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Abstract
We study the Banach algebras of bounded holomorphic functions on the unit disk whose
boundary values, having, in a sense, the weakest possible discontinuities, belong to the algebra
of semi-almost periodic functions on the unit circle. The latter algebra contains as a special case
an algebra introduced by Sarason in connection with some problems in the theory of Toeplitz

operators.

1 Introduction

We study the Banach algebras of holomorphic semi-almost periodic functions, i.e., bounded holo-
morphic functions on the unit disk D C C whose boundary values belong to the algebra SAP (D) C
L>(9D) of semi-almost periodic functions on the unit circle OD.

A function f € L*>°(9D) is called semi-almost periodic if for any s € 9D and any € > 0 there
exist functions fi : 9D — C (k € {—1,1}) and arcs 75 with s being their right (if & = —1) or left
(if K = 1) endpoint with respect to the counterclockwise orientation of 9D such that the functions
x — fi (se““em), —00 < x < 0, k € {—1,1}, are restrictions of Bohr’s almost periodic functions on
R (see Definition [2.1 below) and

sup [f(2) — fi(2)] <&, ke{-11}.
ZEVK
The graph of a real-valued semi-almost periodic function discontinuous at a single point has a

form
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Algebra SAP(OD) contains as a special case an algebra introduced by Sarason [23] in connec-
tion with some problems in the theory of Toeplitz operators. Our primary interest in holomorphic
semi-almost periodic functions was motivated by the problem of description of the weakest possible
boundary discontinuities of functions in H*° (D), the Hardy algebra of bounded holomorphic func-
tions on D. (Recall that a function f € H (D) has radial limits almost everywhere on 9D, the
limit function f|sp € L>°(9D), and f can be recovered from f|sp by means of the Cauchy integral
formula.) In the general form this problem is as follows (see also [7]):

Given a continuous function ® : C — C to describe the minimal Banach subalgebra H (D) C
H®> (D) containing all elements f € H>°(D)* such that ®(f)|sp is piecewise Lipschitz having finitely
many first-kind discontinuities.

Here H*(D)* is the group of invertible elements of H> (D).

Clearly, each HZ (D) contains the disk-algebra A(D) (i.e., the algebra of holomorphic functions
continuous up to the boundary). Moreover, if ®(z) = z, Re(z) or Im(z), then the Lindeléf theorem,
see, e.g., [13], implies that H (D) = A(D). In contrast, if ® is constant on a closed simple curve
which does not encompass 0 € C, then HF(D) = H*(D). (This result is obtained by consequent
applications of the Carathéodory conformal mapping theorem, the Mergelyan theorem and the
Marshall theorem, see, e.g., [I3].) In [6] we studied the case of ®(z) = |z| and showed that HZ (D)
coincides with the algebra of holomorphic semi-almost periodic functions SAP(0D) N H*(D). In
the present paper we continue the investigation started in [6]. Despite the fact that our results
concern the particular choice of ®(z) = |z|, the methods developed here and in [6] can be applied
further to a more general class of functions ®.

Let bD be the maximal ideal space of the algebra SAP(0D) N H*> (D), i.e., the set of all nonzero
homomorphisms SAP(0D) N H*(D) — C equipped with the Gelfand topology. The disk D is
naturally embedded into bD. In [6] we proved that D is dense in b (the so-called corona theorem
for SAP(0D) N H*>*(D)). We also described the topological structure of bDD. In the present paper
we refine and extend some of these results. In particular, we introduce Bohr-Fourier coefficients and
spectra of functions from SAP(JD), describe Cech cohomology groups of b and establish projective
freeness of certain subalgebras of SAP(OD)NH > (D). Recall that a commutative ring R with identity
is called projective free if every finitely generated projective R-module is free. Equivalently, R is

projective free iff every square idempotent matrix F' with entries in R (i.e., such that F? = F) is



conjugate over R to a matrix of the form

In 0
0o 0}’

where Ij; stands for the k£ x k identity matrix. Every field F is trivially projective free. Quillen
and Suslin proved that if R is projective free, then the rings of polynomials R[z] and formal power
series R[[x]] over R are projective free as well (see, e.g., [I8]). Grauert proved that the ring O(D™)
of holomorphic functions on the unit polydisk D™ is projective free [I4]. In turn, it was shown in
[8] that the triviality of any complex vector bundle of finite rank over the connected maximal ideal
space of a unital semi-simple commutative complex Banach algebra is sufficient for its projective
freeness. We employ this result to show that subalgebras of SAP(0D) N H*° (D) whose elements
have their spectra in non-negative or non-positive semi-groups are projective free. Note that if a
unital semi-simple commutative complex Banach algebra A is projective free, then it is Hermite,
i.e., every finitely generated stably free A-module is free. Equivalently, A is Hermite iff any & x n
matrix, k < n, with entries in A having rank k£ at each point of the maximal ideal space of A can
be extended to an invertible n x n matrix with entries in A, see [9]. (Here the values of elements of
A at points of the maximal ideal space are defined by means of the Gelfand transform.)

Finally, we prove that SAP(OD)NH* (D) has the approzimation property. (This result strengthen
the approximation theorem of [6].) Recall that a Banach space B is said to have the approzimation
property if for every compact set K C B and every € > 0 there is an operator T : B — B of finite
rank so that

Tz —z||p <e forevery ze€K.

(Throughout this paper all Banach spaces are assumed to be complex.)

Although it is strongly believed that the class of spaces with the approximation property includes
practically all spaces which appear naturally in analysis, it is not known yet even for the space
H> (D) (see, e.g., the paper of Bourgain and Reinov [3] for some results in this direction). The first
example of a space which fails to have the approximation property was constructed by Enflo [10].
Since Enflo’s work several other examples of such spaces were constructed, for the references see,
e.g., [20]. Many problems of Banach space theory admit especially simple solutions if one of the
spaces under consideration has the approximation property. One of such problems is the problem
of determination whether given two Banach algebras A C C(X), B C C(Y) (X and Y are compact

Hausdorff spaces) their slice algebra
S(A,B) ={feC(XxY): f(y)e Aforally €Y, f(z,-) € B for all x € X}

coincides with A ® B, the closure in C(X x Y) of the symmetric tensor product of A and B. For
instance, this is true if either A or B have the approximation property. The latter is an immediate
consequence of the following result of Grothendieck.

Let A C C(X) be a closed subspace, B be a Banach space and Ap C Cp(X) := C(X, B) be the
Banach space of all continuous B-valued functions f such that ¢(f) € A for any ¢ € B*. By A® B
we denote completion of symmetric tensor product of A and B with respect to norm

m
Z ar ® by,
k=1

m

Zak(%“)bk

k=1

= sup with ap € A, b, € B. (1)

reX

B



Theorem 1.1 ([I5]). The following statements are equivalent:
1) A has the approximation property;
2) A® B = Ap for every Banach space B.

Our proof of the approximation property for SAP(S) N H>(D) is based on Theorem and
on a variant of the approximation theorem in [6] for Banach-valued analogues of algebra SAP(S)N
H> (D).

The paper is organized as follows. Section [2]is devoted to the algebra of semi-almost periodic
functions SAP(0D). In Section |3| we formulate our main results on the algebra of holomorphic
semi-almost periodic functions SAP(0D) N H>° (D). All proofs are presented in Section

The results of the present paper have been announced in [7].

Acknowledgment. We are grateful to S. Favorov, S. Kislyakov and O. Reinov for useful discussions.

2 Preliminaries on semi-almost periodic functions

We first recall the definition of a Bohr almost periodic function on R. In what follows, by C(R) we

denote the algebra of bounded continuous functions on R endowed with sup-norm.

Definition 2.1 (see, e.g., [2]). A function f € Cy(R) is said to be almost periodic if the family of
its translates {S; f},er, S-f(x) := f(x + 1), x € R, is relatively compact in Cp(R).

The basic example of an almost periodic function is given by the formula
m
T che”‘””, aqeC, MNeR
1=1

Let AP(R) be the Banach algebra of almost periodic functions endowed with sup-norm. The
main characteristics of an almost periodic function f € AP(R) are its Bohr-Fourier coefficients

ax(f) and the spectrum spec(f) defined in terms of the mean value

T
M) =t o [ fade. (2)
Specifically,
ax(f) == M(fe), XeR. (3)

Then ax(f) # 0 for at most countably many values of A, see, e.g., [2]. These values constitute
the spectrum spec(f) of f. In particular, if f = Y2, ce™® (¢ # 0 and > ;2 |e| < o), then
spec(f) = {1, A2, ... }.

One of the main results of the theory of almost periodic functions states that each function
[ € AP(R) can be uniformly approximated by functions of the form Y ;" | ;" with \; € spec(f).

Let I' C R be a unital additive semi-group (i.e., 0 € I'). It follows easily from the cited approxi-
mation result that the space APr(R) of almost periodic functions with spectra in I’ forms a unital
Banach subalgebra of AP(R). We will use the following result.



Theorem 2.2. APr(R) has the approximation property.

Next, we recall the definition of a semi-almost periodic function on D introduced in [6]. In what

follows, we consider 9D with the counterclockwise orientation. For s := e t € [0,27), let
AE©S) = {se™™: 0 <z <d<2r}, ke{-1,1}, (4)

be two open arcs having s as the right and the left endpoints (with respect to the orientation),

respectively.

