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STOCHASTIC DIFFERENTIAL EQUATIONS WITH SINGULAR
(FORM-BOUNDED) DRIFT

D. KINZEBULATOV AND YU. A. SEMENOV

ABSTRACT. We consider the problem of constructing weak solutions to the It6 and to the Stratonovich
stochastic differential equations having critical-order singularities in the drift and critical-order dis-

continuities in the dispersion matrix.

1. We consider the problem of constructing weak solutions to the It6 stochastic differential equation
(SDE)

—;L«—/b ds+\/_/ §)dW (s), x€R? (I)
(d > 3) and to the Stratonovich SDE
—x—/b ds+\/_/ ) odW(s), =ecRY, (S)

under the following assumptions on the drift b : R? — R? and the dispersion matrix ¢ € L®(R%, R¢®
R%):

1) b is form-bounded, i.e. [b|> € L2 . = L?

loc

loc — (Rd) and
1[BI(A = A) "2 [l < V3

for 6 > 0 and A = A\s > 0 (write b € Fs). Here || - [la2 :== || - [l 2— 12-

The class Fs contains vector fields in [L? 4+ L>]? , p > d (by Hélder’s inequality) and in [L? + L>°]¢
(by Sobolev’s inequality) with the relative bound ¢ that can be chosen arbitrarily small. The class
F;s also contains vector fields having critical-order singularities, such as b(z) = \/gd;f\x]_% (by
Hardy’s inequality) or, more generally, vector fields in the weak L% class (by Strichartz’ inequality
[KPS]), the Campanato-Morrey class or the Chang-Wilson-Wolff class [CWW], with § depending
on the respective norm of the vector field in these classes. It is clear that by € Fs,, by € Fj5, =
b1 + by € Fy, Vo = Vo1 + V/02. We refer to [KiS|] for a more detailed discussion on the class Fg.

2) a:=00T >vl, v>0, and

VeageF,, (1<rl<4d)

for some 7,4 > 0.
By 1), a matrix a with entries in W satisfies 2) with 7,, that can be chosen arbitrarily small.
The model example of a matrix a satisfying 2) and having a critical discontinuity is

rT®x
a(x )—I+c PR c>—1.
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Another example is
a(z) = I + c(sinlog(|z]))?e®e, eecR% el =1,

or, more generally, a sum of these two matrices with their points of discontinuity constituting e.g. a
dense subset of R

The problem of existence of a (unique in law) weak solution to the It6 SDE (Il) with a locally
unbounded general b (i.e. not necessarily differentiable, radial or having other additional structure)
is of fundamental importance, and has been thoroughly studied in the literature. The first principal
result is due to N.I. Portenko [Po]: if a is Holder continuous and b € [LP 4+ L>]¢, p > d, then there
exists a unique in law weak solution to (Il). This result has been strengthened in the case a = T
in [BC] for b in the Kato class KI*!, and in [KiS3] for b is in the class of weakly form-bounded
vector fields Fy* (see remark below concerning the uniqueness). (The class Fy* = {|b| € Ll :
11B]2 (A — A) "7 |las2 < 6} contains both the Kato class K& = {|b] € LL_: |||b|(A — A) "2 [,y < 6}

and Fy as proper subclasses. It also contains the sums of the vector fields in these two classes.) Since

L1+€

already Kf]H'l = ﬂ5>0K§+1 contains, for every € > 0, vector fields b ¢ L, ",

one can not appeal to
the Girsanov transform in order to construct a weak solution of (Il). We note that Kf]H'l —-F; #0,
Fs — Kg;rl # @ (in fact, already [L¢ + L] ¢ Kg;rl).

In Theorems [l and 2 below we prove that, under appropriate assumptions on relative bounds ¢
and ¢ (1 <7, ¢ < d), the SDEs (I)) and (S)) have weak solutions, for every = € R?, which determine
a Feller semigroup on Co := {g € C(R?) : lim,_, g(x) = 0} (with the sup-norm). The latter is, in
fact, the starting object in our approach.

The dependence of the solvability of (Il), (S) on the values of relative bounds has fundamental
nature. For example, consider the vector field (d > 3)

b(x) := \/gd ; 2\96]_295 € Fs.

IfFVo<1A %, then by Theorem [I] below the SDE
t
X(t) = —/ b(X(s))ds + V2W (1), t>0.
0

has a weak solution. If v/§ > dsz27 then an elementary argument shows that the equation does not
have a weak solution, cf. [KiS3| Example 1]. In this sense, Theorem [l covers critical-order singularities
of b.

The central analytic object in our approach is A4(a,b), an operator realization of the formal
operator —V -a-V +b-V in LY (we write Ay(a,b) D =V -a-V +b- V), an associated with it Feller
semigroup on Cy, and the WP estimates on solutions of the corresponding elliptic equation. By 2),
the vector field Va defined by (Va)* := Zle(viaik) is in the class Fy, with §, < v := Z;{é:l Vrp-
Thus, A(a,Va+b) D —a-V? +b-V is well defined. We will show that the probability measures
determined by the Feller semigroup associated to A(a, Va + b) admit description as weak solutions
to (). (Since we only require that Va + b is in Fs, we can handle diffusion matrices having critical
discontinuities; on the other hand, if we would require more, e.g. V,.a;y € LP + L* for some p > d,
then by the Sobolev Embedding Theorem a would be Holder continuous, and we would end up in
the assumptions of [Pa].)
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We note that the results concerning (Il) that impose various conditions on the derivatives of axy
already appeared in the literature, see e.g. [ZZ], see also references therein.

The assumptions 1), 2) destroy the two-sided Gaussian bounds on the heat kernel of —V-aV+b-V,
—a-V?4b-V (this is already apparent if a = I, b(x) = :l:%\/gm_%).

