − 2

q
√
δ

+ 1
)

gn(τ)‖w‖q
q ,

and hence

2

q
∂τ ‖w‖q

q +

[

q − 1 − q2δ

4
− (q − 2)2

4
− (q − 2)

q
√
δ

2

]

Jq ≤
(

q − 2

q
√
δ

+ 1

)

gn(τ)‖w‖q
q .



6 D. KINZEBULATOV, YU.A. SEMËNOV

Set µτ := q
2

( q−2
q
√

δ
+ 1

) ∫ τ
s gn(r)dr, so

2

q
∂τ

(

e−µτ ‖w(τ)‖q
q

)

+

[

q − 1 − q2δ

4
− (q − 2)2

4
− (q − 2)

q
√
δ

2

]

e−µτJq(τ) ≤ 0. (⋆)

It is readily seen that

q − 1 − q2δ

4
− (q − 2)2

4
− (q − 2)

q
√
δ

2
> 0.

holds in the assumption (a) for d = 3, 4.

Finally, using the uniform Sobolev inequality and the bound
∫ t

0 gn ≤ cδ(‖g′‖1 + t‖g′′‖∞), we

obtain from (⋆)

sup
s≤r≤t

‖w(r)‖q
q + c1

∫ t

s
‖w(τ)‖q

qjdτ ≤ eC2(‖g′‖1+t‖g′′‖∞)‖∇u(s)‖q
q,

Here we have used that U s1,s
n u(s) = e(s1−s)∆u(s)−∫ s1

s U s1,τ
n bn·∇e(τ−s)∆u(s)dτ and, for s1−τ ≤ 1,

‖∇U s1,τ
n ‖q→q ≤ cn√

s1 − τ
, ‖∇

∫ si

s
U s1,τ

n bn · ∇e(τ−s)∆u(s)dτ‖q ≤ 2cn‖bn‖∞
√
s1 − s‖∇u(s)‖q,

so that lims1↓s ‖∇U s1,s
n u(s)‖q = lims1↓s ‖∇e(s1−s)∆u(s)‖q = ‖∇u(s)‖q.

2. Case d ≥ 5. Now we estimate the term X ′
q := Re〈bn · w, |w|q−2∆u〉 as follows.

X ′
q = Re〈−∂τu+ ∆u, |w|q−2∆u〉

= 〈|∆u|2, |w|q−2〉 − Re〈∂τu, |w|q−2∆u〉,

X ′
q = Re〈bn · w, |w|q−2(∂τu+ bn · w)〉

= Bq + Re〈bn · w, |w|q−2∂τu〉.

Thus,

〈|∆u|2, |w|q−2〉 = Bq + Re〈∂τu, |w|q−2(bn · w + ∆u)〉
= Bq + Re〈∂τu, |w|q−2(−∂τu+ 2∆u)〉
= Bq − 〈|∂τu|2, |w|q−2〉 + 2Re〈∂τu, |w|q−2∆u〉

= Bq − 〈|∂τu|2, |w|q−2〉 − 2

q
∂τ ‖w‖q

q − 2(q − 2)Re〈∂τu, |w|q−3w · ∇|w|〉

≤ Bq − 〈|∂τu|2, |w|q−2〉 − 2

q
∂τ ‖w‖q

q + (q − 2)2Jq + 〈|∂τu|2, |w|q−2〉

= Bq − 2

q
∂τ ‖w‖q

q + (q − 2)2Jq;
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X ′
q ≤ 〈|∆u|2, |w|q−2〉 1

2B
1
2
q ≤ ǫ〈|∆u|2, |w|q−2〉 +

1

4ǫ
Bq

≤ −2ǫ

q
∂τ ‖w‖q

q +

(

ǫ+
1

4ǫ

)

Bq + (q − 2)2ǫJq

≤ −2ǫ

q
∂τ ‖w‖q

q +

(

q2δ

4
ǫ+

1

4ǫ

q2δ

4
+ (q − 2)2ǫ

)

Jq +

(

ǫ+
1

4ǫ

)

gn(τ)‖w‖q
q

(here we put ǫ =
q
√
δ

4

(

q2δ

4
+ (q − 2)2

)− 1
2

)

= −2ǫ

q
∂τ ‖w‖q

q +
q
√
δ

2

√

q2δ

4
+ (q − 2)2 Jq +

(

ǫ+
1

4ǫ

)

gn(τ)‖w‖q
q .