Definition 2.3 ([6]). A function f € L*°(9D) is called semi-almost periodic if for any s € 0D, and
any € > 0 there exist a number § = §(s,¢) € (0,7) and functions f, : v¥(§) — C, k € {—1,1}, such
that functions

fk(x) = fk(seik‘sem), —o<x <0, ke{-1,1},

are restrictions of some almost periodic functions from AP(R), and

sup [f(2) — fu(2)| <e, ke{-1,1}
zE€7%(9)

By SAP(OD) we denote the Banach algebra of semi-almost periodic functions on 9D endowed
with sup-norm. It is easy to see that the set of points of discontinuity of a function in SAP(OD) is
at most countable. For S being a closed subset of 0D we denote by SAP(S) the Banach algebra of
semi-almost periodic functions on D that are continuous on 9D\ S. (Note that the Sarason algebra
introduced in [23] is isomorphic to SAP({z0}), z0 € 9D.)

Example 2.4 ([6]). A function g defined on RU(R+i7) is said to belong to the space AP(RU(R+i7))
if the functions g(x) and g(x + im), € R, belong to AP(R). The space AP(RU (R + im)) is a
function algebra (with respect to sup-norm).

Given s € JD consider the map ¢s : ID \ {—=s} — R, ¢4(2) :=
isometric embedding Ls : AP(RU (R + 47)) — L°°(9D) by the formula

2i(s—z)

. and define a linear

(Lsg)(2) := (g o Log o ¢s)(2), (5)

where Log(z) := In|z| + iArg(z), z € C\R_, and Arg : C\ R_ — (—m, m) stands for the principal
branch of the multi-function arg. Then the range of L is a subspace of SAP({—s, s}).

Theorem 2.5 ([6]). For every s € 0D there exists a homomorphism of Banach algebras Es :
SAP(OD) — AP(R U (R +im)) of norm 1 such that for each f € SAP(OD) the function f —
Ly(Esf) € SAP(OD) is continuous and equal to 0 at s. Moreover, any bounded linear operator
SAP(OD) — AP(RU (R +4m)) satisfying this property coincides with Ej.

The functions f_1 s(z) = (Esf)(z) and fis(z) = (Esf)(z +im), x € R, are used to define the
left (k = —1) and the right (k = 1) mean values M¥(f) of a function f € SAP(OD) over s (cf.
Remark below). Precisely, we put

M (f) = M(fi.s)-



Similarly, we define the left (k = —1) and the right (k = 1) Bohr-Fourier coefficients and spectra
of f over s by the formulas
aX(f,s) == ax(fr,s)
and
spect(f) == {N e R :ak(f,s) #0}.
It follows immediate from the properties of the spectrum of an almost periodic function on R that
spec?(f) is at most countable.

Let ¥ : S x {—1,1} — 2% be a set-valued map which associates with each s € S, k € {—1,1}
a unital semi-group X(s,k) C R. By SAPx(S) C SAP(S) we denote the Banach algebra of semi-
almost periodic functions f with speck(f) C X(s,k) for all s € S, k € {—1,1}. By the definition
homomorphism E of Theorem sends each f € SAP5(S) to the pair of functions f_i 5, f1 s such
that fp s € APssr), k€ {—1,1}.

For a unital semi-group I' C R by br(R) we denote the maximal ideal space of algebra APr(R).
(E.g., for T' = R the space bR := bgr(R), commonly called the Bohr compactification of R, is a
compact abelian topological group viewed as the inverse limit of compact finite-dimensional tori.
The group R admits a canonical embedding into bR as a dense subgroup.)

Let b5 (D) be the maximal ideal space of algebra SAPx(S) and 7§ : b (0D) — 9D be the map
transpose to the embedding C(0D) — SAPx(S). The proof of the next statement is analogous to
the proof of Theorem 1.7 in [6].

Theorem 2.6. (1) The map transpose to the restriction of homomorphism Es to SAPs(S) de-
termines an embedding h3, : bss,—1)(R) U bsy(s,1)(R) — b5 (D) whose image coincides with
(r$) =" (s).

(2) The restriction 3 : b3(0D) \ (r&)~1(S) — D\ S is a homeomorphism.

(For an m point set S and each ¥(s,k), s € S, k € {—1,1}, being a group, the maximal ideal space
bs,(OD) is the union of D\ S and 2m Bohr compactifications bsys x)(R) that can be viewed as (finite

or infinite dimensional) tori.)



Remark 2.7. There is an equivalent way to define the mean value of a semi-almost periodic function.
Specifically, it is easily seen that for a semi-almost periodic function f € SAP(ID), k € {—1,1},
and a point s € S the left (k = —1) and the right (k¥ = 1) mean values of f over s are given by the

formulas

1 bn ot
ME(F) = 1i ke ) dqt
s (f) = Tim o /a f (se ) :

n

where {a,}, {b,} are arbitrary sequences converging to —co such that lim,_,« (b, — a,) = +o0.

The Bohr-Fourier coefficients of f over s can be then defined by the formulas
—iXlogh
alf\(fvs) ::Msk(fe /\lgs),

where
logs(s€') :=Tnz, 0<z<2m, ke{-11},

The next result encompasses the basic properties of the mean value and the spectrum of a

semi-almost periodic function.

Theorem 2.8. (1) For each s € S, k € {—1,1} the mean value MF is a complex continuous
linear functional on SAP(OD) of norm 1.

(2) A function f € SAPx(S) if and only if for each s € S and k € {—1,1} the almost periodic
functions fi, in Deﬁm'tion can be chosen from APs (s 1) (R).

(3) The “total spectrum® U cq y—11 spect(f) of a function f € SAP(S) is at most countable.

3 Holomorphic semi-almost periodic functions: main results

3.1. Let Cy(T) denote the complex Banach space of bounded continuous functions on the strip
T:={z€C : Im(z) € [0,7]} endowed with sup-norm.

Definition 3.1 (see, e.g., [2]). A function f € Cy(T) is called holomorphic almost periodic if it
is holomorphic in the interior of 7" and the family of its translates {S. f}ser, Sz f(2) = f(z + x),
z € T, is relatively compact in Cy(T").

We denote by APH(T') the Banach algebra of holomorphic almost periodic functions endowed
with sup-norm. Any function in APH(T) is uniformly continuous on 7. The mean value of a
function f € APH(T) is defined by the formula

1 /T
M(f) = lm /4 f(z+iy)dz € C (6)
(M(f) does not depend on y, see, e.g., [2]). Further, the Bohr-Fourier coefficients of f are defined
by
ax(f) == M(fe ), AeR. (7)

Then ay(f) # 0 for at most countably many values of A, these values form the spectrum spec(f) of
f. For instance, if f = Y72, ¢e™™* (¢, # 0, D12, || < 00), then spec(f) = {A1, Az, ... }. Similarly



to the case of functions from AP(R) each f € APH(T) can be uniformly approximated by functions
of the form Y°;" | ¢;e* with \; € spec(f).
Let ' C R be a unital additive semi-group. The space AP Hr(T) of holomorphic almost periodic

functions with spectra in T' forms a unital Banach algebra. Analogously to Theorem [2.2] one has
Theorem 3.2. APHy(T) has the approximation property.

The functions in SAPx(S) N H>® (D) are called holomorphic semi-almost periodic.
Example 3.3 ([6]). For s € 0D consider the map

Vs ;D\{—S} — H+, @s(z) = %

Here H™ is the upper half-plane. Then s maps D conformally onto H, and 9D \ {—s} diffeomor-
phically onto R (the boundary of H) so that ¢s(s) = 0.

Let Ty be the interior of the strip T'. Consider the conformal map Log : H; — Tp, 2z — Log(z) :=
In |z| 4+ iArg(z), where Arg : C\ R_ — (—m,7) is the principal branch of the multi-function arg.
The function Log is extended to a homeomorphism of H, \ {0} onto T. Let g € APH(T). Then
the function

(Lsg)(2) := (g o Log o ps)(2), 2z €D,

belongs to SAP({—s,s}) N H>*(D).

Proposition 3.4. Suppose that f € SAP(S) N H>®(D). Then spec;(f) = specl(f) =: spec,(f)
and, moreover,

ay'(f,s) = e al(f,s) for each X € spec,(f). (8)

(Recall that the choice of the upper indices %1 is determined by the orientation of 9D.)
Proposition[3.4and Lindelof’s theorem (see, e.g., [13]) imply that SAPs(S)NH> (D) = SAPs/ (S)N
H> (D), where
S i={seS:3(s,—1)NX(s,1) # {0}}

and
¥ (s, k):=%(s,-1)NX(s,1) for k=-1,1, seS.

In what follows we assume that ¥(s,—1) = X(s,1) =: X(s) and each X(s), s € S, is
non-trivial.

Example 3.5. If g(z) := e%z, z € T, then L,g = e, where h is a holomorphic functions whose
real part Re(h) is the characteristic function of the closed arc going in the counterclockwise direction
from the initial point at s to the endpoint at —s, and such that h(0) = % + “%2 Thus

spec, (e*) = {\/x}.

iln o
Indeed, in this case the restriction of g o Log to R is equal to z — 0= (@)F757)

, where xg, is
the characteristic function of Ry. In turn, the restriction of the pullback eM o ;! to R coincides

iln |z|
with e*X®++757) a5 well. This implies the required result.