Concerning the Stratonovich SDE ([S)), instead of 2) we require:

2’) Vyo.; € Fs, for some 6,5 >0 (1 <r,j <d).

We re-write (9)) as

X(t) = a— /0 b(X(s))ds + /0 (X (5))ds + V3 /O o(X(s)dW(s), @ cRY, (")

where
‘ d
c:i= (), = Z V:i0ij)orj. (1)
Then, by 27),
cEFs, 6.< Lol Z 5
) 2 . rj
7]

(here ||o]loo = H(z rj=10 ) lloo)- We note that 2’) yields 2). Indeed,

d
Veae €Fopy e < (o> )% + 002
j=1
Thus, we put (S in the Itd form, however, without losing the class of singularities of the drift or the
class of discontinuities of the dispersion matrix. From the analytic point of view, imposing conditions
on V,0;; seems to be pertinent to the subject matter since it provides an operator behind ().

We prove that the weak solution to ([Il) or (S)) is unique among all weak solutions that can be
constructed using reasonable approximations of a, b, i.e.the ones that keep the values of relative
bounds intact, see remark Bl below. We do not prove the uniqueness is law. (In this regard, we
note that, under the assumptions 1), 2), in general |Vu| & L, u = (u + Ay(a, Va + b)) "L f, even if
f € C2°.) However, in our construction the weak solutions to (Il), (S) are determined from the very
beginning by a Feller semigroup, and so the associated process is strong Markov. The lack of the
uniqueness in law, arguably, does not have decisive importance for completeness of the result.

2. The following analytic results are crucial for what follows. Without loss of generality, we assume
from now on that a > 1.

Let a, b satisfy conditions 1), 2). Assume that the relative bounds J, v, J, satisfy, for some
q>2V(d-2),

{ 1—%<ﬁ+ua—fuoof>
(q—1)(1-24) - <ff+5>——<q—2>qf la — Ie 22 > 0.

(For example, () is evidently satisfied for all ¢, ~, J, sufficiently small. If 4y = 0, then (2] reduces
to & < 1A (3%5)%.) Then, by [KiS2, Theorem 2], there exists an operator realization A4(a,b) of the

(2)
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formal differential operator —V-a-V +b-V in L7 as the (minus) generator of a positivity preserving

L contraction quasi contraction Cp semigroup e~ *Aa (a:b),

eHhalab) . — o L4 Jim e7tAa(nbn)  (loc. uniformly in ¢t > 0), (3)

where Agy(an,by) == =V - an -V +by, -V, D(Ay(an,by)) = WP, b, = e (1,b), 1, is the indicator
of {z € R | [z < m,|b(z)| < n}, €0 L0, ay =1 +e2(ny(a — 1)),

1, if |z| < n,
M(z) =< n+1—|z, ifn<z]<n+1, (x € RY), €n 10,
0, if || >n+1,

(see remark 2 below), such that for u:= (1 + Ag(a, b)) f, u > po, f € LY,

_1
IVully < Ki(p = po) =21 fllg,

1_1 (%)
HVUHI%I2 < Ko(p—po)a 2| fllq

where the constants py > 0 and K; < oo (i = 1,2) depend only on d, ¢, ¢, §,y. By (&) and the Sobolev
Embedding Theorem, u € C%% a =1 — %. (See remark @ below.)

The second estimate in (&) allows us to run an iteration procedure LP — L°, which, combined with
@), allows to construct a positivity preserving contraction Cjy semigroup on Cy, (Feller semigroup)
by the formula

e Mo (00) .= 5. 0 lim e~ (@n:5n)  (Joc. uniformly in t > 0), (4)

where Ac_ (an,bp) := =V -a, -V +b,-V, D(Ac(an,by)) := (1 - A)"1Cy [KiS2, Theorem 3]. (The
reason we first work in L%, and not directly in C, is simple: L? has a (locally) weaker topology, so
it is much easier to prove convergence there.)

By @) and (),
(+ Ao (a,0) 71 = (1 + Ag(a,0) ™1 [ LIN Cog) 0 1> po. (5)

Coo—Co’

In view of ({)), (®) and the Sobolev Embedding Theorem,

(7o (@) | LI C) % € B(LY,Cx), >0 (6)

Remark 1. It is clear that C° ¢ D(Ac. (I,b)) for b € [L®°]¢ — [Cy]%. In fact, an attempt to find a
complete description of D(Ac_(a,b)) in the elementary terms for a general b € Fg, even if a = I, is
rather hopeless.

Remark 2. Since our assumptions on §, v and d, involve only strict inequalities, we can and will
choose €,,c, | 0 in the definition of a,,, b, so that

Vr(an).g € F:/M (1 <rt< d), Va,, € Fga, b, € FS
with relative bounds 8, 4,4, 0, satisfying (@), and with A # A(n).
In what follows, without loss of generality, 6 = 8, 5 = 7, 84 = J,.

3. We now state the main results of the paper. We consider first the 1t6 SDE (). The corre-
sponding analytic object is Aq4(a, Va + b), an operator realization of —a - V2 4+b-Vin LY, see the
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previous section, where we assume that the condition () is satisfied with ¢ replaced by d, + . Then
Vay, + b, € Fs, 15 with A # A(n), and the limit

et (@Vath) . — 5 0 _lim e~*A¢oo (an:Vantbn) (o, uniformly in ¢ > 0), (7)

where Ao (an, Vay, + by) := —an - V2 + b, -V, D(Ac_ (an, Va, +by)) = (1 — A)"'Cy, exists and
determines Feller semigroup on Cw,. By ), (@),

(1 A0, Va+ D) = (1 4+ Al Va+ 0) 7 TLINC)E o p> o (9)
(e~thow (a,Va+b) | 19 COO)CLI(?S—)COO € B(LY,Cyy), £>0. (9)

Denote: R? := R%U {oo} is the one-point compactification of R<.