Note that Xq = X ′
q +X ′′

q , X ′′
q = (q − 2)Re〈bn · w, |w|q−3w · ∇|w|〉. Estimating X ′′

q as in Step 1,

X ′′
q ≤ (q − 2)

(

q
√

δ
2 Jq + gn

q
√

δ
‖w‖q

q

)

, we have

Xq ≤ −2ǫ

q
∂τ ‖w‖q

q +
q
√
δ

2

(

√

q2δ

4
+ (q − 2)2 + q − 2

)

Jq +

(

ǫ+
1

4ǫ
+
q − 2

q
√
δ

)

gn(τ)‖w‖q
q .

Finally,

1 + 2ǫ

q
∂τ ‖w‖q

q +

[

q − 1 − q
√
δ

2

(

√

q2δ

4
+ (q − 2)2 + q − 2

)]

Jq

≤
(

ǫ+
1

4ǫ
+
q − 2

q
√
δ

)

gn(τ)‖w‖q
q .

We are left to show that

q − 1 − q
√
δ

2

(

√

q2δ

4
+ (q − 2)2 + q − 2

)

> 0. (⋆′)

assuming that d ≥ 5,
√
δ ≤

(

1 − a
16+a

) q−1
q−2

1
q
, a = a

16+a
, a = (q−1)2

(q−2)4 , q = d+ ε, ∀ε ∈]0, 1].

Set
√
δ = (1 − µ) q−1

q−2
1
q
, 0 < µ < 1. Then (⋆′) will follow from

q − 1 − (1 − µ)
q − 1

2
> (1 − µ)

q − 1

2

√

1 +
q2

4(q − 2)2
(1 − µ)2 (q − 1)2

(q − 1)2

1

q2
.

The latter is equivalent to

16µ > (1 − µ)4 (q − 1)2

(q − 2)4

which clearly follows from 16µ ≥ (1 − µ) (q−1)2

(q−2)4 . In turn the latter is equivalent to

µ ≥ a

16 + a
, a =

(q − 1)2

(q − 2)4
.

Finally, with µ = a
16+a

it is seen that 1
d
< (1 − µ) q−1

q−2
1
q

for q = d+ ε and all 0 < ε ≤ 1.
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3. Let d ≥ 3,
√
δ = 1

d
, q = d + 1. It is seen that (⋆′) is equivalent to d > 1. Note that (⋆′)

fails if q > d+ 1 and
√
δ = 1

d
. �

Remarks. (⋆′) still holds for µ = 1 + 8
a

−
√

(1 + 8
a
)2 − 1 (< a

16+a
).

4. Proof of Theorem 2

Claim 1. Let un be the classical solution of (3). Then, for every r ∈] 2
2−

√
δ
,∞[, {un} is a

Cauchy sequence in L∞([s, t], Lr(Rd)).

Proof. Below we allow δ < 4, so we do not use the gradient bounds of Theorem 1. Without loss

of generality we will suppose that f = Ref , and so un is real, and that r is a rational number

(so ur−1
n is well defined even if un is sign changing).

(a). Let k > 2. Define

η(t) :=











0, if t < k,
(

t
k

− 1
)k
, if k ≤ t ≤ 2k, and ζ(x) = η( |x−o|

R
), R > 0.

1, if 2k < t,

Note that |∇ζ| ≤ R−1
1∇ζζ

1− 1
k . Here 1∇ζ denotes the indicator of the support of |∇ζ|.

Set v := ζun(τ). Clearly,

〈ζ(∂τ − ∆ + bn · ∇)un(τ), vr−1〉 = 0,

〈(∂τ − ∆ + bn · ∇)v, vr−1〉 =
〈

[−∆, ζ]−un + unbn · ∇ζ, vr−1〉

, (⋆)

where

〈[−∆, ζ]−un, v
r−1〉 =

2

r′
〈

∇v r
2 , unv

r
2

−1∇ζ
〉

− 〈∇ζ, vr−1 · ∇un〉

=
2

r′
〈

∇v r
2 , v

r
2

∇ζ
ζ

〉

− 2

r

〈∇ζ
ζ
, v

r
2 ∇v r

2
〉

+
〈 |∇ζ|2
ζ2

, vr
〉

=
2(r − 2)

r

〈

∇v r
2 , v

r
2

∇ζ
ζ

〉

+
〈 |∇ζ|2
ζ2

, vr
〉

.