3.2. The main result of this section is
Theorem 3.6. SAPs(S) N H>®(D) has the approzimation property.

Our proof of Theorem is based on the equivalence established in Theorem and on an
approximation result for Banach-valued analogues of algebra SAP(S) N H>°(D) formulated below.
Specifically, for a Banach space B we define

SAPE(S) := SAPs(S) ® B.

Using the Poisson integral formula we can extend each function from SAPE(S) to a bounded B-
valued harmonic function on D having the same sup-norm. We identify SAPE(S) with its harmonic
extension. Let H¥ (D) be the Banach space of bounded B-valued holomorphic functions on D
equipped with sup-norm. By (SAPx(S) N H*>(D))p we denote the Banach space of all continuous
B-valued functions f on the maximal ideal space b%(D) of algebra SAP(S) N H>(D) such that
o(f) € SAP5(S) N H*(D) for any ¢ € B*. In what follows we naturally identify D with a subset
of b5 (D).

Proposition 3.7. Let f € (SAPs(S) N H*®(D))g. Then flp € SAPE(S) N HE (D).

Let A$ be the closed subalgebra of H> (D) generated by the disk-algebra A(D) and the functions
of the form ge*", where Re(h)|op is the characteristic function of the closed arc going in the coun-
terclockwise direction from the initial point at s to the endpoint at —s such that s € S, % € X(s)
and g(z) := z + s, z € D (in particular, ge* has discontinuity at s only).

The next result combined with Proposition [3.7] and Theorem [1.1] implies Theorem

Theorem 3.8. SAPE(S)N H¥ (D) = AY ® B.
As a corollary we obtain

Corollary 3.9. SAPs(S)N H>®(D) = AS.
This immediately implies the following result.

Theorem 3.10. SAPx(S) N H>(D) is generated by algebras SAPy,, (F') N H*(D) for all possible
finite subsets F' of S.

3.3. The algebras SAPs(S)NH> (D) are preserved under the action of the group Aut(ID) of biholo-
morphic automorphisms I — . More precisely, each £ € Aut(D) is extended to a diffeomorphism
D — D (denoted by the same symbol). We denote by x* : H>(D) — H>(D) the pullback by &,
and put .5 := k(5), (k«X)(s,") := X(k(s),").

Theorem 3.11. «* maps SAP,, 5 (k«S)NH>(D) isometrically and isomorphically onto SAPs(S)N
H>(D).

We conclude this section with a result on the tangential behavior of functions from SAP(9D) N
H>(D).



Theorem 3.12. Let {z, }neny C D and {sp tnen C ID converge to a point so € ID. Assume that

T Y 9)
n—oo |30 — Sn|

Then for every f € SAP(OD) N H® (D) the limits lim,, o0 f(2n) and lim, .o f(sn) do not exist or
exist simultaneously and in the latter case they are equal.

Remark 3.13. This result implies that the extension (by means of the Gelfand transform) of each
f € SAP(OD) N H*(D) to the maximal ideal space of H>(D) is constant on a nontrivial Gleason
part containing a limit point of a net in I converging tangentially to dD. In turn, one can easily
show that if s € S and the minimal subgroup of R containing ¥(s) is not isomorphic to Z, then
SAPs(S) N H>*(D) separates points of each nontrivial Gleason part containing a limit point of a

net in D converging non-tangentially to s (we refer to [I3] for the corresponding definitions).

In the next two sections we formulate some topological results about the maximal ideal spaces
of algebras SAPs(S) N H>*(D).

3.4. Let b$(D) denote the maximal ideal space of SAPs(S) N H* (D). The inclusion
SAPs, (F1)NH®(D) C SAPy,,, (F2)NH™(D) if Fi C I
determines a continuous map of maximal ideal spaces
wf 0, (D)~ 0 (D).

The family {bglF(D); WHFcS;#F<oo forms the inverse limiting system. From Theorem we
obtain

Theorem 3.14. b8 (D) is the inverse limit of {bglF(]D)); WHFCS; #F<oo0-

Let
as : b3 (D) — D (10)

be the continuous surjective map transpose to the embedding A(D) — SAPs(S) N H>®(D). (Recall
that the maximal ideal space of the disk-algebra A(DD) is homeomorphic to D.) By br(T') we denote
the maximal ideal space of algebra APHr(T) and by i : T — br(T) the continuous map determined
by evaluations at points of T. (Observe that ¢r is not necessarily an embedding.)

The proof of the next statement can be obtained by following closely the arguments in the proof
of Theorem 1.14 in [6]. In its formulation we assume that the corresponding algebras are defined on

their maximal ideal spaces by means of the Gelfand transforms.

Theorem 3.15. (1) For each s € S there exists an embedding i%, : by (T) — b5S(D) whose
image is (a$)~1(s) such that the pullback (i%)* maps SAPx(S) N H>®(D) surjectively onto
APHy 5 (T). Moreover, the composition of the restriction map to RU(R+im) and (i§;0t54))*
coincides with the restriction of homomorphism E, to SAPs(S) N H> (D) (see Theorem[2.5).

(2) The restriction as. : bs.(D) \ (a5)~1(S) — D\ S is a homeomorphism.

10



Since SAPx(S) N H* (D) separates the points on D, the evaluation at points of D determines a
natural embedding ¢ : D — b$(D).

One has the following commutative diagram of maximal ideal spaces considered in the present
paper, where the ‘dashed’ arrows stand for embeddings in the case (s, —1) = X(s,1) are (non-

trivial) groups for all s € S, and for continuous maps otherwise.

r—= bE(S_){Tj €= -2 bys 1) (B) Ubgon) (R)
i he

DT> béilﬂl R e > ag{ém;,
D= - oD

Theorem 3.16 (Corona Theorem). (D) is dense in bs(D) iff each X(s), s € S, is a group.

Recall that the corona theorem is equivalent to the following statement: for any collection of
functions fi,..., fm € SAPx(S) N H>(D) such that

>
1g}cagxm|fk(z)| >6>0 forallzeD

there exist functions gi,...,gm € SAPg(S) N H*(D) such that

figi+ -+ fmgm =1  on D.
Our next result shows that b$(ID), S # 0, is not arcwise connected.

Theorem 3.17. Assume that F : [0,1] — b$(D) is continuous. Then either F([0,1]) C D\ S or
there exists s € S such that F([0,1]) C (ag)~1(s).

Remark 3.18. From Theorem one obtains straightforwardly a similar statement with [0, 1]

replaced by an arcwise connected topological space.
3.5. Let K& be the Silov boundary of algebra SAPx(S)N H> (D), that is, the minimal closed subset
of b3(D) such that for every f € SAPs(S) N H>(D)

sup|f(2)| = max |f(¢)],

zeD CPGKZ

where f is assumed to be extended to b$(ID) by means of the Gelfand transform. For a non-trivial
semigroup I' C R by clp(R + i) and clp(R) we denote closures of (p(R + i¢7) and ¢p(R) in bp(T)
(the maximal ideal space of APH(T')). One can easily show that these closures are homeomorphic
to bp(R), where T is the minimal subgroup of R containing I'.

We retain notation of Theorem [B.15

11



Theorem 3.19.
Kg = (U is, (C]g(s) (R)yu cls(s) (R + Z7T)>> Uab\ S.

ses

Remark 3.20. If each X(s), s € S, is a group, then the Silov boundary Kg is naturally homeo-
morphic to the maximal ideal space b3.(9D) of algebra SAPs(S), cf. Theorem

Next, we formulate a result on the Cech cohomology groups of b% (D).

Theorem 3.21. (1) The Cech cohomology groups

H* (b5(D), Z) = @ H* (bs((T), Z), k>1.
sES

(2) Suppose that each %(s) is a subset of Ry or R_. Then H*(bS(D),Z) = 0, k > 1, and
SAPs(S) N H> (D) is projective free.

If G is a compact connected abelian topological group and G is its dual, then H*G,7Z) = /\%G’,
k > 1 (see, e.g., [16]). Using Pontryagin duality one obtains

Corollary 3.22. Assume that each X(s) is a group. Then

HEO(D),2) = D AES(s), k> 1.
seS
In particular, if for a fitedn € N each X(s) is isomorphic to a subgroup of Q™, then H*(b$(D),Z) =0
forallk >n+1.

Finally, we describe the set of connected components of the group of invertible matrices with
entries in SAPs(S) N H*(D).

Let GL,,(A) denote the group of invertible n x n matrices with entries in a unital Banach algebra
A. By [GL,(A)] we denote the group of connected components of GL,(A), i.e., the quotient of
GL,(A) by the connected component containing the unit I, € GL,(A) (this is clearly a normal
subgroup of GL,(4)).

We set

G5 (T) == GL, (APHE(S) (T)) and G%(S) := GL,(SAPs(S) N H>(D)).

Let bT'(S) := Uses bys)(T). According to Theorem there exists a natural embedding
i$, ¢ by(s)(T) — b5 (D) whose image is (a$})~!(s). Then the map

L:UT(S) — (a2)71(S),  1() =158 for &€ by (T),
is a bijection.