Qp = D(]0,00[, R?) the set of all right-continuous functions X : [0, co[— R? having the left limits,
such that X (t) = oo, t > s, whenever X (s) = 0o or X(s—) = o0.

Fi=0{X(s) | 0<s<t,X € Qp} the minimal o-algebra containing all cylindrical sets {X €
QD ’ (X(Sl), .. ,X(Sn)) eAAC (Rd)n is Open}ogslg...gsngt.

Q := C(]0, o[, R?) denotes the set of all continuous functions X : [0, oo[— R<.

G =0{X(s5) |0<s<t,X €}, Goo :=0{X(s5)|0<5<00,X € Q}.

By the classical result, for a given Feller semigroup 7% on Cs(R?), there exist probability measures
{Py}pere 00 Foo = 0{X(s) | 0 < s < 00,X € Qp} such that (Qp, Ft, Foo, P) is a Markov process
and

Ep,[f(X(t)] =T'f(z), X€Qp, f€Cx, xR
Theorem 1 (It6 SDE). Let d > 3. Assume that b € Fs5, V,ay € F,, and Va € Fs,, with
v o= Eigzl Yres 0, Oq Satisfying, for some q > 2V (d—2), the condition ([2l) with 0 replaced by 6 + d,.

Let (Qp, Fi, Foo, Pi) be the Feller process determined by Tt = et (@ Vatd) - Tpe following is true
for every x € R%:

(i) The trajectories of the process are P, a.s. finite and continuous on 0 < t < co.

We denote P, | (Q,Goo) again by P,.

(i) Ep, [y |b(X(s))|ds < 00, X € Q.

(#3) For any selection of f € CX, f(y) :==vi, or f(y) :=viy;, 1 < i,j < d, the process

MI(t) = F(X(1) — f(2) + /O (—a-V2f +b-Vf)(X(s)ds, >0,

is a continuous martingale relative to (Q, Gy, P.); the latter thus determines a weak solution to the
SDE () on an extension of (2, G, Py).

See remark [3] below concerning the uniqueness.

Theorem 2 (Stratonovich SDE). Let d > 3. Assume that b € F5, V,0.; € Fs,, and Va € Fs,, with
v = an{g:l Yres Oy Oa, Oc Satisfying, for some q > 2V (d — 2), the condition ([2)) with § replaced by
8+ 64 + . Let (Qp, Fi, Foo, Pi) be the Feller process determined by T* := e~ thcos (e, Va—ctd) — The
following is true for every x € R%:

(i) The trajectories of the process are P, a.s. finite and continuous on 0 < t < co.
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We denote P, | (2,Go0) again by P,.
(ii) Ep, [y |b(X(s))|ds < 00, X € Q.
(#3) For any selection of f € CX, f(y) :==vi, or f(y) :=vyiy;, 1 < i,j < d, the process

M) = FX0) - )+ | (—a- V2 4 (b= 0)- VH(X(s)ds, >0,

is a continuous martingale relative to (Q, Gy, P,); the latter thus determines a weak solution to ()
on an extension of (2, Gy, Py).

We fix the following approximation of o by smooth matrices: o, = I + CE"A(T]n(U — 1)) (1, have
been defined earlier). Then we may assume (cf.remark 2] above) that a, := o,0% > 1, b, and ¢,
defined by (II) satisfy

Ve(lan)e €Fy, 1<rt<d), Va,cF;, c,€F;5, Va,—cn+b,€Fs545.45

with A # A(n). If the condition (2)) is satisfied with § replaced by d,+ 9.+ 9, then the Feller semigroup
e tAceo (a.Va=ctb) s well defined, and the properties (7)), () and (@) hold for e~*Aceo (@:Va=ctb)  Thyg,
Theorem [2] is a consequence of Theorem [I1

Remark 3. In the assumptions of Theorem [ assume also that ||a — I||cc + < 1. If {Q4},cpa is
another solution to the martingale problem of (4i) such that

Q. = w-lim Py (ay,, l;n) for every x € Rd,
n

where by, @, satisfy 1), 2) with relative bounds 8, Ark, Ja fulfilling @) with 6 replaced by § + 4, then
{Qz}ierd = {Ps}rera- See Appendix A for the proof.
The same remark applies to Theorem [ provided that ||a — I||oc + 0 + d. < 1.

The proof of Theorem [I] follows the approach in [KiS3]. The latter requires a Feller semigroup,

e thcoo (@:Vatd) an( the estimates of Lemmas Al and A2 below.

Lemma A1l. Assume that the conditions of Theorem [l are satisfied. There exist constants py > 0
and C; = Ci(0,7,04,q, 1), i = 1,2, such that, for all h € C. and p > uy, we have:

2
[(1 + Ace (@, Va +0)) " Hom| ||, < Cilllbm] 2 A, (10)

1+ A (a, Va + )™ b — balhlloo < Col|lbm — bul 8] (11)
We will also need a weighted variant of Lemma Al. Define
p) = pily) = (L +IP) ™, v > 5041 150, yeBY
Clearly,
Vol <vVip, |Ap| <202v+d+2)ip. (12)

Lemma A2. Assume that the conditions of Theorem [l are satisfied. There exist constants g > 0
and K1 = K1(0,7,04,q) and Ko = K5(6,7,0a,q,1t) such that, for all h € C.(RY), u > po and
sufficiently small I = 1(6,7,d4,q) > 0, we have:

[p(k+ Acw (an, Van +a)) 7 h|| < Killphllq, (E1)
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2
HP(N + Ac., (an, Vap + bn))_llbm‘hHoo < Kal||bm| Qthq. (E2)

Lemmas Al and A2 are the new elements of the approach in [KiS3]. Their proofs differs essentially
from the proofs of the analogous results in [KiS3].