By the quadratic estimates

〈

unbn · ∇ζ, vr−1〉

=
〈

bn · ∇ζ
ζ
, vr

〉

≤ µ
√
δ

r
‖∇v r

2 ‖2
2 +

r
√
δ

4µ

〈 |∇ζ|2
ζ2

, |v|r
〉

+
µgn(τ)

r
√
δ

‖v‖r
r (µ > 0),

2(r − 2)

r

〈

∇v r
2 , v

r
2

∇ζ
ζ

〉

≤ µ
√
δ

r
‖∇v r

2 ‖2
2 +

(r − 2)2

rµ
√
δ

〈 |∇ζ|2
ζ2

, |v|r
〉

,

we get from (⋆)

∂τ ‖v‖r
r + 2

(

2

r′ − (1 + µ)
√
δ

)

‖∇v r
2 ‖2

2 ≤
(

(r − 2)2

µ
√
δ

+
r2

√
δ

4µ
+ r

)

〈 |∇ζ|2
ζ2

, |v|r
〉

+
r + µ√

δ
gn(τ)‖v‖r

r .
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Recalling that 2
r′ >

√
δ, we can find µ > 0 such that 2

r′ − (1 + µ)
√
δ ≥ 0. Thus

∂τ ‖v‖r
r ≤

(

4(r − 2)2 + r2δ

4µ
√
δ

+ r

)

〈 |∇ζ|2
ζ2

, |v|r
〉

+
r + µ√

δ
gn(τ)‖v‖r

r (⋆⋆)

Next,
〈 |∇ζ|2

ζ2 , |v|r
〉

≤ R−2‖1∇ζζ
−2θ|v|r‖1, θ := k−1. Since ‖un‖∞ ≤ ‖f‖∞, ‖1∇ζ‖ r

2θ
≤ c(d, θ)R

2θd
r ,

and

‖1∇ζζ
−2θ|v|r‖1 ≤ ‖1∇ζu

2θ
n ‖ r

2θ
‖v‖r−2θ

r ≤ ‖1∇ζ‖ r
2θ

‖un‖2θ
∞‖v‖r−2θ

r ,

we obtain, using the Young inequality, the crucial estimate (on which the whole proof rests)

〈 |∇ζ|2
ζ2

, |v|r
〉

≤ 2θ

r
[c(d)]

r
2θRd− r

θ ‖f‖r
∞ +

r − 2θ

r
‖v‖r

r.

Fix θ by 0 < θ < r
d+2r

. Now from (⋆⋆) we obtain the inequality

∂τ ‖v‖r
r ≤ M(r, d, δ)R−γ ‖f‖r

∞ +N(r, d, δ)‖v‖r
r , γ =

r

θ
− d > 0, (⋆ ⋆ ⋆)

from which we conclude that, for a given ε̂ > 0 there is R such that supτ∈[s,t],n ‖ζun(τ)‖r ≤ ε̂
2 ,

and so

sup
τ∈[s,t], n,m≥1

‖(1Bc(o,2kR))(un(τ) − um(τ))‖r < ε̂.

(b). Let k > 2. Define

η(t) :=











1, if t < 2k,
(

1 − 1
k
(t− 2k)

)k
, if 2k ≤ t ≤ 3k, and ζ(x) := η( |x−o|

R
), R > 0.

0, if 3k < t,

Set h := um − un. Clearly, for r rational and v = ζh(τ),

〈(∂τh− ∆h+ bm · ∇h), ζvr−1〉 = F,

∂τ ‖v‖r
r + 4(r′)−1‖∇v r

2 ‖2
2 + 2〈bmv

r
2 ,∇v r

2 〉 ≤ rF, r′ =
r

r − 1
,

where

F = 〈[−∆, ζ]−h, v
r−1〉 + 〈(bn − bm) · ∇un, ζv

r−1〉 + 〈bm · ∇ζ, hvr−1〉,

〈[−∆, ζ]−h, v
r−1〉 =

2(r − 2)