Theorem 3.23. The map transpose to the composition bT(.S) L (a$)71(S) — bE(D) induces an

isomorphism

[GE(5)] = PG (T))-

seS
In particular, if each ¥(s), s € S, is a subset of Ry or R_, then G%(S) is connected.
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Remark 3.24. According to a result of Arens [I], [G5,)(T)], s € S, can be identified with the
group [bs5)(T), GL,(C)] of homotopy classes of continuous maps bs5)(T) — GL,(C). Moreover,
if ¥(s) is a group, then bx ) (7T") is homotopically equivalent to bs4)(R), the maximal ideal space of
algebra APy 5)(R) (see the proof of Corollary . In this case by (s)(R) is the inverse limit of a
family of finite-dimensional tori. Then [bs ) (T), GL,(C)] is isomorphic to the direct limit of torus
homotopy groups with values in GL,,(C) corresponding to this family. As follows from the classical
results of Fox [I2], the latter can be expressed as a direct sum of certain homotopy groups of the
unitary group U,, C GL,(C).

4 Proofs

4.1 Proofs of Theorems [2.2] and [3.2]
We will prove Theorem only (the proof of Theorem is similar). We refer to the book

of Besicovich [2] for the corresponding definitions and facts from the theory of almost periodic

functions.

Proof. Let K C APHr(T) be compact. Given ¢ > 0 consider an §-net {f1,..., fi} C K. Let

K(t) = > (1 - ’“) (1 - ”T) R Gl

ni Ny
[vi|<na,..|ve | <nop

be a Bochner-Fejer kernel such that for all 1 < k <1

€
sup fi(2) = Me{fu(z + K@)} < 5. (11)
zE
Here (4,..., 0, are linearly independent over Q and belong to the union of spectra of functions
fl,...,fl, ViyeooyUp €74, n1,...,n,. €N, and
1 (T
Mi{fu(z+ K@)} = Tim 7/ Fulz + OK(8) dt
T—o00 2T T

are the corresponding holomorphic Bochner-Fejer polynomials belonging to AP Hr(T') as well (clearly,
the spectrum of the function z — M {fr(z + t)K(¢)} is contained in spec(fi)).

We define a linear operator T': APH(T) — APHr(T) from the definition of the approximation
property by the formula

(Tf)(2) = M{f(= + K@)}, f € APHr(T). (12)
Then T is a bounded linear projection onto a finite-dimensional subspace of APHy(T) generated

by functions ei(ﬁﬁl+"‘+%6r)z, 1] < na,...,|ve] < np. Moreover, since K(¢) > 0 for all ¢ € R and

M{K(t)} = 1, the norm of T'is 1. Finally, given f € K choose k such that ||f — fillapa.(r) < §-
Then we have by

\Tf— fllaparcr) < NTCf = fi)llapaer) + 1T fx = fellapaecry + 1 fe — fllapaery < e

This completes the proof of the theorem. O
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4.2 Proof of Theorem [2.§

(1) The result follows directly from Remark
(2) The fact that for f € SAPs(S) the functions fy, in Deﬁnitioncan be chosen from APs, 1) (R)
follows from Theorem and the definition of spectra of elements of SAP(0D).

Let us show the validity of the converse statement. Let f € SAP(S) and s € S. Assume
that for any ¢ > 0 the functions fj, in Definition (for f and s) can be chosen in APs, ;) (R).
Let p be a smooth cut-off function equals 1 in a neighbourhood of s containing in the open set
71 (8)U{s}U~L(6) and 0 outside of this set. Let us consider a function f on D\ {s} that coincides
with pfi; on v1(§) and with pf_1 on v;1(d) and equals 0 outside of these arcs. By the definition
of spectra of functions in SAP(OD) the function f Dbelongs to SAPs(S). Next, Theorem (1)
implies that

ah(F,5) — ah(f, )] = lak(f,5) — ak(pf.5) <&, ke {11},
Since € > 0 is arbitrary, the latter inequality shows that if a%(f, s) # 0, then A € (s, k), as required.
(3) First, let us show that the set T'(f) of points of discontinuity of a function f € SAP(ID) is at
most countable. For each s € 0D define

o) o= T s S =16

s,50€ (ei(t=9) eitt+e))
where s = e, One has c,(f) # 0 if and only if s € T(f). For n € N, we put T,,(f) := {s € 9D :
cs(f) = L}, so that T(f) = Uy~ Tn(f). Suppose that T(f) is uncountable, then there exists n € N
such that T),(f) is infinite. Since D is compact, T, (f) has a limit point e?®*. Choosing & < ﬁ in
Definition [2.3| (for f and e®°) from the fact that ei’ is a limit point of T,,(f) one obtains that the
required functions f; do not exist, a contradiction.

According to statement (2) f s = const for all points s € D at which f is continuous. Therefore
due to the previous statement spec(f) is {0} or @ for all but at most countably many values of
s € S. Since for each s € S the spectrum speck(f) is at most countable, the required result
follows.

4.3 Proof of Proposition (3.4

Let ¢ € APH(T), put ¢1(z) := g(x), g2(z) = g(z +im), x € R. It follows easily from the
approximation result for algebra APH (T') cited in Section 3.1 that spec(g1) = spec(g2) and for each
A € spec(g1)

ax(91) = e*ax(g2)-
Suppose that f € SAP(S) N H>*(D). Then Theorem (1) implies that for each s € S and

k € {—1,1} the functions f; s are the boundary values of the function (i$; o v5(5))*(f) € APH(T).
This gives the required result.

4.4 Proofs of Proposition and Theorem (3.8

Our proof of Theorem [3.8]is based on the equivalence established in Theorem We first formulate
the B-valued analogues of the definitions of almost periodic and semi-almost periodic functions for
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B being a complex Banach space.
Let CE(R) and CZ(T) denote the Banach spaces of B-valued bounded continuous functions on
R and T, respectively, with norms || f|| := sup, ||f(z)] 5.

Definition 4.1. 1) A function f € CP(R) is said to be almost periodic if the family of its translates
{S: frer, S f(x) := f(x 4+ 7), z € R, is relatively compact in CZ(R).

2) A function f € CP(T) is called holomorphic almost periodic if it is holomorphic in the interior
of T and the family of its translates {S, f}zer is relatively compact in CZ(T).

Let APB(R) and APHPB(T) denote the Banach spaces of almost periodic and holomorphic almost

periodic functions on R and T, respectively, endowed with sup-norms.

Remark 4.2. Since AP(R) and APH (T) have the approximation property, it follows from Theorem
that the functions of the form Y ;" bie™® (z € R, b € B, \; € R) and Sy bieN* (z € T, b €
B, )\ € R) are dense in APB(R) and APH?P(T), respectively.

As in the case of scalar almost periodic functions, a Banach-valued almost periodic function
f € APg(R) is characterized by its Bohr-Fourier coeflicients ay(f) and the spectrum spec(f),
defined in terms of the mean value

M(f):= lim %/_Tf(x)dx €B. (13)

T—+00

Namely, we define
ax(f) = M(fe=**), XeR.

It follows from the above remark and the properties of scalar almost periodic functions that ay(f) # 0
in B for at most countably many values of A\. These values constitute the spectrum spec(f) of f.
E.g. if f =372, bie® (32, [lbu]| < oo and all b; # 0), then spec(f) = {A1,Aa,... }.

Similarly one defines the mean-values and the spectra for functions from APHP(T).

Let L (0D) be the Banach space of B-valued bounded measurable functions on 0D equipped
with sup-norm.

Definition 4.3. A function f € L% (0D) is called semi-almost periodic if for any s € D and any
e > 0 there exist a number § = §(s, ) € (0,7) and functions fi : v*(8) — B, v¥(8) := {se?**: 0 <
x <0< 2m}, ke {—1,1}, such that functions

T [ (seik‘sez), —co<x<0, ke{-1,1},
are restrictions of B-valued almost periodic functions from APZ(R) and

sup [|f(2) = fu(2)llB <&, ke{-1,1}.
zevk(6)

Analogously to the scalar case, for a closed subset S C 9D by SAPP(S) C LY (0D) we denote the
Banach space of semi-almost periodic functions that are continuous on 9D \ S, so that SAP(S) :=
SAPC(S9).

Let SAP(S) ® B denote the completion in L¥ (0D) of the symmetric tensor product of SAP(S)
and B.
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Proposition 4.4. SAPZ(S) = SAP(S)® B.

The statement is an immediate consequence of Theorem and the following two facts: each
function f € SAPB(S) admits a norm preserving extension to the maximal ideal space b°(9D)
of the algebra SAP(S) as a continuous B-valued function, and C(b°(0D)) has the approximation
property. The first fact follows straightforwardly from the definitions of SAPZ(S) and b°(9D) (see
[6]) and the existence of analogous extensions of functions in APP(R) to bR, while the second fact
is valid for any algebra C(X) on a compact Hausdorff topological space X (it can be proved using
finite partitions of unity of X).

Next, we introduce the Banach space APP(RU (R +i7)) := AP(RU (R +i7)) ® B of B-valued
almost periodic functions on R U (R + i), see Example Also, for each s € S we define a linear
isometry LZ : APB(RU (R + im)) — L35 (0D) by the formula (cf. (5))

(LBg)(2) := (goLogop,)(z), g€ APB(RU (R + in)). (14)
Now, using Proposition [£:4] we prove a B-valued analog of Theorem [2.5

Theorem 4.5. For every point s € 0D there exists a bounded linear operator EF : SAPE(0D) —
APB(R U (R +i7)) of norm 1 such that for each f € SAPB(OD) the function f — LE(EEf) €
SAPB(0D) is continuous and equal to 0 at s. Moreover, any bounded linear operator SAPE(0D) —
APB(R U (R +i7)) satisfying this property coincides with EP.