Remark 4. The assumptions on the matrix a in [KiS2, Theorem 2] are stated in a somewhat different
form than in the present paper, but its proof can carried out without any significant changes in the
assumptions 1), 2).

1. Proors oF LEMMAS A1l AND A2

The proof of Lemma Al is obtained via a straightforward modification of the proof of Lemma A2.
We will attend to it in the end of this section.

Proof of Lemma A2. Tt suffices to prove (Ey)), (E2) for (u+ Ay(an, Va, +b,))~t (cf. @)).

Set A} := —V -a, -V, D(A}) = W24, Set by, := Va, + b,. Then b, € Fs,, 0o := dq + 6. Put
U = (p+ Aglan,by))"th, 0 < h € C}, where Ag(an,by) = AL + b, -V (= —an - V2 + b, - V),
D(Ay(an,by)) = W24, n > 1. Clearly, 0 < u,, € W31

In order to keep our calculations compact we denote 7 := p?. By (12,

IVl < avin,  |An| < ealn. (%)

For brevity, we omit index n everywhere below: u = u,, a = ay, b= l;n, Ay = A Denote w := Vu.
Set

d
I = S ((Vew)wlt2n), g = (V) fw]2n),
r=1

d

If = ((Vew-a-Vew)|w?n), Jg = ((Vw|-a- V|w])w|"n).

r=1
Set [F,G]- := FG — GF.
Proof of (E7]). We will establish a weighted variant of (&), then (E7) will follow by the Sobolev
Embedding Theorem. We multiply the equation pu + Ag4(a, byu = h by ¢ := —V - (nw|w|?2) and
integrate:

plnlw|?) + (Agw, qlw]™2) + ([V, Agl—u, qwlw|?™?) = (=b- Vu, ) + (b, ¢),

plnfw]®) + I + (g = 2)J§ + Ry + ([V, Ag]—u, wlw] %) = (=b- Vu,¢) + (b, ¢),

where Ré = (a - V]w|,|w|T'Vn) (we will get rid of the terms containing V1, which we denote by
R, , towards the end of the proof). Since a > I, we have Iy > 14, Jj > Jy. Thus, we arrive at the
principal inequality

pllw]®) + Iy + (g = 2)Jg < —([V, Ag]u, wlw|"?) + (=b- Vu,¢) + (h,¢) — Ry (o)

We will estimate the RHS of (@) in terms of J, and I,.
First, we estimate ([V, A,]—u, nw|w|?72) := Ef:1<[vr,Aq]_u,nwr\w\q_2>. From now on, we omit
the summation sign in repeated indices.
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Claim 1.
_ ¢ 1 1
(9 Aot ] < a4 L1y + 0= 2) 5L+ 1]
+ Rg + (a+ (¢ — Z)B)RZ’ + (a+ (¢ — 2)8) M (|w|"n), (a, 8 >0)
where Ry := ((Vrai)we, wplw|1*Vim), Ry = §(V|wl], [w|*™"Vn) + i<|w|q%>-
Proof of Claim[1. Note that [V, A;]_u = -V -V,a-V. Thus,
([Vr, Agl—u, e w|?=2) = ((Vraie)we, n(Viw, ) w|"~2)
+ (q — 2)((V,ai)we, nw, |w| 73V |w|) + Rg.
By quadratic inequality,
[V, Agl—u, o |w]472%)] < a3, ((Viao)*fw|™n) + 551
+(q=2) | B(E,,(Vrag)lwltn) + 45J¢| + BE.
We use Vyap € Fy e (V0a0)?9?) <ve{|Vol?) + M {lel?), ¢ € W2, so that
(S e(Vraeluol™) < 5Ty + B+ Xy{Jw|), (13)
where v =3, ¥r¢. The proof of Claim [lis completed. O

We estimate the term (—b - w, ¢) in (@) as follows.

Claim 2. There exist constants C; (i = 0,1,3) such that
)
(~b-w,¢) < [(J%fwo) 2)‘”2_0} Ty

1 1 _ 1
+ Ha—IHOO[aléo o+ - } + Collwl|g + Cyllnaw|d=2|lnah|2 + CoRE + RE, (a1 > 0)

where R := —(Vn, w|w]?2(=b - w))).
Proof of Claim[3. We have ¢ = n(—Au)|w|9=2 — n|w|? 3w - V|w| — Vn - w|w|972, so
(=b-w,¢) = (=Au,nlw|""*(=b- w)) — (g = 2)(w - V]w|,nlw]*>(=b- w)) + Ry
=+ F, + Ry
Set B, := (nb*|w|?). We have
Fy < (q—2)B2J¢.
Next, we bound F;. We represent —Au = V- (a—1I)-w— pu—b-w+ h, and evaluate: V-(a—1I) -w =
Va-w+ (a—1I)iViwyg, so
Fi = (V- (a=1)-wnlw|?(=b-w)) + (—pu = b-w+ h), nlw|*(=b- w))
= (Va- w,n|w|""*(=b - w))
+ ((a = DieViwg, njw|*™%(=b - w))
+{(—pu = b w + h)lw|"? (b - w)).
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Set P, := (n(Va)?|w|?). We bound F; from above by applying consecutively the following estimates:
. 11
1°) (Va - w, nfuwlt=2(<b w)) < P B},

N 1 1
2°) ((a — 1) Viwe nwlt=2(=b- w)) < [la — oI} BE < [l — Illoc (a1 By + 1= 1,).