r

〈

∇v r
2 , v

r
2

∇ζ
ζ

〉

+
〈 |∇ζ|2
ζ2

, vr
〉

,

〈

∇v r
2 , v

r
2

∇ζ
ζ

〉

≤ ‖∇v r
2 ‖2

〈 |∇ζ|2
ζ2

, |v|r
〉

1
2 ,

〈bm · ∇ζ, hvr−1〉 =
〈

bmv
r
2 · ∇ζ

ζ
, v

r
2
〉

≤ ‖bmv
r
2 ‖2

〈 |∇ζ|2
ζ2

, |v|r
〉

1
2 ,

‖bmv
r
2 ‖2

2 ≤ δ‖∇v r
2 ‖2

2 + gn‖v‖r
r.

Using these estimates and fixing ǫ > 0 by 2r′−1 − (1 + ǫ)
√
δ ≥ 0, we have

∂τ ‖v‖r
r + 2

(

2r′−1 − (1 + ǫ)
√
δ
)

|∇v r
2 ‖2

2 ≤
((r − 2)2

ǫr
+

r

4ǫ
+ r

)〈 |∇ζ|2
ζ2

|v|r
〉

+ (ǫ+ 2)gn‖v‖r
r + F1,

F1 = 〈ζ|bn − bm|2〉 1
2 〈ζ|∇un|2, |v|2(r−1)〉 1

2 .
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Again using the estimate
〈 |∇ζ|2

ζ2 |v|r
〉

≤ MR−γ‖f‖r
∞ + N‖v‖r

r, γ > 0, and setting µτ = NCτ +

(ǫ+ 2)
∫ τ

s gn(s)ds, where C = C(r, δ) = (r−2)2

ǫr
+ r

4ǫ
+ r, we obtain that

e−µt‖v(t)‖r
r ≤ ‖v(s)‖r

r +MCR−γ‖f‖r
∞

∫ t

s
e−µτ dτ +

∫ t

s
e−µτF1(τ)dτ,

‖v(t)‖r
r ≤ MCR−γ‖f‖r

∞e
µtt+ eµt

∫ t

s
F1(τ)dτ,

∫ t

s
F1(τ)dτ ≤

(
∫ t

0
〈ζ|bn − bm|2〉dτ

)

1
2
(

∫ t

s
〈ζ|∇un|2〉dτ

)

1
2

‖f‖r−1
∞ .

We estimate
∫ t

s 〈ζ|∇un|2〉dτ as follows. Note that 〈∂τun − ∆un + bn · ∇un, ζun〉 = 0, and so

1

2
∂τ 〈ζu2

n〉 + 〈ζ|∇un|2〉 + 〈∇un, un∇ζ〉 + 〈bn · ∇un, ζun〉 = 0,

∂τ 〈ζu2
n〉 + 〈ζ|∇un|2〉 ≤ 2

(〈 |∇ζ|2
ζ

〉

+ 〈ζ|bt,b|2〉
)

‖f‖2
∞,

∫ t

s
〈ζ|∇un|2〉dτ ≤ ‖f‖2

2 +

(

2t
〈 (∇ζ)2

ζ

〉

+

∫ t

0
〈ζ|bn|2〉dτ

)

‖f‖2
∞

≤ ‖f‖2
2 + tL(R)‖f‖2

∞.

Thus, we arrived at

‖v(t)‖r
r ≤ MCR−γ‖f‖r

∞e
µtt

+(‖f‖2 +
√

tL(R)‖f‖∞)‖f‖r−1
∞ eµt

√
t

∫ t

0
〈ζ|bn − bm|2〉dτ.

By the definition of bn, limn,m

∫ t
0 〈ζ|bn − bm|2〉dτ = 0, and hence for given ǫ̂ > 0 and R < ∞

there is a number P < ∞ such that

sup
τ∈[s,t],n,m≥P

‖1B(o,2kR)(un(τ) − um(τ))‖r < ε̂.

�

The proof of Theorem 2 follows from the next claim.

Claim 2. {un} is a Cauchy sequence in L∞,∞.