Proof. According to Proposition it suffices to define the required operator EZ on the space of
functions of the form f =3 7", b f;, where b, € B, f; € SAP(9D). In this case we set

EE(f):=> bEJ(f),
=1

where E is the operator from Theorem [2.5] Let By denote the unit ball in B*. Then according to
Theorem 2.5 we have

IEZ(F)l = sup |EP(f) (=)= sup |o(EP(f)(2)] =
z€0D 2€0D, peB;
Ze@;}lge& > (b)) Es(f1)(2) Szeagflge& > o) fi(2)] = 111

=1 =1

This implies that EZ is continuous and of norm 1 on a dense subspace of SAPZ(0D). Moreover,
for any function f from this subspace we have (by Theorem , f—LB(EB(f)) € SAPB(0D) is
continuous and equal to 0 at s. Extending EZ by continuity to SAPP(0D) we obtain the operator

satisfying the required properties. Its uniqueness follows from the uniqueness of operator F. O

We make use of the functions fZ (z) := (EPf)(z) and [P (z) := (EEf)(x +im), z € R,
belonging to APg(R) to define the left (k = —1) and the right (k = 1) mean values of f € SAPE(9D)
over s:

ME(f) == M(f.,) € B.

Then using formulas similar to those of the scalar case we define the Bohr-Fourier coefficients
a¥(f,s) € B and the spectrum spec¥(f) of f over s. It follows straightforwardly from the properties

of the spectrum of a B-valued almost periodic function on R that spec?(f) is at most countable.
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By SAPE(S) c SAPB(S) we denote the Banach algebra of semi-almost periodic functions f
with spec¥(f) C X(s, k) for all s € S, k € {—1,1}. Note that SAPE(S) = SAPx(S) ® B, i.e., this
definition is equivalent to the one used in Section 3.2 (the proof is obtained easily from Definition
using an appropriate partition of unity on dD and Theorems and see [6] for similar
arguments).

Also, a statement analogous to Theorem holds for SAPZ(S) N HF (D). Namely, if f €
SAPB(S)N Hg (D), then

spec(f) = spec; '(f) =: spec,(f).

Proof of Proposition[3.7, We must show that if f € (SAPx(S) N H*(D))p on the maximal ideal
space b% (D) of algebra SAP(S) N H>®(D), then f|p € SAPE(S) N HE (D).

Indeed, since f € CB(b%(D)) and C(b°(D)) has the approximation property, f € C(b°(D)) ® B
by Theorem Next, C(b°(D)) is generated by algebra SAP(S) N H*(D) and its conjugate.
Therefore f can be uniformly approximated on b°(D) by a sequence of B-valued polynomials in
variables from algebras SAP(S) N H*>(D) and its conjugate. This easily implies that f|sp is well
defined and belongs to SAPP(S). In fact, flop € SAPE(S) because ¢(f) € SAPs(S) and the
Bohr-Fourier coefficients of f satisfy a§(¢(f),s) = ¢(ak(f,s)) for any s € S, k € {~1,1} and
¢ € B*. Further, by the definition f|p is such that ¢(f) € H>(D) for any ¢ € B*. This shows that
fe HyY (D). O

For the proof of Theorem [3.8] we require some auxiliary results. Let APC(T') be the Banach
algebra of functions f : T' — C uniformly continuous on 7" and almost periodic on each horizontal
line. We define APCP(T) := APC(T) ® B. The proof of the next statement is analogous to the
proof of Lemma 4.3 in [6].

Lemma 4.6. Suppose that fi € APB(R), fo € APB(R +in). Then there exists a function F €
APCB(T) harmonic in the interior of ¥ whose boundary values are fi and fo. Moreover, F admits

a continuous extension to the maximal ideal space bT of APH(T).

The proof of the next statement uses Lemma |4.6| and is very similar to the proof of Lemma 4.2
(for B =C) in [6], so we omit it as well.

Suppose that s := €'’ and 7¥(5) are arcs defined in [@). For 6 € (0,7) we set vi(s,0) =
Log(s(71(5))) C R and 7_1(s, 6) := Log(is (v (6))) C R+ irr (see Example B3).

Lemma 4.7. Let s € S. Suppose that f € SAPB({—s,s}). We put fi, = flyr(ry and define on
’Yk(svﬂ')
hy = fkogpsiloLOgila k€ {_171}

Then for any € > 0 there exist 6. € (0,7) and a function H € APCP(T) harmonic in the interior
Ty of T such that
sup |lhi(2) — H(2)||lp <e, ke{-1,1}.
2€71(s,0¢)
Let s € 0D and U, be the intersection of an open disk of some radius < 1 centered at s with
D\ 5. We call such Uy a circular neighbourhood of s.
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Definition 4.8. We say that a bounded continuous function f : D — B is almost-periodic near s if
there exist a circular neighbourhood Uy, and a function f € APCE(T) such that

f(2) = (LIf)(z) = (foLogops)(2), 2€Us. (15)

In what follows for ¥ : S x {—1,1} — 2% such that X(s) = R for each s € S we omit writing ¥
in a3, i3, b3(D) etc., see Section 3.4 for the corresponding definitions.

In the proof of Theorem 1.8 of [6] (see Lemmas 4.4, 4.6 there) we established, cf. Theorem [3.15]

(1) Any scalar harmonic function f on D almost periodic near s admits a continuous extension f
to (a®)~1(U,) C b°(D) for some circular neighbourhood Us.

(2) For any s € S and any g € APH(T) the holomorphic function § := Lgg on D almost periodic
near s is such that g, o i® coincides with the extension of g to bT.

More generally, Lemma statements (1) and (2) and the fact that APP(R) = AP(R) ® B
(see Theorems and imply

(3) Any B-valued harmonic function f on ID almost periodic near s admits a continuous extension
fE to (a®)~1(Uy) C b%(D) for some circular neighbourhood Us.

(4) For any s € S and any g € APHP?(T) the B-valued holomorphic function § := LZg on D
almost periodic near s is such that g2 oi® coincides with the extension of g to bT.

Lemma 4.9. Let f € SAPB(S)NHF (D) and s € OD. There is a bounded B-valued holomorphic
function f on D almost periodic near s such that for any € > 0 there is a circular neighbourhood

Us.e of s so that
sup [|f(2) — f(2)]|p <.

ZeUs;a
Moreover, f = LB f for some f € APHg(S)(T).

Proof. Assume, first, that s € S. By Lemma for any n € N there exist a number 6,, € (0, )
and a function H,, € APC®(T) harmonic on Tj such that

1
sup |[|fr(2) — Hu(2)lB < —, ke{-1L1} (16)

ZE"/]C(S,(;“) n
Using the Poisson integral formula for the bounded B-valued harmonic function f — hy,, by, =
LsBHn := H,, oLogop,, on D we easily obtain from that there is a circular neighbourhood V.,

of s such that 5

sup [[£(2) = hn(2)]lp < (17)

zE s;m

According to (3) each h,, admits a continuous extension h, to (a®)~1(s) = bT. Moreover,
implies that the restriction of the sequence {hn}nen to (a®)~1(s) forms a Cauchy sequence in
CB((a5)~1(s)). Let h € CB((a®)~'(s)) be the limit of this sequence.

Further, for any functional ¢ € B* the function ¢o f € SAP(S)NH*>(D) and therefore admits a
continuous extension fg to (a®)~!(s) such that on (i*) ™ ((a®)~!(s)) the function f, oi* belongs to
APH(T). Now, implies that fy = ¢o h for any ¢ € B*. Then it follows from Theorems and
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that hoi® € APHB(T). Therefore by (4) we find a bounded B-valued holomorphic function f
on I of the same sup-norm as h almost periodic near s such that its extension to (a®)~1(s) coincides
with h. Next, by the definition of the topology of b5 (D)), see [6], Lemma 4.4 (a), we obtain that for
any € > 0 there is a number N € N such that for all n > N,

A 9
sup || f(2) = ha(2)ll5 < 5
2€Vsin

Now, choose n > N in such that the right-hand side there is < §. For this n we set Us,c 1= Vi,p.

)

Then the previous inequality and imply the required inequality

sup 1(z) = f2)llB <e.

Further, if s ¢ S, then, by definition, f|sp is continuous at s. In this case as the function f
we can choose the constant B-valued function equal to f(s) on D. Then the required result follows
from the Poisson integral formula for f — f .

By definition, f is determined by formula with an f € APHB(T). Let us show that
fe APH’EB(S) (T). To this end it suffices to prove that ¢(f) € APHyy s (T) for any ¢ € B*. Indeed,
it follows from the last inequality that the extension of ¢(f) € SAPs(S) N H>®(D) to (ag)~'(s)

coincides with ¢(f). By the definition of spectrum of a semi-almost periodic function, this implies

that spec,(¢(f)) C X(s). O
Now, we are ready to prove Theorem [3.8

The inclusion A, C SAPx(S) N H*®(D) follows from Example Indeed, for s € S assume
that the holomorphic function e’ € H>(D) is such that Re(h)|sp is the characteristic function of
the closed arc going in the counterclockwise direction from the initial point at s to the endpoint
at —s and such that 2 € X(s). Then Example 3.5 implies that e*" € SAP({s, —s}) N H*(D) and
spec,(eM) = {2}. In particular, (2 + s)exh e SAPs, ,,({s}) N H>(D), as required.