~ 1 9=2 1

3°) {puu, ]2 w) < L BF [niwly? [nihl, for some 1 > 0, for all 1> py.
~ 101 a=2 1 1

Indeed, {pu, njw|?™(=b-w)) < uB¢niwly® [neully and |Invully < (v — )~ bl w > p,

for appropriate 1 > 0. To prove the last estimate, we multiply (u + Ag(a,b))u = h by nuid~! to

obtain

plu ity = (V- a-w,put™h) = (=b-w,qut™) + (hyput™t),

1 4(g — 1 N
MHﬁéUHZ + %(nVUg ca-Vu?) + R) = (-b- w, nuid=tY) + (h,qui™t),

where Rg = %<a - Vus?, (Vn)u%>. In the RHS we apply the quadratic inequality to (—5 -V, nui—t)

to obtain
1 4(qg — 1
pllnaul|d + %(nVUg a- Vu%> + Rg

2 1\2 L 29 -1
< 2 _ q q
< RZ((VuR) g ) + ™) (> 0),

1 4(qg — 1
pllnaulld + %(nvqﬁl -a- Vu%> + Rg

2 1\2 L 29 : L a—1
< w (Vu2)%) + 5o nbul) + e hllgllme wllg™
Since a > I, we can replace in the LHS (nVu? - a- Vu2) by (n(Vu2)?). By b € Fy,, (nh?u?) <
So(n(Vu2)2) +2(Vuz, Vi) + ((Vn)2u?) + A (nu), and thus we arrive at

1 4(q — 1 2 1 q 1 i
(s = sty + [ M2 o L [Vt ) < 5+ RS+ vl ol

where p11 := Ao, RS := 2%(1(2<Vu%,V77> + ((Vn)?ul)). We select x := @. Then, since ¢ > 2_%/%,

the coefficient of (n(Vu2)?2) is positive. In turn, by (),

R} < eoVillaloe(Vu] ) < TV lalloo (((Tud)?) + ().

1 1
We estimate R similarly. The required estimate (pu—p1)|[naully < [[nehllq now follows upon selecting
[ sufficiently small in the definition of n (= p?) at expense of increasing puq slightly. This completes
the proof of 3°).
4°) (b - w,nw|972b - w) = B,

a—2
2

A 11 1
5°) (hynlw|T72(=b - w))| < B [Inawll® nhl,.

1 1 a=2 1 1 1
In 3°) and 5°) we estimate B [nawlly® [0kl < coBy + 2 In7wlld*|Inah|2 (g0 > 0).
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The above estimates yield:
(~b-w,¢) =+ F,+ R}

11 11 11
< P¢Bi + lla—1Ileo!f B + By + (¢ —2)B; J¢

Iz L a2 7112 4
+ €0 M—M1+1 By + Ci(eo)[nrwl|=|nahll; + Ry

Selecting €9 > 0 sufficiently small, using that the assumption on dg, d, are strict inequalities, we can
and will ignore below the terms multiplied by &g.
Finally, we use in the last estimate: By b € F,,

2
B <L

¢S SoJq + B2+ Ao (|w|n)

(cf. (@3))), and by Va € Fy_,

ag%@@+@+mwmg
This yields Claim 2l O
We estimate the term (h, ¢) in (@) as follows.
Claim 3. For each gy > 0 there exists a constant C = C(gg) < 0o such that
(h,¢) < eoly + Cllwl|i?||R]17 + Rg,
where RZ = —(Vn - ww|?2, k).
Proof of Claim[3. We have:
(h, 6) = (=Au, nfw|"2h) — (¢ = 2)(nw|" w - V|w|,h) + Ry =: Fi + F + Ry.
Due to [Auf? < d|V,wf? and (nlw]t>h2) < [[nwl[s 2 [lns b2,
Fo S VI el bl F < (0= 2098 [l 3hl,
Now the standard quadratic estimates yield Claim [3] O

Since the assumption on 7, dg, J, in the theorem are strict inequalities, we can select €y > 0
sufficiently small so that we can ignore the term e/, in Claim 3]
Applying the estimates of Claims [ 2l and Bl in (@), we arrive at: There exists pg > pq such that

2 2
(b= o)t + Iy + (g = 20y — aredy — 21, — (g —2) {m% " ﬁ]Jq

2 2
_ <(\/_50\/_5a o) 4 (g - 2)nd ) Jo—lla— Il (aléo%Jq + %1)
g 1 2 3 4 7
< C|lpah|§ — RL + R? + CR? + R + R,

We select a = 8 := ﬁ, o = qﬁ. By the assumptions of the theorem, the coefficient of I,

1= T+ lla = Tloo/0) = 20 > 0,
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so, by I, > Jg,

2
(= o)l + [ (0= D1 = ) — (VoG + d) — (=L o= 11, 20,

1
< Clnah||é — Ry + R2+ CR} + Ry + Ry
By the assumptions of the theorem the coefficient of J; is positive. Selecting ! in the definition of n

sufficiently small, we eliminate the terms Rfl (1 =1,2,3,4,7) using the estimates (&) as in the proof
of 3°), at expense of increasing py and decreasing the coefficient of J, slightly, arriving at

1
(1 = po)l[w|g + g < Clin=hlg, > 0.

In J, = %(n(V\Vu]%)2>, we commute 7 and V using (@), arriving at

1 q 2 / 1 q
(VIV(niu)[2)7) < Cllnahllg.
Applying the Sobolev Embedding Theorem twice, we obtain (EY]).
Proof of (E). We modify the proof of (E1). Now, u = (u+Ay(a, b))~ |bm|h, where 0 < h € C.. The

modification amounts to replacing h by |b,,|h which requires the following changes in the estimates
involving h. Namely, in the proof of Claim [2] we replace 3°) with

A S et | 2 1 1 2
8') (b-w, n|w]"puy) < pC(p)Bg [newllg® [[n7]bm| 7 hllq where we used [[n7unlly < C (1) |07 [bm| 7R
The proof of the last estimate follows the proof in 3°), but now we estimate (h,nu?"') by Young’s
inequality:

(bl mua=y < L2

1 _a q=2 -9
7T (b TTUP) + “7<n|bm|2hq> (o > 0)

<!

q —q
T (1 + b |2t + “7<n|bm|2hQ>.