Here by Lp,r = Lp,r([s, t] × R
d) we denote the Banach space of real functions on [s, t] × R

d

having finite norm

‖v‖p,r :=
(

∫ t

s
‖v(τ)‖p

rdτ
)

1
p , ‖v‖∞,∞ := sup

τ∈[s,t]
‖v(τ)‖∞.
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Proof. 1. Again, first we allow δ < 4. Note that h(τ) = um(τ) − un(τ) satisfies the identity

(
d

dτ
− ∆ + bm · ∇)h = (bn − bm) · ∇un, h(s) = 0.

Multiplying the identity by h|h|r−2, r > 2
2−

√
δ

and integrating by parts, we obtain

1

r
∂τ ‖v‖2

2 +
4

rr′ ‖∇v‖2
2 +

2

r
Re〈bm · ∇v, v〉 = Re〈(bn − bm) · ∇un, v|v|1− 2

r 〉,

where v = h|h| r−2
2 . Now, using the quadratic estimates and the definition of class Fδ,g, we have

|〈bm · ∇v, v〉| ≤ ε‖bmv‖2
2 + (4ε)−1‖∇v‖2

2

≤ (εδ + (4ε)−1)‖∇v‖2
2 + εgn(τ)‖v‖2

2

=
√
δ‖∇v‖2

2 + (2
√
δ)−1gn(τ)‖v‖2

2 (ε = (2
√
δ)−1, n > m)

and

|〈(bn − bm) · ∇un, v|v|1− 2
r 〉| ≤ 〈(|bn| + |bm|)|v|, |v|1− 2

r |∇un|〉

≤ ηδ‖∇v‖2
2 + η−1‖|v|1− 2

r ∇un‖2
2 + ηgn(τ)‖v‖2

2 (η > 0),

and hence obtain the inequality

1

r
∂τ ‖v‖2

2 +

(

4

rr′ − 2

r

√
δ − ηδ

)

‖∇v‖2
2

≤ η−1‖|v|1− 2
r ∇un‖2

2 + ((r
√
δ)−1 + η)gn(τ)‖v‖2

2.

Since r > 2
2−

√
δ

⇔ 2
r′ −

√
δ > 0, we can choose k > 2 so large that

4

rr′ − 2

r

√
δ =

2

r

( 2

r′ −
√
δ
)

= 2r−k+1.

Fix η by

ηδ =
4

rr′ − 2

r

√
δ − r−k+1 (= r−k+1).

Thus

∂τ ‖v‖2
2 + r−k‖∇v‖2

2

≤ δrk−1‖|v|1− 2
r ∇un‖2

2 + (δ− 1
2 + δ−1r−k+2)gn(τ)‖v‖2

2.

So, multiplying this inequality by e−µτ , µτ := (δ− 1
2 + δ−1)

∫ τ
s gn(s)ds, integrating over [s, t], and

then using the inequality

µτ ≤ µ̄t := (δ− 1
2 + δ−1)cδ(‖g′‖1 + t‖g′′‖∞)

we obtain

sup
s≤τ≤t

‖v(τ)‖2
2 + r−k

∫ t

s
‖∇v(τ)‖2

2dτ ≤ rkeµ̄t

∫ t

s
‖|v|1− 2

r (τ)∇un(τ)‖2
2dτ.
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From the last inequality we obtain, using uniform Sobolev inequality c−1
d ‖v‖2

2j ≤ ‖∇v‖2
2 and

Hölder’s inequality:

cdr
k sup

s≤τ≤t
‖v(τ)‖2

2+

∫ t

s
‖∇v‖2

2jdτ ≤ cdr
2keµ̄t

∫ t

s
‖|v|1− 2

r ∇un‖2
2dτ

≤ cdr
2keµ̄t

∫ t

s
‖∇un‖2

2x‖v1− 2
r ‖2

2x′dτ, x > 1, x′ :=
x

x− 1
.

2. Now let d, δ and q > d satisfy the assumptions of Theorem 1. Thus

sup
s≤τ≤t

‖∇u(τ)‖2
q ≤ e2C2q−1(‖g′‖1+t‖g′′)‖∇u(s)‖2

q .

Selecting x := q
2 and putting C3 = 2δ−1cδ + 2C2q

−1, we obtain

cdr
k‖h‖r

∞,r + ‖h‖r
r,rj ≤ cdr

2keC3(‖g′‖1+t‖g′′)‖∇u(s)‖2
q

∫ t

s
‖h‖r−2

x′(r−2)dτ.