Let us prove the opposite inclusion.

(A) Consider first the case S = F, where F' = {s;}/"; is a finite subset of dD. Let f €
SAPE(F)NH¥ (D). Then according to Lemmathere exists a function fs, € APHEE:}(SI) (T') such
that the bounded B-valued holomorphic function ¢g,, — f, where g5, := fs, o Log o ¢g,, on D is
continuous and equals 0 at s;.

Let us show that g,, € Als1=51} @ B. Since f,, € APHg(sl)(T), by Theorems andﬁit can
be approximated in APHEB(Sl)(T) by finite sums of functions of the form bei**, b € B, A € X(s1),
z € T. In turn, g,, can be approximated by finite sums of functions of the form be*-08°%s1 b € B.
As was shown in [6], eAbosovsr ¢ Alst =51} Hence, g,, € Als1 =1} @ B. We define

. _ 9 (2)(z+s1)
91 = — 5. -
281
Then, since the function z — (2 + s1)/(2s1) € A(D) and equals 0 at —s;, and g,, € A5 =51} @ B,
the function §,, € A{*1} @ B. Moreover, by the construction of §; and the definition of the spectrum

Js, € A{;(IS}I) ® B. By definition, the difference g5, — f is continuous and equal to zero at z;. Thus,

gm_fESAPB

2, (F\ {s1)) N HF (D).
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We proceed in this way to get functions gs, € A{Zs(kk) ® B, 1 <k <m, such that

F=> s € AP(D),
k=1

where AP (D) is the Banach space of B-valued bounded holomorphic functions on D continuous up
to the boundary. As in the scalar case using the Taylor expansion at 0 of functions from A” (D) one
can easily show that AP (D) = A(D) ® B. Therefore, f € AL ® B.

(B) Let us consider the general case of S C 9D being an arbitrary closed set. Let f € SAPE(S)N
HF (D). As follows from Lemma[f.9and the arguments presented in part (A), given an £ > 0 there
exist points s, € ID, functions fi € A{;(’; 1) ® B and circular neighbourhoods Us, (1 < k < m) such
that {Us, }7, forms an open cover of OD \ {s;}}"; and

1f(z) = fi(2)lB <& on Uy, 1<k<m. (18)

Since S is closed, for s ¢ S we may assume that f is continuous in Us, . Let us define a B-valued

1-cocycle {cy;}}’;—; on intersections of the sets in {Us, }7; by the formula
ckj(2) = fu(2) = fi(2), z€ U, NU,. (19)

Then implies sup,, ; . [|ckj(2)||p < 2e. Let A € UJL U, be an open annulus with outer
boundary dD. Using the argument from the proof of Lemma 4.7 in [6] one obtains that if the width
of the annulus is sufficiently small, then there exist B-valued functions ¢; holomorphic on Us, N A

and continuous on Usi N A satisfying

sup |lei(2)]lB < 3e (20)
zEUslﬂA
and such that
ci(z) —cj(2) = cij(2), z€ U, NUs;; NA. (21)

For such A let us define a function f. on A\ {s;}™, by formulas
f-(2) = fi(z) —ci(z), z€U,NA.

According to and (21)), f. is a bounded continuous B-valued function on A\ {s;}/ | holomorphic
in A. Furthermore, since ¢; is continuous on Uy, N A, and f; € A{;(’s}) ®B for s; € S, and f; € AB(D)
otherwise, f:|op € S’APSF(F), where F' = {s;}1, N S. Also, from inequalities and we
obtain

sup 1 (z) = fe(2)llB < 4de. (22)

Next, as in [6] we consider a 1-cocylce subordinate to a cover of the unit disk I consisting of an open
annulus having the same interior boundary as A and the outer boundary {z € C : |z|] = 2}, and of
an open disk centered at 0 not containing A but intersecting it by a nonempty set. Resolving this
cocyd{I one obtains a B-valued holomorphic function F. on I such that for an absolute constant
C>0

Sup 1£(2) = Fe(2)lp < Ce

!There is a misprint in [6] at this place: instead of the inequality max; |V pillLos ¢y < Cw(BNA) < Ce for smooth

radial functions p1, p2, it must be max; [|[Vp;| Lo (c) < ﬁ
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and by definition F, € SAPglF(F) N HF (D), where F' = {s1,...,8m} NS. The latter inequality
and part (A) of the proof show that the complex vector space generated by spaces Ag‘F ® B for all
possible finite subsets F' C S is dense in SAPZ(S) N HE (D). Since by definition the closure of all
such A§|F ® B is A5 ® B, we obtain the required: SAPE(S) N HE (D) = AS ® B.

4.5 Proof of Theorems [3.11] and [3.12]

Proof of Theorem[3.11 Corollary 1.6 in [6] states that x*|sp : C(OD) — C(9D), the pullback by
K|op, maps SAP(k.S) isomorphically onto SAP(S). Following closely the arguments in its proof,
one obtains even more: k* maps SAP,, x(k.S) isomorphically onto SAPs(S). Since xk* preserves
H> (D), the required result follows. O

Proof of Theorem[3.13 Let f € SAP(0D)NH*> (D). According to Lemmal[4.9|there exists a function
fs € APH(T) such that the difference
h = f - FS)

where Fy := f; 0 Logo g, see , is continuous and equal to 0 at s. Therefore, it suffices to prove
the assertion of the theorem for Fs. Let {2z} C Tp and {s),} C RU (R + im) be the images of
sequences {2, } and {s,} under the mapping Log o ¢, (see Example [3.3). By the hypotheses of the

theorem we have 2/

n’

s}, — oo and |z}, — s},| — 0 as n — oo (this follows from condition (J)). Since
any function in APH(T) is uniformly continuous (see Section 3), the latter implies the required
result. O

4.6 Proof of Theorems [3.16| and |3.17]

Proof of Theorem [3.16, In what follows we identify (D) C b%(D) with D, see Section 3.4. By
Theorem the maximal ideal space bs,(D) is (D \ S) U (Uses i% (bs(s)(T))) (here is; : bsys) (T) —
(a$)~1(s) is a homeomorphism). For each s € S one has the natural map x5 : T — by (1)
(determined by evaluations at points of T'). Also, the argument of the proof of Theorem 1.12 in [6]
implies that the closure of D in b5 (D) contains (as a dense subset) (D \ S) U (Uses i5(¢s(s)(T)))-
Thus in order to prove the theorem, it suffices to show that t55)(7T') is dense in by (7)) if and only
if ¥(s) is a group.

We will use the following result.

Theorem 4.10 ([2I]). Suppose that T' is the intersection of an additive subgroup of R and R,.
Then the image of the upper half-plane HT in the maximal ideal space br(T) is dense.

Observe that in this case each element of APHp(T') is extended to a holomorphic almost periodic
function on HT by means of the Poisson integral. Therefore the evaluations at points of HT of the
extended algebra determine the map H* — bp(T') of the theorem.

First, assume that (s) is a group. We have to show that 5, (7') is dense in by ) (7). Suppose
that this is wrong. Then there exists £ € by () (T") and a neighbourhood of ¢

UM,y A €, €) = {n € by (T) : (™) — e <, 1<k <m},
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where A1, ..., Am € 2(s), ¢ := &(e#%), such that U(Ay, ..., A\, & 6) Nl (LE(S) (T)) = @, cf. the
proof of Theorem 2.4 in [6]. Therefore,

max [e?F —¢p| >e>0 forall z€T. (23)

1<k<m

Without loss of generality we may assume that ¢ # 0 and A\, > 0, i.e., €% —¢;, € APHssnr, (T).
(For otherwise we replace e'*** — ¢;, with e=*** — ¢;'. Here e "* — ¢; " € APHy gz, (T) since
Y (s) is a group. Also, will be satisfied, possibly with a different € > 0.) Note that e"** — ¢}, is
not invertible in APHy,)(T), since {(e"*** — ¢;) = 0. Therefore, since each function e**** — ¢, is

i)\kz

periodic (with period ?\—:), it has a zero in T'. Since solutions of the equation e = ¢, are of the

form .
iln|cgl n Arger + 27l

Ak AL
all zeros of e** — ¢;, belong to T. Hence, in virtue of inequality , one has

2k = leZ,

| max \e”"“z—ck|25>0 for all z € HT.
SKSmM

This implies, by Theorem that there exist functions g1,...,gm € APHy()nr, (H; ) such that
ng(z)(e”‘*‘z —cx)=1 forall zecH".
k=1

In particular, the above identity holds on 7. This gives a contradiction with the assumption &(e?*+* —
ck)=0,1<k<m.

Now, assume that 3(s) is not a group, i.e., it contains a non-invertible element \g. Suppose that
t5(5)(T) is dense in by(yT. Then, since the modulus of f; := e*% is bounded from below on T
by a positive number, there exists g1 € APHx,)(T') such that f1g; = 1. Therefore, g; = e~z ¢

APHy,)(T), i.e., —Ao € X(s), a contradiction. O

Proof of Theorem|[3.17. For the proof we will need the following auxiliary result.
Let I' C R be a nontrivial additive semi-group. For a subset X C T by X, we denote the set of
limit points of ¢p(X) in bp(T) \ ¢r(T).