It remains to apply b, € Fs with A # A(m) in order to estimate (n(1 + |b,|?)u?) in terms of
(n(Vu?)2), ||77%u\|g and the terms containing V7 which can be discarded at expense on increasing
o- We select o > 0 sufficiently small to obtain the required estimate.

We replace 5°) by

5') (|bym|h, nw|?2(=b - w))| < Bq% <n(|bm|h)2|w|q_2>%, where, in turn,

_ _q_ 2 _2
(b B[] %) < & eq32<n\bm12\w\q>+5e 1 (b |2h9)

(use by, € Fs with A # A\(m)) (14)

-2 a [¢? 2 _2
gqq = %&@+Rj+MQMW7+;eq@Wﬂ%% (15)
where € > 0 is to be chosen sufficiently small.
1 1
In the proof of Claim B} we replace the estimate (n|w|?=2h?) < \|775w||g_2||775h\|2 by (I&). The
analogue of RY is —(Vn - w|w|?™2, |by,|h), which we eliminate by estimating using (&)

11 4
— (V- wlw] T2, [b |h) < FUN(|bm ) w]T72)2 [naw]g,

applying (I5) to the first term in the RHS, and selecting [ in the definition of 7 sufficiently small.
The rest of the proof repeats the proof of (E). O
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Proof of Lemma A1. The proof of (I0) repeats the proof of (E5]) with p taken to be = 1. The proof

of () also repeats the proof of (E5]) with p = 1 where we take into account that b,, — b, € F5 with

A # A(m,n). O
2. PROOF OF THEOREM [I]

We follow the approach of [KiS3]. For the sake of completeness, we have included all the details.
Lemma 1. For every xz € R% andt > 0, b, (X (t)) = b(X(t)), an(X(t)) = a(X(t)) Py a.s. asn T oo.

Proof of Lemma[dl. The proof repeats the proof of [KiS3l Lemma 1]. By (@) and the Dominated
Convergence Theorem, for any L£%measure zero set G C R? and every t > 0, P,[X(t) € G] = 0.
Since b, = b, a, — a pointwise in R? outside of an £%measure zero set, we have the required. [

Lemma 2. For every x € R? and t > 0, P,[X(t) = oo] = 0.
Proof of Lemma[2. The proof repeats the proof of [KiS3, Lemma 2]. First, let us show that for every
M > po,

/OO e TMEMEL(X (2))]dt — % as k 1 oo uniformly in n. (16)
0

(See (I7) for the definition of &.) Since [ e *E! [1ga(X (t))]dt = %, (@6) is equivalent to [ e M E2[(1ga—
&) (X (t))]dt — 0 as k T oo uniformly in n. We have

/ooo e M (e — &)(X (2)dt

(we use the Dominated Convergence Theorem)

“im [ e MERE (1 - 6)(X(0))dt
rtoo Jo

= }iTlglo(u + Ac. (an, Vag + b)) 7' E(1 = &)](2)

(we apply crucially (E}])
< pla) ™ K i s (1~ &)l < o) KoL~ &)l 0 as k1 o

which yields (I6]).
Now, since E,[£x (X (¢))] = lim,, EZ[£, (X (¢))] uniformly on every compact interval of ¢ > 0, see (),
it follows from (I6]) that

/OO e MR, [Ep (X (1))]dt — % as k 1 oo.
0

Finally, suppose that P,[X (t) = o] is strictly positive for some ¢ > 0. By the construction of P,,
t — P,[X(t) = 0o] is non-decreasing, and so » := [ e " E,[1x()=0)dt > 0. Now,

1 (o @] (o]
- = / e M E,[1ga(X (t))]dt > %+/ e MR [ (X (2))]dt.
K 0 0
Selecting k sufficiently large, we arrive at contradiction. O

Let P? be the probability measures associated with e oo (an,Vantbn) p — 1 2
Set E; := Ep,, and E} := Epn.



STOCHASTIC DIFFERENTIAL EQUATIONS WITH SINGULAR (FORM-BOUNDED) DRIFT 13

The space Qp := D([0, o0o[, R?) is defined to be the subspace of Qp (:= D([0, oo, R?)) consisting
of the trajectories X (t) # o0, 0 <t < co. Let F} :=0(X(s) |0 <s <t,X € Qp), FL :=o(X(s) |
0§S<OO,X€QD).

By Lemma [, (Qp, F.,) has full P,-measure in (Qp, Fa). We denote the restriction of P, from
(Qp, Fao) to (Qp, FL.) again by P,.

Lemma 3. For every x € R? and g € C°(RY),

t
o(X(0) = gla) + [ (—a-Tg+b- Vo) (X(9)ds,
is a martingale relative to (Qp, F{,Ps).

Proof We modify the proof of [KiS3| Lemma 3]. Fix p > po. In what follows, 0 < ¢t < T < oo.
) Ey fo |b- Vg|(X(s))ds < co. Indeed,

/ |b Vg‘

(we apply Fatou’s Lemma, cf. Lemma [I])

< hmlnfE / by - Vg|(X(s))ds = hmlnf/ —shooe (@ v‘”b)‘ n - V| (z)ds

= lim inf/ eHs e hs g5 h0oo (a:VatD) |br - Vgl (z)ds
< " liminf (u + A, (a, Va + b)) "2 b, || V| ()
(we apply (I0) with h = [Vg])
1 1 1 1
< Cre liminf (b, [*|VglP)r < CretT27 ((Jb]°|Vg[?)¥ + lim([b — b,|?|Vg[?)7)
Tos /1p2 <
= C1e" 27 (|b]*|Vg|P)? < 0.