Set D := cde
C3(‖g′‖1+t‖g′′)‖∇u(s)‖2

q . Then the last inequalities take form

cdr
k‖h‖∞,r + ‖h‖r,rj ≤ D

1
r (r

1
r )2k‖h‖1− 2

r

r−2,x′(r−2). (⋆)

Let us use first Hölder and then Young inequalities:

‖h‖r
r

1−β
, rd

d−2+2β

≤ ‖h‖βr
∞,r‖h‖(1−β)r

r,rj ≤ β‖h‖r
∞,r + (1 − β)‖h‖r

r,rj , 0 < β < 1.

Therefore, we obtain from (⋆) the inequalities

‖h‖ r
1−β

, rd
d−2+2β

≤ D
1
r (r

1
r )2k‖h‖1− 2

r

r−2,x′(r−2).

Let d ≥ 5,
√
δ = d−1 and q = d+ 1. Define β = 2

d2+d+2 , j1 = d
d−2+2β

and t = j1

x′ . Then t = 1
1−β

.

In other cases we select β ∈]0, q − d] such that t = 1
1−β

. Thus,

‖h‖tr,j1r ≤ D
1
r (r

1
r )2k‖h‖1− 2

r

r−2,x′(r−2).

Fix r0 >
2

2−
√

δ
. Successively setting x′(r1 − 2) = r0, x′(r2 − 2) = j1r1, x′(r3 − 2) = j1r2, . . . , so

that

rn = (t − 1)−1
(

t
n

(r0

x′ + 2
)

− t
n−1 r0

x′ − 2

)

,

we obtain from the last inequality that

‖h‖trn,j1rn ≤ DαnΓn‖h‖γn
r0
x′

,r0
,
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where

αn =
1

r1

(

1 − 2

r2

)(

1 − 2

r3

)

. . .

(

1 − 2

rn

)

+
1

r2

(

1 − 2

r3

)(

1 − 2

r4

)

. . .

(

1 − 2

rn

)

+ · · · +
1

rn−1

(

1 − 2

rn

)

+
1

rn
;

γn =

(

1 − 2

r1

)(

1 − 2

r2

)

. . .

(

1 − 2

rn

)

;

Γn =

[

rr−1
n

n r
r−1

n−1(1−2r−1
n )

n−1 r
r−1

n−2(1−2r−1
n−1)(1−2r−1

n )
n−2 . . . r

r−1
1 (1−2r−1

2 )...(1−2r−1
n )

1

]2k

.

Since αn = (tn − 1)r−1
n (t − 1)−1 and γn = r0t

n−1(x′rn)−1,

αn ≤ α ≡
(

r0

x′ + 2 − r0

j1

)−1

=
j1

r0

(

t − 1 + 2
j1

r0

)−1

,

and

inf
n
γn > γ =

r0

x′
(r0

x′ +
2t

t − 1

)−1
> 0, sup

n
γn < 1.

Also, since

Γ
1

2k
n = rr−1

n
n r

tr−1
n

n−1r
t
2r−1

n
n−2 . . . r

t
n−1r−1

n
1

and btn ≤ rn ≤ atn, where a = r1(t − 1)−1, b = r1t
−1, we have

Γ
1

2k
n ≤ (atn)(btn)−1

(atn−1)(btn−1)−1
. . . (at)(bt)−1

=

[

a(1−t
−n)(t−1)−1

t

∑n

i=1
it−i

]

1
b

≤
[

a(t−1)−1
t
t(t−1)−2

]

1
b

.

Finally, note that ‖h‖r0,r0 → 0 as n,m ↑ ∞, and so ‖h‖γn
r0
x′

,r0
≤ (t− s)

γn
r0(x−1) ‖h‖γ

r0,r0
for all large

n,m.

Define ν(τ) = τ
γ

r0(x−1) if 0 < τ ≤ 1 and τ
1

r0(x−1) if τ > 1.

Therefore, we conclude that there are constants B < ∞ and γ > 0 such that the following

inequality is valid

‖h‖∞,∞ ≤ B(t− s)‖h‖γ
r0,r0

, B(t− s) = Bν(t− s)eαC3‖g′′‖∞t.

It remains to note that ‖h‖Lr0 ([s,t]×Rd) → 0 uniformly in s ∈ [0, t] according to Claim 1. �
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