Lemma 4.11. Let G € C(]0,1),T) be such that the closure of G([0,1)) in T is non-compact. Then

the set Go contains more than one element.

Proof. If there exists a horizontal line R + ic, 0 < ¢ < m, such that distp (G(t),R + ic) — 0 as
t — 1—, then clearly (R 4 ic)oo = Goo. Moreover, (R + ic)s is infinite (e.g., it contains a subset
homeomorphic to interval [0,1]). In the case that such a line does not exist, one can find two
closed substrips T1, To C T, Ty N1y = @, such that the closures in T of both G([0,1)) N7}y and
G(]0,1)) N Ty are non-compact. Then (G([0,1)) NT1)eo and (G(]0,1)) N Ts)eo are nonempty, while
(Th)oo N (T2)oo = @. This implies the required statement. O

Now, we are ready to prove the theorem. Suppose on the contrary that for a continuous map
F :[0,1] — b$(D) the conclusion of the theorem is not valid. First, assume that there exists a point
c € [0,1) such that F(c) € D\ S but F([0,1]) ¢ D\ S. Then, because b(D) \ (D \ S) is a compact
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set (here we naturally identify D\ S we a subset of b3i(D))), passing to a subinterval, if necessary,
we may assume without loss of generality that F[0,1) C D\ S and F(1) € (a5;)~*(s) for a certain
s € S. Define

G(t) := (Logogs)(F()) T, tel0,1)

(cf. Example 2.4). Then G satisfies conditions of Lemma for T' = X(s). Next, consider an
f € SAPx(S). According to Lemma there exists a (unique) function fs € APHy ) (1) such
that the difference f — Fs, where Fy := f5 o Log o g, is continuous and equal to 0 at s. This yields

lim (fo(G(0) — F(F(1)) =0.

The latter implies that the set of limit points of F([0,1)) in b5;(D)\ (D\.S) is in one-to-one correspon-
dence with the set of limit points G of t55) (G([0,1))) in byys)(T) \ tx(s)(T). By our assumption
the set of limit points of F([0,1)) in b5,(D) \ (D\ S) consists of the point F(1). This contradicts the
assertion of Lemma [4.11] Hence, in this case F([0,1]) C D\ S.

In the second case, F([0,1]) C b5,(D) \ (D\ S). Let s C S be such that F([0,1]) N (ag)~1(s) # 0.
Consider the continuous map wy : b3 (D) — b{zﬁs} (D) transpose to the embedding SAPy, ({s}) N
H>(D) C SAPs(S)N H>(D). According to the case considered above, if wso F : [0,1] — b{ZS\L} (D)
is such that (ws0 F)(c) € D\ {s} for some ¢ € [0,1), then (w0 F)([0,1]) C D\ {s} which contradicts
the assumption F([0,1))N(a$)~1(s) # 0. Thus (ws0F)([0,1]) C b{ZS‘L}(ID))\(D\{s}) = (a{;‘i})*l(s).
This implies that F([0,1]) C (as)fl (s). O

4.7 Proof of Theorem [3.19

Since SAPs(S)NH>(D) is generated by algebras SAPy,,, (F')NH> (D) for all possible finite subsets
F of S, the inverse limit of {KglF ; WhPCs: #F<oo Of the corresponding Silov boundaries coincides
with K3 (see Section 3.4 for the corresponding notation). Therefore to establish the result it suffices

to prove that

Ky, = ( U %, (clss) (R) Uels o) (R + m))) UoD\ F. (24)
seF

Since each point of 0D\ F is a peak point for A(D) (C SAPs|p(F) N H>®(D)), D\ F C K§|F'
Next, the closure of D\ F in b§|F (D) (the maximal ideal space of SAPs|r(F)N H>*(D)) coincides
with the right-hand side of 7 see the proof of Theorem 1.14 in [6]. Thus the right-hand side of
is a subset of KQF. Finally, Theorem 1.14 of [6] implies that for each f € SAPs|p(F)NH*> (D),
| f| attains its maximum on the set in the right-hand side of . This produces the required identity.

One can easily show that the inverse limit of the family of sets in the right-hand sides of equations
coincides with (U cg 15 (clss) (R) U cly(s) (R + im))) UOD \ S.

The proof of the theorem is complete.

4.8 Proofs of Theorems and Corollary

Proof of Theorem[3.21 (1) Consider first the case of S being a finite subset of dD. For s € S we
define

Ur = b5(D) \ (a3) ™ (s).



Let Uy be the union of (a5)~!(s) and a circular neighbourhood of s whose closure is a proper subset
of D. Both Uy, Us are open in b3(D) and Uy NUs = Us \ (a$)~1(s) is the circular neighbourhood of
s. Since Uy NUs is contractible, one has Hk(Ul NUy,Z) =0, k > 1. Let us show that for any k € Z,

H*(Uy, Z) = H* (bsy)(T), Z). (25)

To this end consider a sequence V3 D V5 D ... of circular neighourhoods of s such that ﬁ?zlvk = {s}
and V3 = U; NUs. We set
Uy == Vi U (a5) 7 (s).

Let o : U,, < U, m > I, be the corresponding embedding. Then (a$)~'(s) is the inverse limit
of the family {Uj i t}jen. It is well known (see, e.g., [4], Chapter II, Corollary 14.6) that the direct
limit of Cech cohomology groups H*(U;,Z) with respect to this family gives H*((a$)"1(s), Z).
Note also that each Ul is a deformation retract of Ul := Usy. Thus the maps Lll induce isomorphisms
H*(Us,2) = H*(Uy, Z), | € N. Since (a$)~!(s) = byys)(T), these facts imply (25).

Further, consider the Mayer-Vietoris sequence corresponding to cover {Uy,Us} of b3 (D):

o= HL(0E(D), Z2) — HY(U, N Uy, Z) — H*(UL, Z) @ HY(Uy, Z) — H*(b3(D),Z) — ...
By the above results H*(U; N Us, Z) = 0 and H* (U, Z) = Hk(bz(S)T, Z), k > 1. Therefore,
H*(b3(D),Z) = H* (U1, Z) & H* (b5 (T), Z), k> 1.

Proceeding further inductively (i.e., applying similar arguments to Uy etc.) and using the fact that
H*(b$(D) \ S,Z) =0, k > 1, we obtain that

H*(b3(D), Z) = @D H* (bs()(T), Z).
sES

Now, if S C 0D is an arbitrary closed subset, then since b:(D) is the inverse limit of bglp(D)
for all possible finite subsets F' C S, by the cited result in [4] H*(b(D),Z) is the direct limit of
H k(bglF(D),Z). Based on the case considered above we obtain that this limit is isomorphic to
Dics H* (bs(s)(T), 2).

This proves the first part of the theorem.

(2) As is shown in [5], if ' € Ry or I' € R_, then bp(7) is contractible. Therefore under
hypotheses of the theorem H* (bz(s) (1), Z) =0 for all s € S. The required result now follows from
(1), i.e., H*(b$(D),Z) = 0 for all k > 1.

Further, according to [8] the connectedness of b5 (D) and the topological triviality of any complex
vector bundle of a finite rank over b5,(D) are sufficient for projective freeness of SAPs(S) N H> (D).

Clearly b% (D) is connected. For otherwise, according to the Shilov theorem on idempotents, see
[24], SAPs(S) N H> (D) contains a function f not equal identically to 0 or 1 on D such that f? = f,
a contradiction.

Next, we show that any finite rank complex vector bundle £ over bg (D) is topologically trivial.

Since b (D) is the inverse limit of the system {bg‘F(D) s Whrcs: #F<co, S€€ Section 3.4, ¢ is
isomorphic (as a topological bundle) to pullback to b5(D) of a bundle on some bg‘F(]D)) with FF C S
finite, see, e.g., [I1] and [I7]. Therefore it suffices to prove the statement for S C D being a finite
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subset. In this case, for each s € S by the contractibility of (as})™*(s) = bs(s)(T) (see [5]) we have
that the restriction of £ to (af)~!(s) is topologically trivial. Using a finite open cover {U;}1<i<m
of (ag)~1(s) such that &|y, =2 U; x C", n = rankc &, for each i, we extend (by the Urysohn lemma)
global continuous sections ¢; : (a)~'(s) — &, 1 < j < n, determining the trivialization of & over
(a5:)~1(s) to each U;. Then using a continuous partition of unity subordinate to a finite refinement
of {U;}1<i<m we glue together these extensions to get global continuous sections t~j, 1 <5 <n,
of ¢ on a neighbourhood Uy of (ag)~%(s) in b3(D) such that t~j|(a§)71(s) = t; for each j. Since
sections ¢;, 1 < j < n, are linearly independent at each point of (a$)~!(s), diminishing, if necessary,
U, we obtain that sections fj, 1 < j < n, are linearly independent at each point of Us. Thus £ is
topologically trivial on Us. Also, by the definition of the topology on bs:(ID) without loss of generality
we may assume that Us \ (a$)~1(s) is a circular neighbourhood of s.