(a’) E, fo ‘a V29| ))ds < oo since a is bounded.
(b) We have

El9(X(1)] = Ex[g(X(1))],

mé@w@u@w%méwvwﬂww

n t V2 s))ds ta- 2 s))ds
mémnvwm»d%mé<vmumm,
and also, for h € C°,
MAWM@@W%&AWWM%M

as n T oo. Indeed, the first convergence follows from (7). The second convergence follows from (c)
below. The third convergence follows from a straightforward modification (c) (use (@) and the obvious
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fact that a, - V2g — a-V2g in LP). The fourth convergence follows from E, fot(|b||h|)(X(8))ds < 00,
a straightforward modification of (a).

(€) Ey [1(bn - V) (X (s))ds — EZ [ (by - Vg)(X(s))ds — 0. We have:
. [ (6 Vo)X (6)ds B [ (00 Vo)X (s))ds
_ /Ot <e—sACoo (a.Vath) _ o—shco, (an,Van—i-bn)) (b - Vg)(2)ds
_ /Ot <e—sACoo (a.Vath) _ g—shcu, (an,Van—i-bn)) (b — bu) - Vg)(x)ds

t
—l—/ <e_8AC°° (@.Vatb) _ o—shco (a”’va”er")) (b - Vg)(z)ds =: S1 + Sa,
0
where m is to be chosen. Arguing as in the proof of (a), we obtain:

Si(z) < e (u+ Ac(a, Va+ b)) (by — by) - Vg|(x) + e*T (1 + A (an, Van 4+ bp)) "2 (b — b) - Vg|(2).

Since b, — b, — 0 in Ll2oc as n,m T oo, () yields S; — 0 as n,m T oo. Now, fix a sufficiently large
m. Since e~ oo (@:Vatb) — 5 O _lim,, e~ #MCoo (an,Van+bn) yniformly in 0 < s < T, cf. (), we have

Sy — 0 as n 1 0o. The proof of (c) is completed.
Now we are in position to complete the proof of Lemma[3l Since a, € [C°]%*9, b, € [C°]¢,
g(X(t)) —g(x) + /Ot(—an V294 by, - Vg)(X(s))ds is a martingale under P?,
so the function
= Eplg(X ()] —g(x) + Ey /Ot(—an V29 + by, -Vg)(X(s))ds is identically zero in R%.
Thus by (b), the function
x = B lg(X(t))] — g(z) + E, /Ot(—a V29 +b-Vg)(X(s))ds is identically zero in RY,

ie. g(X(t)) —g(z) + fg(—a -V2g+b-Vg)(X(s))ds is a martingale under P,. O
Lemma 4. For z € R, Q has full Py-measure in Qp.
Proof of Lemma[j The proof repeats the proof of [KiS3, Lemma 4]. Let A, B be arbitrarily bounded
closed sets in RY, dist(A, B) > 0. Fix g € C%°(R?) such that g=0o0on A, g =1 on B. Set (X € Qp)
t t
M) = g(X(0) — glo) + [ (—a- Vg b Vo)X (s)ds, K0 = [ 10X (=) dbs),
0 0

then

K9() =3 14 (X(s-)) g(X (5)) + /0 14(X (s-)) (—a- V2q +b- V) (X(s))ds

s<t

= 3 1A (X(5-) 9(X(s)).

s<t
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By Lemmal3], MY(t) is a martingale, and hence so is K9(t). Thus, E, [ngt 14(X(s—))g(X(s))] =0.
Using the Dominated Convergence Theorem, we obtain E, [ngt 14(X(s—))1p(X(s))] = 0. The
proof of Lemma [ is completed. O

We denote the restriction of P, from (Qp, F.)) to (©,G) again by P,. Lemma [3] and Lemma [
combined yield

Lemma 5. For every x € R? and g € C°(RY),
t
o(X(0) - 9(@)+ [ (o Vb VoX(e)ds, X e,
0
is a continuous martingale relative to (Q, Gy, Py).

Lemma 6. For every z € R% and t > 0, E, fg |b(X(s))|ds < oo, and, for f(y) =y or f(y) = iy,
1<14,7 <d,

t
FOX®) = £@)+ [ (AF+b-VAX()ds, X € (0.0 R,
is a continuous martingale relative to (Q, Gy, Py).

Proof. We modify the proof of [KiS3, Lemma 5].
Fix av e C®([0,00[), v(s) =1if0<s <1, v(s) =0if s > 2. Set

u(y) = { St = (17)

Define fj, := &.f € OX(RY). Set a = ||[V&]loo, B = Al (o, don’t depend on k). Fix
0 < T < oo. In what follows, 0 <t < T.

(@) B fo(blI(V ]+ alf)(X(s)ds < oc.

Indeed, set ¢ := |V f|+a|f| € CN VVI})S, or = Epp1p € C. N W2, First, let us prove that

t
EZ/ (|bn]ek)(X(s))ds < const independent of n, k.
0
Fix p > 2V (d — 2) satisfying [@). By (@), v/(pp)? € WhH2. We have

t t
o / (Ibulor)(X (s))ds = / ¢oAom @ Fantb)ly o ()ds
0 0

< e“T(u + Ac (an, Van + b)) 7 balor(z)
(we apply (E3))

1 _ 1
< e p(x) T Ky (|ba* (pr))? < €T p(a) T Ko (|bal* (p)?) ¥
(we use b, € Fs, A # A(n))

i 2
< T p(a) " Ko v (A — A)2 /()P ||3 < oo

By step (b) in the proof of Lemma Bl E? [ (|bnlor)(X(s))ds — Eg [ (|bler)(X(s))ds as n 1 oc.
Therefore, E? fot(|bn|<,pk)(X(8))ds < C implies E, fot(|b|<pk)(X(s))ds < C (C # C(k)). Now, Fatou’s
Lemma yields the required.