Suppose that S = {s1,...,sk}. Let us cover b5(D) by sets U; = Us;, 1 £ j < k, described
above and by Uy := D \ V, where V C U?:1Usj and V N Us, is a circular neighbourhood of s;
distinct from Uy, \ (a)7!(s;), 1 < j < k. Since Uy is contractible, £|y, is topologically trivial.
Using trivializations of £ on Uj, 0 < j < k, we obtain that £ is defined by a 1-cocycle {¢;;} with
values in GL, (C) defined on intersections U; NU;, 0 <4 < j < k. In turn, by the definition of sets
Uj, there is an acyclic cover {U;}5_, of D such that (af)~!(U;) = U;, 0 < j < k. Thus there exists
a cocycle {¢;} on {U; }2?:0 such that &; o a5, = ¢;; for all 4, 5. This cocycle determines a continuous
vector bundle é on D trivial on each U;, 0 < i < k, such that (ag)*g = ¢. Since D is contractible, é
is topologically trivial. Hence £ is topologically trivial as well.

The proof of the theorem is complete. O

Proof of Corollary[3.22 Let G C R be an additive subgroup. We denote by APC(T) C APC(T)
the algebra of uniformly continuous almost periodic functions on 7" having their spectrum in G. Here
the spectrum of a function in APC(T) is the union of the spectra of its restrictions to each horizontal
line in T (see [2]). The vector space of functions Z?Zl cj(y)ei® z+iy € T, c; € C([0,7]), \; € G,
k € N, is dense in APCg(T) and, hence, the maximal ideal space M(APCq(T)) of APCc(T) is
homeomorphic to bg(R) x [0,7]. On the other hand, APH&(T) C APCq(T) and the extension of
APHG(T) to M(APCq(T)) separates the points of M(APCq(T)). Since the image of T in bg(T)
is dense (see the proof of Theorem [3.16), the latter implies that be(T) = M(APCq(T)). Hence,
taking G := X(s), s € S, we obtain

Hk (bE(s) (T)7 Z) = Hk(bE(s) (R)7 Z)

Since by (5)(R) is a compact connected abelian group, the required statements follow from the remark
before the formulation of the corollary, and Theorem (1). O

Proof of Theorem[3.23 In what follows we assume that uniform algebras are defined on their max-
imal ideal spaces via the Gelfand transforms.

We will require the following auxiliary result.

Lemma 4.12. Assume that a set-valued map ¥ as in Section 3.1 is defined on {—s,s} and f €
SAPs({—s,s}) N H>®(D). Consider the function

H,f(2) ;—f('z;s>, zeD.
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Then Hsf € SAPy,,({s}) N H*(D) and

(1%, ©te()) Hsfl(2) = [(i5 0 t2(5))" fl(z =In2), 2z €T, (26)
see Theorem [3.13.

This result states that H, : SAPs({—s,s}) N H>*(D) — SAPy, ({s}) N H>(D) is a bounded
linear operator which induces under the identification of the fibre (a{{s’s})_l(s) with by s (T) by
i$, the map APHy,5)(T) — APHyy)(T) defined by h(z) — h(z —In2), z € T, h € APHy 4 (T).

Proof. Clearly Hf is holomorphic on D and continuous on 9D \ {s}. Let us consider the function
g(2) :=[(Hsf) o (Log o ps)~t(2) — [f o (Log o ps)~1](z —In2), 2 € T. Next, we have
(Log o ps) 1 (2) + s se??

— -1 — — —
5 (Logows) (2 —1n2) it e )it o) — 0 as Re(z) » —o0.

Since by the definition of SAPs({—s, s})N H>(D) the function fo (Logoys)~! is uniformly contin-
uous on T, from the last expression we obtain that g(z) — 0 as Re(z) — —oo. But Re(z) — —o0 if
and only if (Logo ¢4)~!(2) — s. Therefore the function go Logo ¢ is continuous in a circular neigh-
bourhood of s and equals 0 at s. Since the pullback of the function [f o (Logoy,)™](z—1n2), z € T,
by (Log o ¢5)~! belongs to SAPs({—s,s}) N H*>(D) (it is obtained as the composition of f with a
Mobius transformation preserving points —s and s), the function H,f € SAPy , ({s}) N H*(D).
Now, the identity follows from the fact that (g o Log o ¢)(s) = 0 by the definition of i$. O

Corollary 4.13. Let f € Gg(s)(T), see Section 3.5. Consider the function
F:= H,Kf(Logops)], where Kf(z):=f(x—In2), zeT.

Then F € G%‘{S}({s}) and
(i%“s} © LE(S))*F = f
Proof. The fact that F' € Ggl{s} ({s}) follows from the proof of Lemma because the pullback by

Log o s maps AP Hy,)(T) isometrically into SAP({—s,s}) N H>(D) so that spec, of each of the
pulled back function is a subset of X(s). The second statement of the corollary follows directly from

because (iSEI{S} o 15(s))"(hoLogows) = h for any h € APHy,)(T) by Theorem (1. O

We are ready to prove the theorem. First we will consider the case S = {s1,...,5,} a finite
subset of JD.

By the definition of connected components of GL,(A), where A is a Banach algebra, the map
f— ((i;:l‘{sl} o ls(s)) Sy (ZSET{M} os(s,)) f), f € GR(S), induces a homomorphism

Us : [GR(S)] — PG (T)]-

$; €S

We will show that ¥g is an isomorphism.

Suppose that (g1,...,9m) € @y,es G5, (1) represents an element [g] € D, 5[G%, ) (T)]-
Then according to Corollary for an element

g:= Hg [K(Logo s, ) g1] -+ Hs,, [K(Log o ¢s, )" gm] € G%(S)
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and each [ € {1,...,m} we have

.Sl *5 P .. . . ..
(le{sl} OLZ(sl)) g=cu--C-11"9giC41l " Cml,

where every c;; is an invertible matrix. Since the matrix-function on the right-hand side is homotopic
to gi, for the element [§] € [GR(S)] representing g, we obtain Wg([g]) = [g]. Hence ¥y is a surjection.

To prove that W is an injection, we require a modification of the construction of Corollary [£.13}
So suppose that Fy, = Hy, [K(Log o ¢s,)" f], where f € G¥,, \(T). By the definition, F, (s;), j # I,
are well-defined invertible matrices. Let M be a matrix-function with entries from A(ID) such that
M(s;) = Log(Fs,(sj)), 7 # I, and M(s;) = 0. (Here the logarithm of an invertible matrix c is a
matrix ¢ such that exp(¢) = ¢.) Then we have

(1) Fs, :=Fy, -exp(—M) € GTELI{ }({sl}) and satisfies
St

(ig\{sz} © LE(SL))*FSI =[f and FSz(Sj) =1I,, j#I

(here I, is the unit n x n matrix);

(2) F,, is homotopic to Fy,.
Statement (2) follows from the fact that exp(—M) clearly belongs to the connected component
containing I,,.
Now, suppose that f € GZ(S) is such that every matrix-function g; := (i;l{Sl} o Lxs)* fs
I € {1,...,m}, belongs to the connected component of G35, ,(T) containing the unit matrix Iy,
(i.e., [f] € Ker(¥g)). We set

Gs, := Hs [K(Logo ps,)*aqil], G:= H G, G:= H G

1<i<m 1<i<m

where each Gy, is constructed from Gy, as F§, from F,.

According to property (1),

(i;l|{sl} o LZ(S[))*G =g, for e {1, .. .,m}.

Moreover, property (2) implies that G is homotopic to G. Observe also that each G, is homotopic
to I, (because g; satisfies this property and so the required homotopy is defined as the image of the
homotopy between g; and I,, under the continuous map Hj, o K o (Logo ¢, )*) and therefore G and
G are homotopic to I,,. Finally, according to our construction f-G~! is an invertible matrix with
entries from A(ID). Since D is contractible, each such a matrix is homotopic to I,,. These facts imply
that f is homotopic to I,,, that is [f] = 1 € [GR(S)], where [f] stands for the connected component
containing f € G%(5).
So Wy is an injection which completes the proof of the theorem in the case of a finite S.

To prove the result in the general case we require the following lemma.

Lemma 4.14. For every f € G2(S) there exists f € Gg‘F(F), where F' C S is finite, such that
felfl

27



Proof. Let MZ(S) be the Banach algebra of n xn matrix-functions with entries in SAPs(S)NH> (D)
equipped with the norm ||h]| := sup,cp [|h(2)||2, h € ME(S), where || - ||2 is the ¢» operator norm
on the complex vector space M, (C) of n x n matrices. According to Corollary f can be
approximated in Mg (S) by functions from Mg, (F') for some finite subsets F' C S. Since the
connected component [f] is open (because G%(S) C ME(S) is open), the latter implies the required
statement: there exists f € Gy, (F), where F' C S is finite, such that felfl O

This lemma implies that [G3(S5)] is the direct limit of the family {[GY, (F)]; F' C 5, #F <
oo}. Therefore we can define a homomorphism Vs : [G5(S)] — @B,es[Gs()(T)] as the direct
limit of homomorphisms Wy described above. Then Wg is an isomorphism because each W is an
isomorphism on each image.

This proves the first statement of the theorem.

The second statement follows from the fact that if ¥(s) C RT or R™, then the maximal ideal
space bss) (T') of Banach algebra AP Hy,,)(T') is contractible [5]. Then the result of Arens [1] implies
that G%, ) (T) is connected and therefore [GY, ) (T)] is trivial. From here and the first statement of
the theorem we obtain that [G%(S)] is trivial, or equivalently, that G%(.S) is connected. O
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