(b) Foreveryt >0, E, fot(]a V2 f| 4 20|V f| + BIF)(X (t))ds < oc.
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The proof is similar to the proof of (a) (use (E7) instead of (E3))).

(c) For every t >0, E,[|f|(X(t))] < oc.
Indeed, set g(y) := 1+ |y|?, ¥ € R Since |f| < g, it suffices to show that E,[g(X(t))] < co. Set
9k(y) = &k(y)g(y)- By Lemmali]

Eaox (X (£))] = gx(z) — Eq / (—a- V2g0) (X (5))ds — Eq / (b~ Vi) (X (s))ds.
0 0
Note that
supE, /0 (1bll9x) (X (s))ds < o0, supE, /0 la - V2gx](X (5))ds < 00

for, arguing as in the proofs of (a) and (b), we have:

Em/ (I6I(IVg] + lg])) (X (s))ds < oo, Em/ (Ja- V2gl +2a|Vg| + Blg]) (X (t))ds < oc.
0 0

Therefore, supy, E4[gx (X (t))] < oo, and so, by the Monotone Convergence Theorem, E,[¢(X (¢))] <
oo. This completes the proof of (c).

Let us complete the proof of Lemma[6l By (a), E, fg |b(X (s))|ds < oco. By (a)-(c),

M (t) = f(X(t))—f(:E)—l—/O (—a-Vf+b-Vf)(X(s))ds, t>0,

satisfies B, [|M/(t)|] < oo for all t > 0. By Lemma [ for every k, M/(t) is a martingale relative
to (2,G;,P,). By (a) and the Dominated Convergence Theorem, since |V fx| < |V f| + «|f]| for all
k, we have E, [[(b- Vfi)(X(s))ds — E, [(b- Vf)(X(s))ds. By (b), E, [1(a - V2f)(X(s))ds —
E, fg(a -V2£)(X(s))ds. By (c), Eu[fr(X(t)] — E.[f(X(t))]. So, M/(t) is also a martingale on
(Q, G, P,). The proof of Lemma [@l is completed. O

We are in position to complete the proof of Theorem [I(7)-(i7). Lemma [4] yields (7). Lemma
yields (i) and (éi7). The proof of Theorem [I]is completed.

APPENDIX A.

We prove the assertion of remark Bl For f € O, x € R? denote

RLf(@) = Boy [ e p(X(9)ds (z (1 + Ac (i, Viin + Bn»-lf(:c)),

REf(@) = Eq. [ e (X()ds. >0,

Let us show that (1 + Ac., (a, Va + b))~ f(z) = Rﬁzf(:l?) for all 4 > 0 sufficiently large; this would
imply that {Q,},erd = {Ps}trcrd-

We have:

1) R f(z) — R,Cff(a:) (the assumption).

2 NRZFll2 < (1 — w2) I fll2s 1o > wo.
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Indeed, R} f = (p + Ag(an, Van + ba))"Lf, f € C. Since e~th2(@n Van+bn) ig o quasi contraction
on L2, || + A2(an, Van + bp)) 2z < (0 —w2) ™ 1 > wa, 0 < wy # wa(n). Thus, R fll2 <
( — w2) Y| f]|2 for all n. Now 2) follows from 1) by a weak compactness argument in L2.

By 2), Rﬁz admits extension by continuity to L?, which we denote by R§2

3) (=(a—=1)-V2+b-V)(pp— A) oo < |la — I]|oo + 6 (We use b € Fg).

_ 1yl
4) (p+A2(a,Va+0) 1 f = (p=A)" 1+ ((a—1) V2 =b-V)(u—A)~") " f.
Indeed, by our assumptions |ja — Il + 0 < 1, so in view of 3) the RHS is well defined. Clearly,
4) holds for a = ay,, b = b,. We pass to the limit n — oo using ().

5) (p+ Ao (a,Va+b))"1f = R,?f a.e. on R%,
Indeed, since {Q,} is a weak solution of (l), we have by Itd’s formula
(W—A)""h=RZ[(1+((a—1)-V*>=b-V)(u—A)"")h], heCX.
Since [[(14 ((a —1)-V*—b- V)( — A) ™) |l22 < oo (by 3)), we have, in view of 2),
(n=A)"g=R%[(1+((a=1)- V> =b-V)(u—2)"")gl, geL”
Take g = (1+ ((a—1)-V*— b'V)(,u - A)_l)_ f, f€CX. Then by 4) (u+ A2(b)) "1 f = RﬁQf. By
the consistency property (u+ Aoy, (0)) ™ csonrz = (1 + Aa(b)) ™! coonp2, and the result follows.

6) Fix a ¢ > 2V (d — 2) satisfying the assumptions of the remark. Since R} f = (u+ Ag(an, Va, +
b,)) "' f, we obtain by &) that for all > pg

d >
d _ 27 lu’ lu’O‘
By a weak compactness argument in L%, in view of 1), we have ]VR,? fl € L% and there is a
subsequence of {R}; f} (without loss of generality, it is {1, f} itself) such that

||VRnf||qJ KHqua Jj=

VR f - VRZf in LY (R%RY).
By Mazur’s Lemma, there is a sequence of convex combinations of the elements of {V R} f}7°; that
converges to VR,C;2 f strongly in L% (R4, RY), i.e.

> VR f 5 VRZf in LY (R RY).

Now, in view of 1), the latter and the Sobolev Embedding Theorem yield >_ , co B> f = Rg fin
Cso. Therefore, by 5), (1 + Ac.(a,Va + b))  f(z) = R,?f(:z:) for all 2 € RY, f € C°, as needed.
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